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Abstract

The card game Hanabi has recently gained popularity as a
benchmark for handling epistemic reasoning in Al systems.
However it has until now mostly been approached through
the lens of machine learning rather than formal logical anal-
ysis. This is mostly due to the fact that modeling Hanabi in
the standard epistemic logic DEL is untractable. In this pa-
per we take a different approach to formalizing Hanabi, using
the simple epistemic logic EL-O as a starting point. We gen-
eralize common knowledge in EL-O to arbitrary groups of
agents and show how to overcome some of the limitations
EL-O places on agent reasoning by introducing a special rea-
soning action. Analyzing our formalization of Hanabi finally
leads us to introduce an alternative semantics for our general-
ization of EL-O in which models are finite and satisfiability
checking is NP-complete, and which is enough to fully de-
scribe the evolution of knowledge in a game of Hanabi.

Introduction

The importance of handling epistemic reasoning in Al sys-
tems has been receiving increasing recognition, as it is cru-
cial in multi-agent situations with incomplete information
and in particular for human-robot collaboration. The card
game Hanabi has been proposed as a benchmark for ad-
vances in this field (Bard et al. 2020). Hanabi is a coop-
erative card game with partial information, where players
can see other players’ cards but not their own. Players must
then coordinate through restricted means of communication
to play cards in a particular order. Theory of mind is required
in order to communicate efficiently and reason about why
other players have made certain choices.

Most of the literature on Hanabi involves a combination of
heuristics and reinforcement learning to create a system ca-
pable of mimicking theory of mind well enough to play the
game (see e.g. Aru et al. (2023); Walton-Rivers, Williams,
and Bartle (2019)). Attempts at formal representations, on
the other hand, are typically limited to small fragments of
the game (Chetcuti-Sperandio et al. 2020; Gamblin, Niveau,
and Bouzid 2022). This is mostly due to the untractability
of the standard Dynamic Epistemic Logic (DEL) (Van Dit-
marsch, van Der Hoek, and Kooi 2007), in which must be
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represented not only all worlds that agents consider possi-
ble, but also all worlds they consider that other agents might
think possible, etc. This makes for very large and impractical
models. In particular satisfiability in multi-agent DEL with
common knowledge is known to be 2EXPTIME-complete
(Charrier et al. 2018).

DEL being too computationally heavy for practical appli-
cations is not a new problem, and a number of lightweight
fragments have been studied, generally with tractable epis-
temic planning as a goal. One of these proposals is the Epis-
temic Logic of Observation, or EL-O (Perrotin 2021). While
the standard knowledge modality is that of ‘knowing that’—
K, reads “agent a knows that ¢ is true”—EL-O uses the
alternative ‘knowing whether’ operator, also interpreted as
‘seeing’: .S, reads “agent a knows whether ¢ is true”, or,
put differently, “agent a sees (the truth value of) ¢”. The two
operators are interdefinable: knowing that a formula is true
amounts to seeing a formula that is true (i.e., K, is equiv-
alent to ¢ A S,¢p), and seeing a formula amounts to either
knowing that it is true, or knowing that it is false (i.e., S,
is equivalent to K, V K,;—¢). The scope of this ‘seeing’
operator is then restricted, so that agents can see proposi-
tional formulas and whether other agents see propositional
formulas, etc., but they cannot know disjunctions in general.
That is, formulas of the form S, (¢ V ¢) are disallowed. This
restriction limits the reasoning power of agents, and in the
end ensures propositional complexity results by translation
into propositional logic: the EL-O satisfiability problem is
NP-complete, and the extension of EL-O with STRIPS-like
actions leads to PSPACE-complete planning.

In this paper we explore a formalization of Hanabi in EL-
O. Some of the static concepts of the game, such as knowing
whether a card is of a certain color, have a natural representa-
tion in EL-O. However, two main difficulties arise. The first
is that of common knowledge within groups of agents that
are not the full set of agents. Common knowledge in EL-O
is only defined for the full set of agents, and finite seman-
tics for an extension of EL-O with common knowledge for
any group of agents is still an open problem. However the
latter is necessary in order to faithfully represent Hanabi in
EL-O while maintaining finiteness of actions descriptions.
Consider for example the following scenario:

Scenario 1. There are five players, and the cards have just
been distributed. By chance, all 5’s are already in players’



hands. Specifically, Player 1 holds two 5’s and Player 2 holds
the remaining three 5’s. Then Players 3, 4 and 5 commonly
know that all other cards, including those in their own hands
and those in the stack, are not 5’s. Players 1 and 2 do not
share this knowledge.

To tackle this issue, we will start by defining infinite se-
mantics for EL-O with ‘any group” common knowledge and
a specific class of actions. We will then show that in the
case of Hanabi, modal depth can be restricted to at most 2
w.l.o.g., and hence we can return to finite semantics.

The second difficulty lies in the apparent inability of
agents to reason in EL-O: as they cannot know disjunctions,
agent a cannot explicitly know that a card ¢ is either blue or
red, and, upon learning that it is not blue, perform the rea-
soning (K, (Blue; V Red;) N K,—Blue;) — K, Red;. In this
paper we propose to delegate reasoning to a special reason-
ing action. Though player a cannot know that card ¢ is either
blue or red, they can know that it is neither white, green nor
yellow. Upon learning that it is not blue, the following con-
ditional effect is activated in the reasoning action:

¢ Condition: — White; S, White; A= Green; NS, Green; \
= Yellow; N S, Yellow; N\ —~Blue; N\ S, Blue;
e Effect: S, Red; becomes true.

Here the condition states that player a knows that card 7 is
not white (— White; \'S, White;), green, yellow or blue. The
effect is that player a now sees whether it is red (which it is).

This reasoning action is activated every time players learn
something. It can be performed until the players have de-
duced everything they can from their knowledge, or alterna-
tively be limited to a certain number of steps. This ties back
in to the problem of logical omniscience in epistemic reason-
ing: the standard principles of modal logic imply that agents
should know all tautologies and all possible consequences
of their knowledge. This is unrealistic when modeling hu-
man knowledge, which is standardly understood as knowl-
edge the human is (to some degree) aware of, and might take
some effort to get to even if that human has all the elements
in hand to get to the right conclusion. This effort is, in our
case, explicitly represented by the reasoning action. As such
a player might learn that a card is neither white, green, yel-
low nor blue, but not consciously realize that that means they
know it is red; if they do realize it is red, they might not fur-
ther observe that they now know the position of all red 2’s
in the game, and therefore the other 2 they know is in their
hand cannot be red; if they do realize that, they might not
realize that that other 2 must be blue, as they have formerly
learned that it is neither white, green nor yellow; etc.

The paper is organized as follows. After recalling the rules
of Hanabi, we present our generalization of EL-O with com-
mon knowledge among arbitrary groups of agents. We then
introduce all necessary fluents for our formalization of Han-
abi, the possible initial states, and the actions, including the
reasoning action. An analysis of this formalization finally
leads us to introduce a finite semantics simulating it.

Background: Rules of Hanabi

Hanabi is a cooperative turn-based card game for two to five
players. The fifty cards each have one of five colors (blue,
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white, green, red, and yellow) as well as a number from 1
to 5, so that in each color there are three 1’s, two each of
2’s,3’s and 4’s, and one 5. There are also eight “hint” tokens
and three “error” tokens. The game starts with each player
holding five cards, which are facing away from them so that
they see the other players’ cards but not their own.

The aim is to place cards on the table (referred to as “play-
ing” the cards) in a particular order: for each color, first a 1
must be played, then a 2, and so on. If a player attempts to
play a card that may not be played, an error token is received,
and that card is discarded; either way, the player draws a new
card after playing.

The players can only play their own cards. In order to
know what to play, they can communicate hints of a par-
ticular form: they can tell another player the position of all
of their cards of a certain color (e.g. “these three cards in
your hand are your red cards”), or of a certain number (e.g.
“you have only one 5, here”). Giving a hint uses up a hint
token. To replenish hint tokens, players may discard one of
the cards in their hand and draw a new one from the deck.
Successfully playing a 5 also replenishes a hint token.

To summarize, at their turn each player may:

Attempt to play a card and then draw another card (incurs
an error token if unsuccessful, replenishes a hint token if
successful and the played card is a 5);

Give a hint (uses up a hint token);

Discard a card and then draw another card (replenishes a
hint token).

Playing may continue until one round after the deck be-
comes empty. The game is won if the 5’s of each color are
successfully played without receiving all of the error tokens
and before running out of cards.

EL-O with Generalized Common Knowledge

We now introduce the logic EL-O extended with common
knowledge for arbitrary groups of agents.

Language

Given a set Prop of propositional variables and Agt of
agents, the set ATM of observability atoms (or atoms for
short) is defined as follows:

ATM > az=p| JSc

where p ranges over Prop and G ranges over 249t \ {(}.
That is, G is any non-empty set of agents of Agt. The for-
mula JSga reads “all agents in G jointly see o (that is,
there is common knowledge between the agents of G of the
truth value of «). The operators of individual and common
knowledge in standard EL-O correspond to the particular
cases where G is either a singleton or the set of all agents.
For readability we write JSa instead of JSagq¢x.

The operators JSg are called observability operators.
Given a group G of agents, we denote by Seq; the set of
sequences of observability operators indexed by subgroups
of GG, and by SquGr the set of non-empty such sequences.
Formally:

Seql: = {JSq, .- JS, | n > 1and Vk < n,G), C G}



and Seq;; = Seql, U {@}, where @ denotes the empty se-

quence. Any observability atom can then be written as op

where o € Seq . The modal depth of an atom op is the

number of operators in o. For any £ > 0, we denote by

ATM S* the set of atoms of modal depth at most k.
Formulas are boolean combinations of atoms:

Leodpu=al-p|pAgp

where « ranges over ATM . We sometimes use Koo (resp.
Kg—a) as an abbreviation of a A JSga (resp. —a A JSgav).

Semantics

In order to define semantics, we need two notions which will
allow us to ensure the right properties of knowledge: intro-
spective atoms and atomic consequence. Introspective atoms
are atoms that contain some JSgJSy with G C H. Intu-
itively, they are atoms that should always be true: a group
always knows whether a bigger group they are included in
have common knowledge of the value of some «, and this
property of knowledge is commonly known by all agents.
The set of introspective atoms is denoted by |-ATM.

An atom (3 is said to be an atomic consequence of another
atom «, and « an atomic cause of [, denoted by a@ = f3,
when a = JSga' and 8 = oo’ for some group G of agents,
some atom «’ and some non-empty sequence o € Squ of
observability operators. Intuitively, this is a consequence re-
lation that should always be verified: if there is joint vision
of o within G then all subgroups of G should see «, all sub-
groups of G should see that all subgroups of G see «, etc.

While the above is enough to move forward with seman-
tics in standard EL-O, we here need to go a step further
and consider that it should also be commonly known that
atomic consequence is verified. That is, if « = [ then if
a group G of agents knows that « is true, then they should
also know that 3 is true; and if they know that /3 is false then
they should also know that « is false. Moreover, if another
group H of agents knows that G knows that « is true, then
they should know that G knows that 3 is true, and so on.
This is trivial in standard EL-O as the only non-trivial case
of atomic consequence is JSa = oo, where o is any se-
quence of observability operators. Then if agents know that
JSa is true then any consequence follows from JS« itself,
and agents always know whether JS« is true.

To formalize this, what we want is to consider valuations
s € ATM such that for any atoms « and (3 such that o = 3
and any sequence G . .. G,, of groups of agents with n > 0,
if Kg, ... Kg,aistruein s then K¢, ... Kg, Bistruein s,
and if Kqg, ... Kg,—f is true in s then Kq, ... Kg, ~a is
true in s. Writing this with observability operators we get
the two following conditions:

1.If ca € s for all o
JSc, .- JSa, B € s;

2.Ifn > 1,8 ¢ s,and o € s for all non-empty 0 C
JSG1 . JSG,L, then JSG1 e JSG"Oz € S;

where C is the subsequence relation. For exam-
ple, the set of subsequences of JSg,JSq,JSq, is
{@, JSG17 JSG2, JSG3, JSG1 JSGZ, JSG1 JSGS, JSGQ JSGS,
JSc, JSc, JSa, }-

C JS,..-J5,, then

n?
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We call item 1 above positive generalized atomic con-
sequence and item 2 negative generalized atomic conse-
quence. Note that standard atomic consequence corresponds
to the case n = 0 in the former.

Negative generalized atomic consequence is the main
source of difficulty when generalizing EL-O common
knowledge to subgroups of agents. In standard EL-O, as
the generalization of atomic consequence is trivial as noted
above, any set of atoms can be transformed into a valua-
tion satisfying properties of S5 knowledge by taking its clo-
sure under atomic consequence and adding in introspective
atoms. Semantics can then be defined over arbitrary sets of
atoms by considering that an atom is true in a set if it is true
in the corresponding valuation. From there it has been shown
that standard EL-O has the finite model property: any EL-
O-satisfiable formula is satisfied in a finite state. However,
in the generalized setting negative atomic consequence de-
pends not only on which atoms are in the state, but on which
atoms aren’t, making defining a valuation from an arbitrary
set of atoms more difficult, and still an open problem.

We do not aim to resolve this problem in this paper, but
will instead show that it can be sidestepped in the case of
Hanabi. We first finish with semantics by defining states as
sets of atoms that satisfy both positive and negative gener-
alized atomic consequence, and that include all introspec-
tive atoms. We call STATES the set of all states. Seman-
tics are then standard propositional semantics: for any state
s € STATES and formula ¢ € Lg .0, s = @iff s =°PC o,
where [=CPC is propositional entailment. We write ¢ |= 1 to
denote that any model of ¢ is a model of v, that is, for any
s € STATES, if s = @ then s |= 1.

Actions

EL-O actions are essentially STRIPS actions adapted to the
EL-O syntax and semantics. We here define a specific class
of actions that behave well in our generalized setting and are
enough to formalize Hanabi.

Syntax Actions have preconditions describing when that
action can take place, and conditional effects describing the
exact effects of an action depending on additional condi-
tions. For example, playing a card will lead to different re-
sults depending on whether that card is one that is allowed
to be played (in which case it is placed on the table) or not
(in which case it is discarded and an error token is received).

Formally, an EL-O action description (or action for short)
a is a pair (pre(a), eff (a)) where pre(a) € Lgio is the
precondition of a and eff (a) C LgL.o x 24TM x 2P70P is the
set of its conditional effects. For any conditional effect ce =
(cnd(ce), ceff H(ce), ceff (ce)) in eff (a), we call cnd(ce)
the condition of ce, ceff T(ce) its positive effects (the atoms
it makes true) and ceff ~(ce) its negative effects (the atoms it
makes false). Note that we only allow propositional negative
effects here. That is, we do not allow knowledge to be lost.

We make two more requirements on actions. The first is
that they should be consistent: for any ce, ce’ € eff(a), if
ceff T(ce)Neeff "(ce’) # O then pre(a) Acnd(ce)Acnd(ce’)
must be EL-O-unsatisfiable. This ensures that an action does
not make an atom both true and false at the same time.



The last requirement ensures that groups can only learn
about whether a group G knows whether « if G is also
learning the value of a.. Formally, we say that an action a is
knowledge-positive if for all ce € eff (a) and JSy JSca €
ceff T(ce), there exists ce/ € eff(a) such that JSga €
ceff T(ce’) and pre(a) A end(ce) = cnd(ce’).

Semantics Let a = (pre(a), eff (a)) be a consistent and
knowledge-positive action description. The function 7, is
a partial function over STATES such that for any state
s € STATES, 7,(s) is defined if s |= pre(a); in that case
we say that a is applicable at s. When a is applicable at s,
7a(s) is defined by removing from s all negative effects and
adding all positive effects of applicable conditional effects,
and taking the closure of the resulting set under positive gen-
eralized atomic consequence. Formally, we define

0(s) = (s\ U ceﬁ(ce)) u U ceff H(ce)
ceceff(a) ceceff(a)
skE=cend(ce) skE=cend(ce)

and forall k > 0,
THH(s) =tk (s) U {JSg, ... JSg, B | Fa = B,

Vo C JSq, ... S, 00 € 7F(s)}.

n?

We then define 72 (s) = U 7r ().

Proposition 1. Let a be a consistent knowledge-positive
action. For any s € STATES, if 1.(s) is defined then
Ta(s) € STATES.

In the next section we present a formalization of Hanabi
in this generalized EL-O framework.

A Formalization of Hanabi
Fluents and Initial States

Initially we consider that the deck of cards has been shuffled,
and number the cards as they appear in that deck, from 1 to
50. For i < 50, each card 4 has a color (Yellow;, Blue;,
Red;, White;, Green;) and a number (1;, 2;, 3;, 4;, 5;) such
that there is the right number of each card. The set of all
colors is Colors = {Yellow, Blue, Red, White, Green}.
The set of all card attributes is A = Colors U [1, 5]. For
any ¢ € Colors and n € [1, 5], we call nb(¢, n) the number
of cards that have the color c and the number n, and for any
A € A, we call nb(A) the number of cards that have the
attribute A.

The set of players is denoted by Agt = [1, np]. Initially
each player has five cards; a card ¢ being in player a’s hand is
represented by Belongs; ,. Initially player 1 has cards 1 to 5,
player 2 has cards 6 to 10, etc.; that is, Belongsm is true iff
1<i<5, BelongsL2 is true iff 6 < 7 < 10, etc. We denote
by Init(a) the set of indexes of cards initially in the hand of
player a. That is, Init(a) =]5(a—1), 5a]. We generalize this
to groups of agents by defining Init(G) = U, Init(a).

Card 7 being on the table (i.e., having been successfully
played at an earlier point in the game) is represented by the
fluent OnTable;. There are no cards on the table initially,
and the rest of the cards are in the stack. The fluent Next;
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expresses the fact that the stack starts at card ¢: initially only
Nextsnpt1 is true. Nexts; indicates that the stack is empty.

The fluent Turn, expresses the fact that it is player a’s
turn to play. Turnnp4q refers to Turny. Player a needing to
draw a card is represented by MustDraw,,. Players needing
to reason is represented by Reason.

We also need to keep track of error tokens and hint tokens.
For 0 < k < 3, ErrTokeny, represents the fact that & error
tokens have been received, and for 0 < k < 8, HintToken;,
represents the fact that k hint tokens are available. In the
initial state, only ErrTokeny and HintTokeng are true.

Finally, let us consider the observations of agents at each
state. It is common knowledge that any group G C Agt
has common knowledge of all cards in the hands of players
outside of G. It is tempting to go further say that it is com-
mon knowledge what each player knows and doesn’t know
at the very beginning of the game. However, recall Scenario
1: players 3, 4 and 5 know from the start whether any card is
a 5, but players 1 and 2 are not aware that they know that. In
our setting, we could technically say that it is initially com-
mon knowledge that players have no knowledge outside of
what they directly see, and that this only changes when the
players first reason about what they see. For simplicity, we
prefer to constrain initial states so that they contain the fluent
Reason, that is, so that a game must start with agents rea-
soning; and we consider that agents do not start with higher
order knowledge of what they don’t directly see.

Formally, we define the set INIT of initial states of Han-
abi as the set of sets of the form

I-ATM U CardAtb U {Belongs; , | a € Agt,i € Init(a)} U
{Nextsnp+1, Turni, ErrTokeno, HintTokens, Reason} U
{oJScAi| o € Seqy,,G C Agt,A € A i€ hit(Agt\ G)},
where CardAtb C {4; | A € A i < 50} is such that for all
1 < 50, there are exactly one ¢ € Colors andonen € [1, 5]
such that ¢; € CardAtb and n; € CardAtb, and for any

color ¢ € Colors and k € [1, 5], there are exactly nb(c,n)
indices 7 < 50 such that both ¢; and n; are in CardAtb.

Proposition 2. INIT C STATES.

Actions

We now describe how to represent actions in Hanabi as EL-
O actions. These actions are: giving a hint to another player;
playing, discarding, and drawing a card; and finally the spe-
cial reasoning action.

Giving a Hint Player a announces to player b (where b #
a) all of b’s cards that have a given attribute A. In order for
a to give a hint to b:
* It must be player a’s turn;
* No reasoning must need to be done;
* There must be at least one hint token available.
When « gives b a hint about attribute A:

1. Players gain common knowledge of which of b’s cards
have the attribute A and which don’t;

2. There is now one less hint token available;
3. Itis no longer a’s turn;



4. Players must now reason on their new knowledge.
Formally, the precondition of GiveHint(a, b, A) is:

Turn, A ~Reason A \/ HintTokeny,.
k>0
The conditional effects are:
1. For all 7 < 50:
* Condition: Belongs,
* Positive effect: JSA;
2. Forall k € [1,8]:
e Condition: HintToken,
* Positive effect: HintTokeny,_q
* Negative effect: HintTokeny,
3. Next player’s turn and reasoning:
* Condition: T
* Positive effect: Reason, Turn,4+1
* Negative effect: Turn,
Playing a card In order for a player to play a card, it must
be their turn, no reasoning must need to be done, and the
card must belong to them. The player loses the card, and
common knowledge is gained of all attributes of the card.
The player must then draw a card. In case of error, an error

token is received; otherwise the card is placed on the table.
Formally, the precondition of Play(i, a) is:

Turng A —Reason A Belongs; .

To describe the conditional effects, let us first write the
condition for playing a card ¢ to be successful:

PlaySuccess; = — \/(OnTablej N SameCard; ;)
J#i
A \/(OnTablej A Successor; ;)
j#i
where SameCard; ; and Successor; ; are defined as abbre-
viations of formulas expressing respectively that ¢ and j have
the same color and number, and that ¢ and j have the same

color with the number of ¢ being the successor of that of j.
The conditional effects of Play (i, a) are then:

1. General:
* Condition: T
* Positive effects: JSA; forall A € A
* Negative effects: Belongs; ,, Turn,
2. Success case:
 Condition: PlaySuccess;
 Positive effect: OnTable;, MustDraw,
3. Case of a 5 being successfully played, for k£ < 8:
 Condition: HintTokeny A 5; A PlaySuccess;
* Positive effect: HintTokenyy;
* Negative effect: HintTokeny,

4. Regular error case, for k < 2:
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¢ Condition: —~PlaySuccess; N ErrToken
* Positive effect: ErrTokeny.1, MustDraw,
¢ Negative effect: ErrTokeny,

5. Final error case:

¢ Condition: —PlaySuccess; \ ErrTokens
¢ Positive effect: ErrTokens
* Negative effect: ErrTokens
In case of error when two error tokens had already been
drawn, this action ensures that no further action can be

executed, as all Turn, and MustDraw; become false for
b € Agt and falseness of Reason is maintained.

Discarding a card Discarding a card is similar to play-
ing a card, except there is no success or error, and the card
simply stops belonging to the player.

Formally, the precondition of Discard(i, a) is:

Turng A —Reason A\ Belongs, .

There is one conditional effect:
* Condition: T
* Positive effects: MustDraw,, JSA; forall A € A
* Negative effects: Belongs,

i,a°

Turn,,

Drawing a card In order for a player to draw a card, they
must have just put down or discarded a card, and the stack of
cards must not be empty. The card on top of the stack is then
attributed to the player, and all other players see the value of
the card.

Formally, the precondition of Draw(a) is:

MustDraw, N\ = Nexts;.

The conditional effects are:
1. Forall 7 < 50:

¢ Condition: Next;
* Positive effects: Belongs,

2,a°

JSJSpgp\aAi forall A € A
* Negative effect: Next;

Nea:ti_H, JSAgt\aAi and

2. Next player’s turn and reasoning:
* Condition: T
* Positive effect: Reason, Turngy1
¢ Negative effect: MustDraw,

Reasoning Players may go through a number of reasoning
steps in order to make deductions from their new knowledge.
Here we suppose that reasoning is done until there is nothing
left to learn; that is, we define the reasoning action so that
it is repeated until it no longer has any effect on the state.
Alternatively, one could adjust the conditions so that only a
given number of reasoning steps can be performed.
The reasoning goes as follows:

1. If e.g. all yellow 3s and 4s are now jointly seen by some
group G, then group G also gains common knowledge
that all other cards that are jointly observed not to be 1’s,
2’s or 5’s are not yellow;



If e.g. all yellow and green 4’s are now jointly seen by
some group G, then group G also gains common knowl-
edge that all other cards that are jointly observed not to
be red, white or blue are not 4’s;

. If any cards are now jointly known by some group G to
not be four different colors, they are now jointly known
by group G to be the fifth color;

If any cards are now jointly known by some group G to
not be four different numbers then they are now jointly
known by group G to be the fifth number;

. If all cards of a given attribute are jointly seen by some
group G then it is now also jointly seen by G that no
other card has this attribute.

We then check whether we can move on to the next turn:

6. If no reasoning has been performed during this action
(i.e. all other conditional effects did not modify the cur-
rent state), it becomes the next player’s turn.

Formally, the precondition of Reason is Reason. In order
to describe its conditional effects, let us first introduce an
abbreviation. The following expresses that group G sees all
cards that have color ¢ and number n, and none of those
cards are indexed by ¢:

KAU(G,c,n,i) = \/ N\ (4 A TScA;)

IC[1,50] jeI
[T|=nb(c,n) A€{c,n}
il

The conditional effects of Reason are then:

1. Forall G C Agt, ¢ € Colors and i < 50:
¢ Condition:
\/ ( /\ KAll(G,c,n,i) A /\ (=ni A JSeni))
NC[1,5] mneN ne[1,5]\N
 Positive effect: JSqc¢;
2. Forall G C Agt,n < 5and i < 50:
¢ Condition:
V(N KAUG, e,ni) A N\ (mes A JSaes))
CCColors ceC cE
Colors\C
* Positive effect: JSan;
3. Forall # < 50 and ¢ € Colors:

* Condition: A\ cotors\c (T A J567i)
* Positive effect: JSqc;

. Foralli < 50andn € [1,5]:
* Condition: A\, ¢y sy oy (77 A JSG14)
* Positive effect: JSan;

. Forany A € A and any I C [[1,50] of indexes such that
|[I] = nb(A):

s Condition: A, ;(A; A JScA;)
* Positive effects: JSg A; forall i ¢ T

Reasoning test:
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¢ Condition:

/\ = (end(ce) A

ceereff

—a)

V

aEcefft(ce)

where reff denotes the set of all conditional effects
described in items 1-5

* Negative effect: Reason

We call HA ct the set of all actions described in this sec-
tion. Let us remark that all actions of HA ct are indeed con-
sistent and knowledge-positive. In the following section we
will explore their properties and see that things can actually
be done in a much simpler framework.

We do not handle here the last round of the game when the
stack becomes empty. This is easily doable by adding some
extra fluents signalling this last round and adapting some
of the conditional effects of actions. However we choose to
leave it aside for simplicity as it has no effect on the evolu-
tion of knowledge, which is the focus of this paper.

From Infinite to Finite Semantics

We define H-STATES as the set of states reachable from
INIT via the actions of HA ct, including INIT itself.

Proposition 3. Let s € H-STATES. Forall a € s of modal
depth at least 1, one of the following hold:

1. a € l-ATM;

2. « is of the form 0J5gA; where o € Seqy,, and both
JSJSqA; € sand JSgA; € s;

3. There exist G C Agt and ce € eff (Reason) such that
s |= cnd(ce), cefff(ce) = {JScAi}, a is of the form
o A; for some o € Seqg, and o' A; € sforall o’ € Seqg.

It follows that atoms of modal depth strictly larger than 2
do not carry any significant information in Hanabi.

Proposition 4. Let o = JS¢, ... JSq, JScAi be such that
a ¢ |-ATM and let s € H-STATES. Then o € s iff
JSG1U~~~UGn JSGAZ € s.

Proposition 4 entails that Hanabi states can be encoded in
a compact way, only considering atoms of modal depth at
most 2. Any formula ¢ can be evaluated in these states by
first translating it to a formula ¢r(p) that is equivalent to ¢
in H-STATES, defined as follows:

tr(p) =p
tr(JSap) = JSap
T if JS¢,... JScJSap € I-ATM

tr(JScy- 5. JSep) = {JSGlU...UGnJSgp otherwise

tr(=¢) = ~tr(e)
tr(o ny) = tr(e) Atr(Y)
We know by Proposition 4 that for any ¢ € Lg| .o and any

s € H-STATES, s |= ¢ iff s |= tr(y). As atoms in ¢r(p)
are all of depth at most 2, it follows that:

Proposition 5. For any s € H-STATES and ¢ € LgL o,
s iffs = tr(g) iff s 0 ATMS? [=CFC 1y (),



The point here is obviously not to fully compute states
of H-STATES so that we can then take their restriction to
ATMS?, but to work with subsets of ATM S? from the start.
For this we at least need a new semantics for actions that
restricts changes to modal depth at most 2. We actually show
that things can be done in a more compact way. Let us first
observe a few more properties of Hanabi states.
Proposition 6. All states s € H-STATES satisfy the fol-
lowing properties:

HI. If JS¢ JSup € s\ |-ATM then JSup € s;

H2. If JSgJSyp € s then JSquupJSup € s;

H3. If JScJSy € s\ I-ATM then JSq' JSu' € s for all
G' CGand H' C H;

H4. If JSgp € s then JSq'p € s forall G' C G;

H5. If JSgp € s then JSg: JSqnp € s forall G',G" C G.

The properties stated above are instrumental in going
from a compact representation of Hanabi states to their orig-
inal counterparts. Let us first show how to go from a set of
atoms satisfying these properties to an EL-O state. We de-

fine the following expansion function: for any s € ATM S2,

exp; () = sUI-ATM U {oa | 3JSga € s,0 € Seqq }.
Proposition 7. Let s C ATM S? be a set of atoms satisfying
properties HI-HS. Then exp;(s) € STATES and for all
¢ € Lero. s ETC tr(p) iff exps (s) = .

Second, we show how to get a set satisfying the above
properties from any arbitrary subset of ATM S? with a sec-
ond expansion function. For any s C ATM <2 we define:

expz(s) = sU{JSqp | IG' 2 G, JSaip € s}
U{JSup | JH' O H,3G’ C Agt, JSq: JSwp € s}
U{JSqJSup | IG' 2 GUH, JSgp € s}
U{JSqJSup | 3H' D H,3G" C Agt,GC G' UH’
and JSg' JSH/p € s}.

Proposition 8. For any s C ATMS?, expy(s) satisfies
properties HI-HS.

We can now define truth of Lg| .o formulas in any set s C
ATMS? in the context of Hanabi:

s EN @if exps(s) EOFC tr(ep).

We call H-EL-O the corresponding logic. It follows from
Propositions 7 and 8 that for all s C ATM 2 s EH o iff
exp; (expz(s)) | . Note that it is a standard property of
classical propositional calculus that exps (s) =CPC tr(yp) iff
expz(s) NVATM (tr(p)) ECFC tr(p), where ATM (tr(p))
denotes the set of all atoms appearing in ¢r(y); hence we
do not need to compute expz(s) in its entirety in order to
evaluate truth value of a formula ¢.

Finally, we give a new set of initial Hanabi states and a
new semantics for actions, and show that the original se-
mantics are correctly simulated. The set C-I N IT is defined
as the set of sets of atoms of the form

CardAtb U { Belongs; , | a € Agt,i € Init(a)} U
{Neatsnp+1, Turni ErrTokeng, HintTokeng, Reason} U
{JSJSAgt\{a}AZ‘ | a € Agt,A eAjie Init(a)}.
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Proposition 9. INIT = {exp;(exps(s)) | s € C-INIT}.

Given an action a, the function 77

' is a partial function
over subsets of ATMS? If s € ATMS?, 71 (s) is defined

if s =" pre(a), and in that case

(.Y
ceceff(a)

sE="end(ce)

ceﬁ_(ce)) U U ceff T(ce).
ceceff(a)
sE"end(ce)

Proposition 10. For any s C ATMS? and a €
HAct, 7.(exp; (exp2(s))) is defined iff 71 (s) is defined,
and in that case if exp;(exps(s)) € H-STATES then
Ta(exp; (exps(s))) = expy (exps (TH5)).

It follows that starting from C-INIT and using 7 for
action semantics and =" for static semantics is enough to
completely model the evolution of knowledge in a game of
Hanabi.

Let us finish with a note on complexity in H-EL-O. First,
the size of tr(p) is linear in that of (. Second, as we
have already noted, exps(s) ECPC tr(p) iff exps(s) N
ATM (tr(p)) =CPC tr(y). Third, classical propositional
calculus corresponds to the fragment of H-EL-O with no ob-
servability operators. It follows that:

Proposition 11. The H-EL-O satisfiability problem is NP-
complete.

Conclusion

In this paper we have extended the epistemic logic EL-O
with infinite semantics accounting for common knowledge
within arbitrary groups of agents. We have then proposed a
formalization of Hanabi in this generalized setting, which re-
lies on a special reasoning action to make up for the limited
reasoning capabilities of agents in EL-O. Finally, we have
shown that Hanabi can actually be captured in a much sim-
pler, finite fragment of the full framework. We thus obtain a
formalization of the evolution of knowledge in Hanabi that is
both lightweight and complete. In particular we have shown
formal grounds for restriction to modal depth 2, a heuristic
featured in the literature on Hanabi.

There are many directions in which this work remains to
be extended. On the theoretical side, we must still formally
show that the general semantics proposed in this paper cor-
respond to a fragment of the standard epistemic logic S5,
and that the proposed action descriptions correctly simulate
evolution of knowledge as has been represented with DEL in
the literature. Moreover, while modeling knowledge in Han-
abi gives us a solid background from which to start, we have
yet said nothing about how players choose which action is
best. This in particular requires agents to reason about the
outcomes of actions, and cannot be done with the central-
ized planning approach that has been previously used with
EL-O. The dynamic extension of EL-O proposed in (Herzig,
Maris, and Perrotin 2021) could be useful for this. Finally, it
remains to explore practical applicability of this method of
keeping track of knowledge in actual playing systems.
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