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Abstract

We investigate elections that are simultaneously single-
peaked and single-crossing (SPSC). We show that the do-
main of 1-dimensional Euclidean elections (where voters and
candidates are points on the real line, and each voter prefers
the candidates that are close to her to the ones that are fur-
ther away) is a proper subdomain of the SPSC domain, by
constructing an election that is single-peaked and single-
crossing, but not 1-Euclidean. We then establish a connec-
tion between narcissistic elections (where each candidate is
ranked first by at least one voter), single-peaked elections and
single-crossing elections, by showing that an election is SPSC
if and only if it can be obtained from a narcissistic single-
crossing election by deleting voters. We show two applica-
tions of our characterization.

1 Introduction

Arrow’s impossibility theorem (Arrow 1951) shows that
there is no perfect method of aggregating a collection of
votes (represented as preference orders over some candidate
set). In other words, there is no perfect voting rule that one
could always use, independently of the circumstances. How-
ever, this result holds under the assumption that there are no
constraints on the voters’ preferences. Thus, a common strat-
egy to circumvent Arrow’s theorem is to consider restricted
preference domains, i.e., assume that the voters’ preferences
have additional structure. It may then be possible to show
that various negative consequences of Arrow’s theorem do
not hold.

Perhaps the best-known example of such a domain is
the set of elections where voters’ preferences are single-
peaked (Black 1948). Informally, in single-peaked elections
all candidates can be ordered along a single axis, each voter
has a most preferred point on this axis, and each voter ranks
all candidates so that if candidate a lies between candidate b
and the voter’s most preferred point then this voter prefers a
to b (see Section 2). The single-peaked domain has a num-
ber of attractive properties: every single-peaked election has
a (weak) Condorcet winner (i.e., a candidate preferred to ev-
ery other candidate by a (weak) majority of voters), its ma-
jority relation is transitive (i.e., if a majority of voters prefer
a to b and a majority of voters prefer b to ¢, then a majority
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of voters prefer a to ¢) (Inada 1969), and it admits a non-
manipulable voting rule (Moulin 1980).

Another well-studied restricted domain is that of elections
with single-crossing preferences (Mirrlees 1971; Roberts
1977). In such elections, the voters can be ordered so that
for every pair of candidates their “trajectories” in the vot-
ers’ preferences intersect at most once, i.e., for every pair of
candidates a, b it holds that if the first voter in the ordering
ranks a above b then the voters who prefer a to b form a
prefix of the ordering. Single-crossing elections share some
of the desirable properties of single-peaked elections (e.g.,
every single-crossing election has a (weak) Condorcet win-
ner), but neither of the restrictions implies the other. Single-
crossing preferences play an important role in the analy-
sis of income redistribution (Mirrlees 1971; Roberts 1977;
Meltzer and Richard 1981), coalition formation (Demange
1994), and strategic voting (Saporiti and Tohmé 2006; Bar-
bera and Moreno 2011; Saporiti 2009).

Computational complexity considerations provide an-
other reason to focus on restricted preference domains: such
domains may admit efficient algorithms for social choice
problems that are hard for general preferences. This ob-
servation has recently led to a new wave of interest in
restricted domains within the computational social choice
community (Conitzer 2009; Walsh 2007; Faliszewski et al.
2011; Brandt et al. 2010; Faliszewski, Hemaspaandra, and
Hemaspaandra 2011; Betzler, Slinko, and Uhlmann 2013;
Cornaz, Galand, and Spanjaard 2012; 2013; Skowron et al.
2013). Most of this work focuses on single-peaked elections,
though some of the papers (in particular, those of Cornaz et
al. (2013) and of Skowron et al. (2013)) also discuss single-
crossing elections.

The goal of this paper is to develop an understanding
of the interplay between the single-peaked domain and the
single-crossing domain by investigating elections that are
both single-peaked and single-crossing; we refer to the re-
sulting domain as the SPSC domain. We are also motivated
by complexity considerations: it seems plausible that SPSC
domain should be regular enough to admit efficient algo-
rithms for many computational problems, and we would like
to understand if this is indeed the case.

Our starting point is the observation (dating back to
Grandmont (1978)) that the so-called 1-Euclidean prefer-
ences are both single-peaked and single-crossing. Under 1-



Euclidean preferences, both voters and candidates are iden-
tified with points on the real line, and each voter prefers
the candidates that are closer to her to ones that are further
away. 1-Euclidean preferences form a natural, rich domain,
and thus supply evidence that considering preferences that
are both single-peaked and single-crossing is worthwhile.
Yet, we show that there are SPSC elections that are not
1-Euclidean. Nonetheless, we do obtain a complete char-
acterization of the SPSC domain, by relating it to the do-
main of narcissistic elections, i.e., ones where each candi-
date is ranked first at least once (Bartholdi and Trick 1986).
Namely, we prove that SPSC elections are exactly those that
can be obtained from narcissistic single-crossing elections
by deleting voters.

We believe that this characterization is quite surprising, as
it shows that requiring an election to be both single-peaked
and single-crossing is quite restrictive. Even more impor-
tantly, this characterization is easy to work with and turns
out to be very useful. As examples of its applications, we
show the following two results. First, we consider the prob-
lem of identifying possible winners in single-crossing elec-
tions, in a scenario where new voters may still be added to
the election, but the election has to remain single-crossing.
For Plurality and the Condorcet rule, we show that a single-
crossing election is an SPSC election if and only if every
candidate c is a possible winner in this scenario. Second,
we show a polynomial-time algorithm for winner determi-
nation under the egalitarian version of Monroe’s rule. This
result illustrates that our characterization can be useful for
deriving efficient algorithms: it extends the work of Skowron
et al. (2013), whose algorithm applies to narcissistic single-
crossing elections only. Our algorithm improves upon theirs
both in terms of the larger domain of applicability and in
terms of having a better running time.

We omit many of our proofs due to space restrictions,
but all the proofs (and extended discussions) are available
as supplementary material.

2 Preliminaries

Given a positive integer s, we write [s] to denote the
set {1,...,s}. An election is a pair (C,V), where C =
{c1,...,cm} is a set of candidates and V = (v1,...,v,)
is a list of voters. Each voter v € V' is described by her pref-
erence order, or vote, =, which is a linear order over C.
Given a voter v € V and a candidate ¢ € C', we denote by
pos(v, ¢) the position of ¢ in >,: we have pos(v,c) = 1 if
¢ is v’s most preferred candidate and pos(v,¢) = m if ¢ is
v’s least preferred candidate. Voter v’s most preferred can-
didate is denoted by top(v). We refer to the list (> )yev
as the preference profile. In what follows, we use the terms
“election”, “preferences”, and “profile” interchangeably.
Given an election F = (C, V') and a subset of candidates
D C C, let V|p denote the profile obtained by restricting
the preference order of each voter in V' to D. The concate-
nation of two voter lists U and V' is denoted by U + V; if
U consists of a single vote u, we simply write u + V. We
say that a list U is a sublist of a list V' (and write U C V)
if U can be obtained from V' by deleting voters. An election
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(C", V") is said to be a subelection of an election (C, V) if
C' C C and there exists a U C V such that V' = Ul¢.

Single-crossing (or intermediate or order-restricted) pref-
erences, first studied by Mirrlees (1971) and Roberts (1977),
capture settings where the voters can be ordered along a sin-
gle axis according to their beliefs.

Definition 1 An election E = (C,V) with C
{e1,-..yem}, V. = (v1,...,vy,) is single-crossing (SC)
(with respect to the given order of voters) if for every pair
of candidates a, b such that a ,, b, there exists at € [n]
such that {i € [n] | a >=,, b} = [t].

Intuitively, as we sweep from left to right through the list
of voters of a single-crossing election, the relative order of
every pair of candidates changes at most once.

We emphasize that we define single-crossing preferences
with respect to a fixed order of the voters. Alternatively,
one could define an election to be single-crossing if the vot-
ers can be ordered so that the condition in Definition 1 is
satisfied. Computationally, these two approaches are essen-
tially equivalent: given an election, one can efficiently check
whether there exists an ordering of the voters satisfying the
condition in Definition 1, and, if so, find such an order-
ing (Elkind, Faliszewski, and Slinko 2012; Bredereck, Chen,
and Woeginger 2012).

While single-crossing elections are defined in terms of an
ordering of the voters, the definition of single-peaked elec-
tions (Black 1948) refers to an ordering of the candidates.

Definition 2 The preference order of a voter v with
top(v) = cinan election E = (C, V') is single-peaked with
respect to an order <1 over C' if for every pair of candidates
a, b such that a <\b<tc or c<tb<ta it holds that ¢ >, b >, a.
An election E = (C,V) is single-peaked with respect to <
if every vote in 'V is single-peaked with respect to <, in this
case, < is called a societal axis for E. E is single-peaked
(SP) if it is single-peaked with respect to some societal axis
<.

There are polynomial-time algorithms that given an elec-
tion E decide if it is single-peaked and, if so, compute a
societal axis <1 such that E is single-peaked with respect to
< (Bartholdi and Trick 1986; Escoffier, Lang, and Oztiirk
2008). Thus we can assume without loss of generality that
when we are given a single-peaked election, we are also pro-
vided a societal axis that witnesses this.

3 Euclidean Preferences

We start our pursuit of a characterization of the SPSC do-
main by considering the so-called d-Euclidean elections.

Definition 3 An election E = (C, V) is d-Euclidean if there
is a mapping x : C UV — R such that for every v € V
and every pair of candidates a,b € C'it holds that a >, b if
and only if [o(v) — 2(a) | < |2(v) — 2(b)]la, where || - ||
is the Euclidean norm on R“.

Such preferences are typical, e.g., in facility location prob-
lems, where voters choose a location for a new facility, such
as a bus stop or a library, and want it as close to them-
selves as possible. From our point of view, 1-Euclidean



1)111(11(12(132 b1b2b33 616263d1d2d345
vg:a2a1a32 blb2b331010203d1d2d345
U32b2b1b33 c1CQC3d1d2d342a3a2a115
U4:CgC1ng1d2d343()3b2b12 a3a2a115
Us:d2d1d3636261453b3b2b12 a3a2a11
U6:54d3d2d10302013 b3b2b12 a3a2a11

Table 1: The profile used in the proof of Proposition 4. We omit
the “>"" symbols between the candidates for clarity.

elections are of particular interest because they are both
single-peaked and single-crossing (this observation is due to
Grandmont (1978), and is easy to check). Yet, we show that
the converse does not hold, i.e., there are SPSC elections that
are not 1-Euclidean (a stronger version of this result was ob-
tained recently by Chen, Pruhs, and Woeginger (2014)).

Proposition 4 There is an election F that is SPSC, but is
not 1-Euclidean.

Proof Consider the election E from Table 1. There are 6
voters, v1, ..., Vs, and 17 candidates, 1, 2, 3, 4, 5, a1, a9,
as, by, ba, bs, c1, ca, c3, d1, da, dg. It is single-crossing with
respect to the given order of the voters and it is single-peaked
with respect to the order of the candidates given by v.

We now show that it is not 1-Euclidean. Assume for the
sake of contradiction that all voters and candidates can be
mapped to points on the real line R so that voters’ prefer-
ences are determined by the Euclidean distance. Note that
the order of candidates on the line must provide a societal
axis that witnesses the single-peakedness of E. Since the
preference orders of v; and vg are opposites of each other,
the only admissible societal axes for E are given by the
preference orders of v; and wg; this follows from the fact
that candidates 1 and 5 have to appear at different endpoints
of the societal axis (see, e.g., (Escoffier, Lang, and Oztiirk
2008)). By symmetry, we can conclude without loss of gen-
erality that the order of the candidates on the real line is
given by v1. In what follows, we identify voters and candi-
dates with their positions on the line.

For ¢, € {1,2,3,4,5}, let d. » denote the distance be-
tween ¢ and ¢’. Voter vy must lie between a; and as, and
thus before 2. Since we have 2 >~,,, 3 >, 1, it follows that
dy,2 > dg 3. Similarly, by considering v3 we get da 3 > d3 4,
and by considering vs we get d3 4 > d4 5. Combining these
inequalities, we get dy3 = di2 + da3 > dog + d3a >
d34 + d45 = d3 5. For voter vy, we have 3 >=,, 1 >, 5,
and hence d; 3 < d3 5, a contradiction. O

4 Characterization of SPSC

Our main result—the characterization of the SPSC
domain—is based on the concept of narcissistic single-
crossing elections. An election is narcissistic if every can-
didate is ranked first by at least one voter; this happens, e.g.,
when candidates are allowed to vote for themselves. This no-
tion was introduced by Bartholdi and Trick (1986), and was
used by Cornaz et al. (2012; 2013) and Skowron et al. (2013)
in the context of voting rules with computationally hard
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winner-determination procedures. Interestingly, the narcis-
sistic domain turns out to be closely related to the two do-
mains that are the focus of this paper: every narcissistic
single-crossing (NSC) election is single-peaked (this obser-
vation follows from the discussion of top-monotonicity by
Barbera and Moreno (2011)).

Proposition 5 A narcissistic single-crossing election is
single-peaked with respect to the axis given by the prefer-
ence order of the first voter.

Naturally, the intersection of the single-peaked domain
and the single-crossing domain contains elections that are
not narcissistic single-crossing. To see this, it suffices to note
that SPSC is closed under voter deletion: Given an SPSC
election and some candidate ¢ in it, we can delete all voters
that rank c first to obtain an SPSC election that is not narcis-
sistic. This observation motivates us to study the closure of
the narcissistic single-crossing domain under voter deletion.

Definition 6 An election E (C,V) is pre-narcissistic
single-crossing (pre-NSC) if there exists a narcissistic
single-crossing election E' = (C, V') such that V C V'

Clearly, pre-NSC elections are single-crossing and single-
peaked. The main result of this paper is that the converse is
also true: every SPSC election is pre-NSC.

The following two lemmas will be useful in our discus-
sion. The first one provides a characterization of votes that
can be inserted into a single-crossing profile so that it re-
mains single-crossing.

Lemma 7 Consider a single-crossing election E = (C,V),
where C' = {c1,...,cn}tandV = (v1,...,0).

1. The election E* = (C,V*) obtained from E by inserting
a vote v* right after a vote v;, i € [n — 1), is single-
crossing if and only if v* has the following property: for
every pair of candidates c;,c, € C' it holds that if c; >~
co then cj =y, o OF Cj =4, Co.

2. The election EY = (C, V™) obtained from E by inserting
a vote vt right after v, (i.e., VT =V 4 vT) is single-
crossing if and only if vt has the following property: for
every pair of candidates c;j,c, € C'it holds that if c; =+
¢y then either c; >, g Or ¢¢ =y, ¢j foralli € [n].

3. The election E— = (C,V ™) obtained from E by inserting

a vote v~ right before vy (i.e., V— = v~ 4+ V) is single-
crossing if and only if v~ has the following property: for
every pair of candidates c;j,c, € C it holds that if ¢; -
cq¢ then either c;j =, cq or ¢¢ =y, ¢; forall i € [n).

Our second lemma relates an order of the voters witness-
ing that the election is single-crossing and an axis witnessing
that the election is single-peaked.

Lemma 8 Suppose that election E = (C,V) with C =
{1, sem}, V (v1,...,0p) is single-crossing and
single-peaked with respect to the candidate order c1 < ...<
Cm.- Suppose that the top-ranked candidate in vy is ¢; and
the top-ranked candidate in vy, is c; for some i < j. Then
the most preferred candidate of each voter lies between c;
and c;, i.e., if cg is the top-ranked candidate in some vy, in
V, theni < /¢ < j.



Proof Suppose that for some vote vy, k € [n], the top-
ranked candidate in vy, is ¢, for some ¢ < i. Since v; is
single-peaked with respect to <, ¢; appears above ¢y in vy,.
Therefore, the pair of candidates (c;, cy) and the triple of
votes (v1, vy, v,) provide a witness that E is not single-
crossing.

Similarly, suppose that for some vote vg, k € [n], the
top-ranked candidate in vy is ¢y for some ¢ > j. Since v;
is single-peaked with respect to <1, c¢; appears above ¢, in
v1. Therefore, the pair of candidates (c;, cg) and the triple
of votes (v, v, vy,) provide a witness that E is not single-
crossing. O

We are now ready to prove our main result.
Theorem 9 An election is SPSC if and only if it is pre-NSC.

Proof We have already argued that every pre-NSC elec-
tion is SPSC. For the converse direction, we proceed in
two steps: First, we argue (Lemma 10) that we can take an
SPSC election ¥ and prepend a vote that orders the can-
didates in the same way as some axis witnessing that F is
single-peaked, so that the resulting election remains single-
crossing. To complete the proof, we then describe a proce-
dure that takes an SPSC election where the axis is given by
the first vote, and adds new votes so that each candidate re-
ceives at least one first-place vote and the election remains
SPSC.

Given an axis < for an election E = (C, V), let vg be the
vote that corresponds to <, i.e., for every ci, ¢, € C'it holds
that ¢, is ranked above ¢y in v if and only if ¢, <1 ¢y.

Lemma 10 Suppose that election E = (C, V) with C =
{c1,...yem}, V = (v1,...,0y) is SPSC. Then there exists
some axis <1 such that E is single-peaked with respect to <1
and the election (C,vq + V) is also SPSC.

Proof Clearly, for every axis < such that E is single-
peaked with respect to < the election (C, v + V) is single-
peaked. To show that <1 can be chosen so that (C,v4 + V)
is single-crossing, we proceed as follows. We pick an arbi-
trary axis <1 witnessing that F is single-peaked, and try to
prepend it to V. If this turns out to lead to an election that
is not single-crossing, we find a “minimal” pair of candi-
dates that violates the single-crossing property, and modify
<1 based on this pair. We then show that our modification
is legal, i.e., it results in another axis witnessing that our
election is single-peaked. Further, we show that this modifi-
cation step can be executed at most m times. It follows that
eventually we obtain a single-crossing election. The details
follow.

Suppose that the top-ranked candidate in v; is ¢; and the
top-ranked candidate in v,, is c¢;. Consider some axis <1 such
that F is single-peaked with respect to <1 and ¢; </c¢;. We say
that a pair of candidates (¢, ¢¢) is violating for < if ¢ < ¢y,
€¢ >u, Ck,and ¢ >, cy. By the third claim of Lemma 7,
the election (C, v4 + V') is not single-crossing if and only if
there exists some violating pair for <I. Observe that if a pair
(¢k, ce) is violating for <1 then ¢;, < ¢; and ¢; < ¢¢. Indeed,
if ¢, = ¢; or ¢; < ¢, then v4 and vy agree on (¢, ¢¢), and
if ¢p = ¢; or ¢y < ¢; then v4 and v, disagree on (cg, ¢¢).

657

Let S, be the set of all violating pairs for <. Given a pair
(ci,ce) € Sq, let:

0~ (cpyee, <) = [{c| e <c <},
5t (er, e, <) = |{c| c; <dc<cp}.

We say that (cp,cq) € Sq is a minimal violating pair for
< if 6 (ep,cq, 1) < 6 (e, cp, <) for all (cx,cr) € Sq
and 67 (cp, ¢q, <) < 0% (cg, ¢, <) for all (cx, cp) € Sq. If
(¢p,cq) is a minimal violating pair for <, we set 0(<1) =
0 (cp, cq, Q).

Now, pick an arbitrary axis <l such that E is single-peaked
with respect to <1; assume without loss of generality that
c1 < ... < ¢y If there are no violating pairs for <1, we are
done. Otherwise, let (c,, ¢;) be a minimal violating pair for
<. Consider the axis <’ obtained from <1 by swapping the
“tails” (c1,...,¢p) and (cg, . .., ¢, ). Formally, <’ is given
by
Cm <L 1< g < D1 < <.

We now prove that every vote in V' is single-peaked with
respect to <I’. Indeed, suppose that this is not the case for
some vote v € V, and let ¢; be the top-ranked candi-
date in v. Note that by Lemma 8 we have 1 < ¢t < j.
Let C~~ = {c1,...,¢ 1, C7 = {cpy1y.. .1} CF =
{ct41,---ycq—1}, CTT = {cg, ..., }. Observe that v is
not single-peaked with respect to <’ if and only if (a) a =, b
for some a € C~,b € CT or (b) ¢ =, d for some
c € C*t*,d € C~. We now argue that neither of these
cases is possible.

Consider first case (a). Since p < ¢ and ¢ > j, v’s most
preferred candidate in C~ ™ is ¢, and his least preferred can-
didate in Ct is Cq—1, SO it has to be the case that v prefers ¢,
to cq—1. On the other hand, v, prefers ¢, to cp; since ¢ > 1,
this implies that he prefers c¢,—1 to c,. Further, v,, prefers
Cq—1 tO ¢p, since otherwise (¢, cq—1) would be a violating
pair with 67 (¢, ¢g—1,<0) < 07 (¢p, ¢q, <), a contradiction
with (¢, ¢4) being a minimal violating pair for <. Thus, the
pair (cp,cq—1) and the triple (v, v,v,,) provide a witness
that F is not single-crossing, a contradiction.

The argument for case (b) is similar. Since p < 7 and ¢ >
J» v’s most preferred candidate in C*+ is ¢,, and his least
preferred candidate in C™ is cpy1, so it has to be the case
that v prefers ¢, to ¢p1. On the other hand, v,, prefers ¢, to
cq; since p < j, this implies that he prefers ¢, to c,. Fur-
ther, v prefers c,41 to ¢g, since otherwise (cp41, ¢q) would
be a violating pair with 0~ (cpy1,¢q, <) < 0 (cp, cq, <), @
contradiction with (c,, ¢;) being the minimal violating pair
for <. Thus, the pair (¢,41, ¢q) and the triple (v1, v, vy,) pro-
vide a witness that E is not single-crossing, a contradiction.

We have shown that E is single-peaked with respect to
<’. We now argue that if (cg, c¢) is a violating pair for </,
then k € {m,...,q+ 1} and hence §(<’) > 6(<).

Note first that if (cg, ¢¢) is a violating pair for </, then ¢y,
has to be located to the left of ¢; with respect to </, so either
ke{m,...,qtork € {p+1,...,i—1}. Similarly, ¢, has
to be located to the right of ¢; with respect to </, so either
te{j+1,....,g—1torle{p,..., 1}

We consider the following cases and conclude that each
of them is impossible.



l.ke{p+1,....i—1}, e {j+1,....,q— 1}. Then
(¢, ce) is a violating pair for <, a contradiction with our
choice of (¢p, ¢g).

2. ke{p+1,...,i—1}, L€ {p,...,1}. Since vy is single-
peaked with respect to <1 and p < i, vy prefers ¢ to ¢,
so (¢, cg) cannot be a violating pair for <’.

3. k=q¢ e {j+1,...,q9— 1}. Since v, is single-peaked
with respect to < and j < ¢ < ¢, v, prefers ¢y to cg, so
(¢k, ce) cannot be a violating pair for <’.

4. k =gq, 0 € {p,...,1}. Since (c;, ¢q) is a violating pair
with respect to <, vy prefers cj, to ¢,. Since v; is single-
peaked with respect to < and £ < p < 4, v prefers ¢, to
¢¢, 80 (¢, ¢g) cannot be a violating pair for <’.

Thus, the only remaining possibility is that & > ¢ and
therefore §(<’) > 6(<).

We now apply the same argument to <’. If vy + V' is
single-crossing, we are done, and otherwise we obtain an
axis <" such that F is single-peaked with respect to <t and
§(<”) > §(<’). We then continue in the same manner; since
§(<0) < m for every axis <, after at most m steps we arrive
to an axis <* such that E is single-peaked with respect to
<* and v~ + V is single-crossing. The proof is complete.
O

We are now ready to complete the proof of Theorem 9.
Consider an SPSC election £ = (C,V) with C =
{c1,..yem}, V = (v1,...,v,). By Lemma 10 we can as-
sume that F is single-peaked with respect to the candidate
order c; < ... < ¢, and vy is given by ¢ > - -+ > ¢, We
now show how to complete FE to a single-crossing narcissis-
tic election.

For every ¢; € C, let V; be the list of voters who rank c;
first. Consider two candidates ¢;, c; € C such that V; # (),
V; # 0 and i < j. Since E is single-crossing and ¢; >, ¢;,
in V' all voters from V; appear before those from V.

Let ¢, be the first candidate for which V, = (). Note that
s > 1, since ¢; is ranked first by v;. We have V,. # () for
all 7 < s, and, in particular, V,_; # (). Let u be the last
voter in V,_;. Since u’s preference order is single-peaked
with respect to <, his vote can be written as cs—1 > cs—2 >

- > Ce_p = Cg = ... for some ¢ > 1. Now consider
the vote v obtained by moving c; to the top of u without
changing the relative order of the remaining candidates. We
claim that the election obtained by inserting v right after u
remains single-peaked with respect to <1 as well as single-
crossing.

Single-peakedness is immediate from the construction:
intuitively, when ranking candidates, v starts at cg, then
moves one step to the left, then emulates u. We will now
show that the new election is single-crossing.

Suppose that u # v, and let w be the voter that appears
right after u in V. The most preferred candidate of w is some
cq for ¢ > s. Since w is single-peaked with respect to <
and ranks c, first, v and w agree on all pairs of the form
(csyCs—r), 7 € [€]. On the other hand, u and v agree on all
other pairs of candidates. By the first claim of Lemma 7, we
are done.
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Now, suppose that u = vy, i.e., v is the last voter in the
new election. The only pairs of candidates that u and v dis-
agree on are (Cs,Cs—1),--.,(Cs,Cs—¢). On the other hand,
both v; and u (and hence all voters in V') rank ¢, below
cs—r forallr =1,..., £. By the second claim of Lemma 7,
we are done.

We have successfully added a vote that ranks ¢, first. By
repeating this construction for all candidates that had no
first-place votes in the original election, we obtain a narcis-
sistic profile that is single-crossing and single-peaked with
respect to <. This completes the proof. |

Theorem 9 is constructive and it implies a polynomial-
time algorithm that given an SPSC election E finds an NSC
election that can be obtained from F by adding voters. How-
ever, we also provide a more efficient, explicit algorithm.

Theorem 11 There exists an algorithm that given an elec-
tion E = (C,V) decides whether it is pre-NSC, and, if so,
constructs an NSC election E' = (C, V") such that V.C V',
in time O(nm?).

The algorithm given in the proof of Theorem 11 leads to a
characterizaton of the SPSC domain that is slightly different
from the one provided by Theorem 9.

Corollary 12 An election E = (C, V) is SPSC if and only
if for each candidate ¢ € C' there exists a vote v. with
top(ve) = ¢ such that the election (C,V + v.) is single-
crossing for an appropriate re-ordering of the voters.

5 Applications of the Characterization

Possible Winners in Single-Crossing Elections. Let us
consider the following incomplete information scenario. We
know that voters’ preferences form a single-crossing pref-
erence profile over a given domain. However, we can only
observe a subset of the votes, and have no information about
the remaining ones (except that the full election is single-
crossing). We want to know which candidates may be the
winners of the full election. This setting is similar, but not
identical, to the classic possible winner problem of Kon-
czak and Lang (2005) and to the manipulation problem, es-
pecially in its optimization variant (Zuckerman, Procaccia,
and Rosenschein 2009). It turns out that for Plurality and for
the Condorcet rule, every candidate is a potential winner if
and only if the observed (incomplete) election is SPSC.

Recall that under the Plurality rule, each candidate gets a
point from each voter who ranks her first, and the winners
are the candidates with the largest number of points. Under
the Condorcet rule, we output the candidate that is preferred
to every other candidate by a strict majority of the voters (the
so-called Condorcet winner) whenever it exists (otherwise
we return no winners).

Proposition 13 Suppose that R € {Plurality, the Con-
dorcet rule}. Consider a single-crossing election E =
(C,V). Then E is SPSC if and only if for every candidate
¢ € C there exists a single-crossing election E, = (C, V)
with' V. C V., where c is the winner under R.

Proof For the “only if” direction, suppose that £ is SPSC.
Then, by Theorem 9 there is an NSC election E' = (C, V)



with V' C V', Let n’ be the number of voters in E’. Consider
a candidate ¢ € C’. Since E’ is narcissistic, it contains a
vote v, with top(v) = ¢. Consider the election E.. obtained
from E by inserting n’ copies of v, right after v.. Clearly,
this election is single-crossing. Further, in E. candidate c is
ranked first by a strict majority of voters, so she is the unique
winner under Plurality, and is the Condorcet winner.

For the “if” direction, suppose that F is not SPSC. Corol-
lary 12 implies that there exists a candidate ¢ € C' such that
in every election E' = (C, V') with V' C V'’ no voter in V/
ranks c first. This immediately implies that c is not a winner
under Plurality. To see that c is not the Condorcet winner in
E’, suppose that E’ contains n’ voters, and let ¢’ be the top

candidate of voter L%J + 1. It is easy to see that, since E’
is single-crossing, at least half of the voters prefer ¢’ to c,

which implies our claim. |

Fully Proportional Representation. For some election
problems, the SPSC assumption leads to algorithms that are
much faster than those known under the SP assumption or
under the SC assumption alone. Here we show this effect
through a highly efficient winner determination algorithm
for the egalitarian Monroe voting rule. For further discus-
sion of this rule, related rules, and the SP/SC domains, we
point the readers to the papers of Monroe (1995), Betzler et
al. (2013), Skowron et al. (2013), and Yu et al. (2013)

The goal of the egalitarian Monroe rule is to elect a com-
mittee that represents the voters (e.g., a parliament). If there
are n voters and we seek a committee of size k, then the
rule picks k candidates and assigns each of them to 7 vot-
ers, so that each voter has a candidate assigned (if £ does
not divide n, then some candidates are assigned to [ | vot-
ers each, and the remaining ones are assigned to | 7| voters
each). The quality of an assignment is measured in terms of
a dissatisfaction function o : [m] — N. We require « to
be non-decreasing; the most typical function « is (i) = i.
The dissatisfaction of a voter v from having a candidate ¢
assigned is a(pos(v, ¢)); the higher the dissatisfaction of a
voter, the less happy this voter is with the assigned candi-
date. The global dissatisfaction of the voters is the dissatis-
faction of the worst-off voter (in the utilitarian variant of the
rule, defined by Monroe (1995), the global dissatisfaction is
the sum of voters’ dissatisfactions). We seek an assignment
that minimizes the global dissatisfaction.

The problem of finding winners of the egalitarian Monroe
rule is computationally hard in the unrestricted domain (Pro-
caccia, Rosenschein, and Zohar 2008; Betzler, Slinko, and
Uhlmann 2013); for the utilitarian version, the hardness
holds even for single-crossing preferences (Skowron et al.
2013), and it is conjectured that the same holds for the
single-peaked domain. On the positive side, for the egali-
tarian version there is an algorithm for single-peaked pref-
erences (Betzler, Slinko, and Uhlmann 2013) that runs in
time O(n3m3k3), and there is an algorithm for narcissistic
single-crossing preferences (Skowron et al. 2013) that runs
in time O(nm?k). We extend the result of Skowron et al. by
proving the following result.

Theorem 14 There is an algorithm that given a SPSC elec-
tion E with m candidates, a positive integer k < m, and a
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dissatisfaction function «, finds a set of k egalitarian Mon-
roe winners for E. This algorithm runs in time O(m?n).

The main idea of our algorithm is similar to that of
Skowron et al.’s, yet using our characterizaton of the SPSC
domain and a more efficient dynamic programming formula-
tion, we obtain a more general algorithm with better running
time. One can also compare our algorithm to that of Betzler
et al. (2013) for single-peaked preferences: While the lat-
ter algorithm works for a larger domain, its running time is
substantially worse.

We omit most details of the proof of Theorem 14, but the
following lemma is particularly important for our algorithm
(and we believe that it will prove useful for many other ap-
plications of our SPSC characterization).

Lemma 15 For every election E = (C,V) with C =
{c1,..sem}, V = (v1,...,v,) that is SPSC with respect to
the voter order (v1,...,v,) and for every candidate ¢ € C
there exists a voter vy € V such that for every pair of vot-
ers v;,v; satisfying j < i < Lor{ < i < j it holds that
pos(vj, ¢) > pos(v;, ¢).

Proof If an election E has the property described in the
statement of the lemma, then any election obtained from E
by deleting voters also has this property. Thus, it suffices to
prove the lemma for the case when E is narcissistic single-
crossing. Fix a candidate ¢ € C and let v, be some voter
that ranks c first. Consider two voters, v; and v;, such that
J < i < L If pos(vj,c) < pos(v;,c), there exists a candi-
date ¢’ such that v; prefers c to ¢, but v; prefers ¢’ to c. How-
ever, vy ranks c first, so she also prefers c to ¢/, and this is a
contradiction with the assumption that £ is single-crossing.
The case ¢ < i < j can be handled similarly. O

The lemma says that in an SPSC election the “trajectory” of
each candidate in voters’ preferences has a single peak, i.e.,
each candidate first rises in the rankings and then descends.

6 Conclusions

We have explored the domain of all elections that are simul-
taneously single-peaked and single-crossing. We refuted a
natural conjecture concerning such elections, namely, that
every SPSC election can be embedded into the real line so
that the voters’ preferences over the candidates are deter-
mined by simple geometric considerations. We then estab-
lished a connection between narcissistic elections, single-
crossing elections, and single-peaked elections that led to
a characterization of the SPSC domain. We used our charac-
terization to show that an SC election has the property that
each candidate can become a winner after adding some vot-
ers (while maintaining the single-crossing property of the
election) if and only if it is SPSC. Further, we have shown
an efficient algorithm for the problem of computing the win-
ners under the egalitarian Monroe’s rule for the SPSC do-
main. It would be interesting to see if there are other natural
problems in computational social choice that can be solved
in polynomial time for SPSC preferences, but remain hard if
the preferences are either only single-peaked or only single-
crossing.
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