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Abstract

We introduce a model of fair division with market values,
where indivisible goods must be partitioned among agents
with (additive) subjective valuations, and each good addition-
ally has a market value. The market valuation can be viewed
as a separate additive valuation that holds identically across
all the agents. We seek allocations that are simultaneously fair
with respect to the subjective valuations and with respect to
the market valuation.
We show that an allocation that satisfies stochastically-
dominant envy-freeness up to one good (SD-EF1) with re-
spect to both the subjective valuations and the market valua-
tion does not always exist, but the weaker guarantee of EF1
with respect to the subjective valuations along with SD-EF1
with respect to the market valuation can be guaranteed. We
also study a number of other guarantees such as Pareto opti-
mality, EFX, and MMS. In addition, we explore non-additive
valuations and extend our model to cake-cutting. Along the
way, we identify several tantalizing open questions.

1 Introduction
For centuries, human civilizations have pondered how to set-
tle disputes centered around division of goods. Such resolu-
tion requirements come up often in cases such as divorce
settlement and estate division (in the absence of a will). A
common practice in the real world is not to liquidate all the
goods but to assess their fair market value (FMV) and create
an “equal division” whereby the total fair market value of the
goods awarded to each party is (almost) equal. Such a divi-
sion is sometimes even a legal requirement (Kagan 2021b).
For instance, fair market values of land—as determined by
assessors (Kagan 2021a)–are often used to settle land dis-
putes (Shtechman, Gonen, and Segal-Halevi 2021). How-
ever, an FMV-based approach has two limitations: (i) parties
may disagree on what the fair market value of a good is, and
(ii) parties may have personal (i.e., subjective) cardinal pref-
erences (over the goods) which may be quite different from
the assessed market values.

Starting with the seminal work of Steinhaus (1948), the
mathematical theory of fair division has made significant ad-
vances over the last century. The theory systematically ad-
dresses the issue (ii) mentioned above by developing models
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wherein the participating agents (parties) can submit their
own heterogeneous valuations over the goods. Here, the un-
derlying goal is to find a division that each agent would
consider fair according to their own valuation. Hence, the
models provide a systematic way to avoid disagreements.
In recent years, fair division literature has made impressive
strides in the context of indivisible goods, resulting in allo-
cation methods that achieve appealing fairness guarantees.
One such notion is envy-freeness up to one good (EF1),
which demands that no agent prefers the allocation of an-
other agent over their own if we hypothetically exclude just
one good from the envied agent’s allocation (Lipton et al.
2004; Budish 2011; Caragiannis et al. 2019).

Despite the mathematical and conceptual appeal of this
framework, equal division of goods under market values still
holds unshakable importance in real-world dispute resolu-
tions. Hence, we study the framework of fair division with
market values, where we seek an allocation of the goods that
the agents find fair with respect to their heterogeneous per-
sonal preferences (“subjective utilities”), and that is also a
near-equal division under the market values. Formally, a set
M of (indivisible) goods must be allocated among a set N
of n agents. Each agent i ∈ N submits an additive subjec-
tive utility function ui : 2

M → R⩾0 and there is an additive
market value function v : 2M → R⩾0.1 Our goal is to seek
an allocation that is simultaneously fair (e.g., EF1) with re-
spect to the subjective utilities {ui}i∈N and with respect to
the market values v.

The significance of this formulation is further substanti-
ated by the following observations: First, near-equal division
under the market values can correspond to a feasibility con-
straint, imposed due to legal or normative reasons. Hence,
one can view the requirement under market values as seek-
ing an allocation that is fair (with respect to the agents’ sub-
jective utilities) as well as feasible (with respect to the mar-
ket values). Indeed, with this viewpoint, the current work
contributes to the growing body of work on fair division un-
der constraints (see, e.g., (Suksompong 2021)), and some of
our results are derived using ideas from this line of work.

Second, one can adopt an epistemic perspective that the
subjective utilities provided by the agents are in fact their

1A set function f : 2M → R⩾0 is said to be additive if f(S) =∑
r∈S f({r}) for all S ⊆ M with f(∅) = 0.
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(personal) noisy estimates of the market values of the goods.
Further, the “market values” that we take as input may be
an expert’s estimate or algorithmic prediction. Achieving
an equal division with respect to both agents’ personal es-
timates and the external estimate can provide greater robust-
ness and prevent future disputes.

Our work is closely related to two very recent papers,
which also study fair division in the presence of market val-
ues.2 Dall’Aglio (2023) studies the same model, but with
divisible goods and the subjective utility of each agent, for
every good, modeled a function of the good’s market value.
The focus of Dall’Aglio (2023) is on the behavior of promi-
nent rules, rather than on concrete fairness guarantees. The
work of Bu et al. (2023) is closer to ours, who consider a
generalization of our model with heterogeneous market val-
ues {vi}i∈N , motivated as an allocator’s preference over
which agent should get which good. Their result for this
general model establishes guarantees for proportionality, a
notion weaker than the one studied in the current paper,
namely, envy-freeness. In particular, there are two results
where the current paper and the work of Bu et al. (2023)
overlap: first, we show that a fairness guarantee for alloca-
tion of goods obtained by Bu et al. (2023) can be viewed
as a corollary of a result due to Biswas and Barman (2018).
Second, we show that an existential result by Bu et al. (2023)
can be turned into a polynomial-time algorithm in our model
(while Bu et al. (2023) provide a polynomial-time algorithm
for a weaker notion). Our study of Pareto optimality, EFX,
and MMS in this framework is entirely novel. We discuss
these technical points at length in Section 1.2.

1.1 Our Contributions
In Section 3, we begin by asking whether there always exists
an allocation of indivisible goods that satisfies stochastic-
dominance envy-freeness up to one good (SD-EF1)—a
strengthening of EF1—w.r.t.3 both additive subjective util-
ities and additive market values. We answer the question in
the negative, using a carefully crafted instance with 2 agents
and 7 goods. Complementing this result, we prove positive
results for 2 agents and up to 6 goods, and for any number
of agents with identical utilities. Then, relaxing the require-
ment slightly, we prove that an allocation that is EF1 w.r.t.
subjective utilities and SD-EF1 w.r.t. market values always
exists via a reduction to an algorithm by Biswas and Bar-
man (2018). The complementary guarantee of SD-EF1 w.r.t.
agents’ utilities and EF1 w.r.t. market valuation stands as an
interesting open question.

Next, in Section 4, we consider other desiderata such as
Pareto optimality (PO), maximin share fairness (MMS), and
envy-freeness up to any good (EFX). In Section 4.1, our
main result is that an allocation that is PO w.r.t. subjective
utilities and EF1 w.r.t. market values always exists, but there
are open questions surrounding several other combinations

2Our work was conducted concurrently and independently of
these works. That said, there is very little overlap between our
results and the ones obtained in (Dall’Aglio 2023) and (Bu et al.
2023), which we discuss at length in Section 1.2.

3We will, throughout, abbreviate ‘with respect to’ as w.r.t.

of desiderata. Section 4.2 shows that MMS or EFX cannot
be attained w.r.t. one side (subjective utilities or market val-
ues) together with EF1, MMS, or EFX on the other side.
Finally, in Section 4.3, we observe that the existence of an
allocation that is EF1 w.r.t. even monotone subjective utili-
ties and monotone market values remains open, but prove the
existence of allocations that are 1/2-EF1 w.r.t. subadditive
subjective utilities and SD-EF1 w.r.t. additive market values.
These results are summarized in Table 1.

Market
SD-EF1 EF1

A
ge

nt
s SD-EF1 ✗ (Theorem 1) ?

EF1 ✓ (Corollary 1)
PO ✗ (Theorem 4) ✓ (Corollary 2)

MMS/EFX ✗ (Theorems 6 and 7)

Table 1: Summary of our results. PO on the market side is
always guaranteed. Positive result with PO on the agents’
side is conditioned on strictly positive utilities. MMS and
EFX impossibilities hold even when swapping sides (i.e.,
EF1/SD-EF1 on the agents’ side and MMS/EFX on the mar-
ket side), or demanding MMS/EFX on both sides.

Finally, in Section 5, we extend our setup of fair divi-
sion with market values to cake-cutting. That is, we consider
partitioning a heterogeneous divisible good (cake) among
agents with subjective utilities in the presence of a market
valuation, both subjective utilities and market valuation rep-
resented as countably additive measures over the cake. This
model is formally introduced in Section 5 We observe that
the existence of an allocation that is EF w.r.t. both subjective
utilities and market values can be reduced to the known exis-
tence of a perfect cake division (Dubins and Spanier 1961).
We prove bounds on the number of cuts (of the cake) and
queries (of the subjective utility measures and the market
value measure) required to achieve EF w.r.t. both sides. We
also show that there may not exist any cake division that is
EF+PO w.r.t. the subjective utilities along with EF w.r.t. the
market values. Though, relaxing EF+PO to simply PO w.r.t.
the subjective utilities yields a positive result.

Throughout, we identify a number of interesting and fun-
damental open questions.

1.2 Related Work
As mentioned previously, the works of Dall’Aglio (2023)
and Bu et al. (2023) are the closest to ours. None of the re-
sults obtained in Dall’Aglio (2023) imply anything in our
model, since this prior work addresses homogeneous divis-
ible goods. Bu et al. (2023) study a generalization of our
model with heterogeneous market valuations {vi}i∈N .They
view {vi}i∈N as the allocator’s preferences over which
agent should get which item. Bu et al. (2023) provide four
existential results:

1. EF1 on both sides, when there is a single market valua-
tion (i.e., our model).

2. EF1 on both sides for the particular case of two agents.

13590



3. PROP-O(log n) on both sides, where PROP (proportion-
ality) is a notion weaker than envy-freeness.

4. PROP-2 on both sides under binary valuations.

We also study the first result in this list, but show that, in
the case of goods (which is what Bu et al. address), the
result is already implied by a result of Biswas and Bar-
man (2018). In the list above, the second result is strong,
but it does not come with an efficient construction. In fact,
they show how to achieve EF2 on both sides in polynomial
time, which we are able to improve to EF1, on both sides,
in polynomial time. Their EF1 existential result extends to
monotone subjective utilities and monotone market values,
whereas our EF1 result extends only to monotone subjec-
tive utilities and additive market values (though still with
polynomial value query complexity). The last two results in
the list above address the weaker notion of proportionality,
which we do not focus on. In addition, we establish nega-
tive results (e.g., Theorem 1) in a specialized version of the
model considered in their work. Hence, the negative results
are stronger. We also extend our results to the cake cutting
setting, which is only mentioned in the appendix by Bu et al.
(2023). In summary, the technical overlap between the work
of Bu et al. (2023) and our work is little. Together, how-
ever, our works point to interesting open questions, which
we highlight throughout.

A bit more broadly, fairness with respect to market val-
ues can be viewed as placing feasibility constraints (induced
by the market values) on the allocation. Hence, fair division
with market values can be considered as case of constrained
fair division. Notably, many recent results address fair al-
locations subject to various feasibility constraints, such as
cardinality constraints (Biswas and Barman 2018), matroid
constraints (Dror, Feldman, and Segal-Halevi 2023), or bud-
get constraints (Barman et al. 2023). As we show in this
work, EF1 with respect to an additive market valuation
can be achieved by placing appropriately defined cardinal-
ity constraints. However, it is not clear if EF1 with respect
to a more general (e.g. submodular) market valuation or with
respect to heterogeneous additive market valuations can be
reduced to known constraints.

Our model is also related to recent works on fair division
in two-sided markets (Patro et al. 2020; Freeman, Micha,
and Shah 2021; Igarashi et al. 2023), where agents on two
sides of a market are matched to each other, with agents on
each side having preferences over those on the other side.
Freeman, Micha, and Shah (2021) also seek EF1 on both
sides, but in their case the second side has its own allocation,
whereas in our case, the market side is also evaluated using
the same allocation.

2 Preliminaries
An instance of fair division with market values is a quadru-
ple, ⟨N ,M, v, u⃗ = (ui)i∈N ⟩, where N is a set of n agents,
M is a set of m indivisible goods, v : 2M → R⩾0 is a
monotone set function indicating the market valuation of
the goods, and ui : 2M → R⩾0 is the (subjective) mono-
tone utility function of agent i ∈ N . In particular, ui(S) and
v(S) denote agent i’s value and the market value for subset

of goods S ⊆ M, respectively. Throughout most of the pa-
per, we consider market valuation v and utilities u⃗ that are
additive: recall that a set function f : 2M → R⩾0 is additive
if f(S) =

∑
g∈S f({g}) for all S ⊆ M. Section 4.3, in par-

ticular, goes beyond additive utilities and considers general,
monotone ones. For notational convenience, we will write
ui(g) := ui({g}) and v(g) := v({g}).

An allocation is n-partition A = (A1, . . . , An) of M,
where Ai ⊆ M denotes the bundle of goods given to agent
i. Here, Ai ∩ Aj = ∅ for all i ̸= j and ∪i∈NAi = M.
Our goal is to find allocations that are fair with respect to
both subjective utilities and market valuation. A prominent
fairness criterion for indivisible goods is envy-freeness up to
one good.
Definition 1 (Envy-free up to one good). For an in-
stance ⟨N ,M, v, (ui)i∈N ⟩, we say that an allocation A =
(A1, . . . , An) is envy-free up to one good (EF1) with respect
to subjective utilities if, for every pair of agents i, j ∈ N ,
either Aj = ∅ or ui(Ai) ⩾ ui(Aj \ {g}) for some good
g ∈ Aj . In addition, we say that A is EF1 with respect to
market values if the above-mentioned inequalities hold with
ui replaced by v.

Next, we define a strengthening, SD-EF1, based on the
stochastic dominance (SD) relation.
Definition 2 (SD-preference (Bogomolnaia and Moulin
2001)). For X,Y ⊆ M, we say that agent i SD-prefers X
to Y , denoted X ≽SD

i Y , if, for each good g ∈ M, it holds
that |{g′ ∈ X : ui(g

′) ⩾ ui(g)}| ⩾ |{g′ ∈ Y : ui(g
′) ⩾

ui(g)}|. That is, for each g, the subset X has at least as many
goods with utility (to agent i) at least as much as g as Y does.
Also, we define SD-preference under the market valuation,
denoted X ≽SD

v Y , by replacing ui with v.
Definition 3 (SD-EF1 (Aziz et al. 2024)). An allocation
A = (A1, . . . , An) is said to be SD-envy-free up to one
good (SD-EF1) if, for every pair of agents i, j ∈ N , either
Aj = ∅ or Ai ≽SD

i Aj \ {g} for some good g ∈ Aj .
We will say that an additive function u : M → R⩾0

induces a ranking (with ties) π : M → [|M|] if π ranks the
goods in decreasing order of u, i.e., π(g) ⩽ π(g′) iff u(g) ⩾
u(g′) for all g, g′ ∈ M. Here, a weaker notion is that of
consistency: u is said to be consistent with π if π(g) ⩽ π(g′)
implies u(g) ⩾ u(g′) for all g, g′ ∈ M.

Note that SD-EF1 is a stronger notion than EF1: if an al-
location is SD-EF1 with respect to utilities (ui)i∈N , then it
must be EF1 with respect to (ui)i∈N , as well as with respect
to any other utility profile (u′

i)i∈N where, for each i, the
utility u′

i is consistent with the ranking πi induced by ui.
The following lemma provides a useful observation about

SD-EF1 with respect to a profile with identical valuations;
recall that the market valuation can be seen as such a profile.
Lemma 1. Let π : M ↔ [m] be a strict ranking over M.
If ui induces π for every i ∈ N , then A is SD-EF1 with
respect to (ui)i∈N iff, for all agents i ∈ N and each index
ℓ ∈ {1, 2, . . . , ⌈m/n⌉}, we have |Ai ∩ {a ∈ M : nℓ− n+
1 ⩽ π(a) ⩽ nℓ}| ⩽ 1. Further, if u′

i is consistent with π for
every i ∈ N , then such an allocation is still SD-EF1 with
respect to (u′

i)i∈N .
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All the missing proofs can be found in the full version4.

3 Simultaneous Envy-Freeness
This section first shows that the strong notion of SD-EF1
cannot be guaranteed w.r.t. both the subjective utilities and
the market valuation simultaneously.

Theorem 1. There exists an instance with 2 agents and 7
goods in which no allocation is SD-EF1 w.r.t. both the sub-
jective utilities and the market valuation.

Proof. Let π = (g1 ≻ g2 ≻ g3 ≻ g4 ≻ g5 ≻ g6 ≻ g7) be
the ranking induced by the market values, and those induced
by the subjective utilities of the two agents be

σ1 = (g1 ≻ g3 ≻ g2 ≻ g5 ≻ g4 ≻ g7 ≻ g6),

σ2 = (g1 ≻ g5 ≻ g2 ≻ g3 ≻ g6 ≻ g7 ≻ g4).

The impossibility result stated in the theorem will hold for
any subjective utilities and market valuation that induce the
above-mentioned rankings.

By Lemma 1, SD-EF1 w.r.t. the market valuation de-
mands that each agent receive exactly one good from each of
the sets C1 = {g1, g2}, C2 = {g3, g4}, and C3 = {g5, g6}.

Suppose agent 1 receives good g1. Then, agent 2 must re-
ceive both good g5 (for SD-EF1 w.r.t. the subjective utilities)
and good g2 (for SD-EF1 w.r.t. the market values). Then,
considering the top four goods in σ1, agent 1 must receive
g3 to satisfy SD-EF1 w.r.t. its subjective utility. Next, recall-
ing the constraints imposed by SD-EF1 w.r.t. market val-
ues through sets C2 and C3 above, we conclude that agent
2 must get g4 and agent 1 must get g6. So far, we have
{g1, g3, g6} ⊆ A1 and {g2, g4, g5} ⊆ A2. Since both agents
have only two of their top six goods, both agents would need
to have g7 in order to satisfy SD-EF1 w.r.t. their subjective
utilities, which is a contradiction.

The case of agent 2 receiving good g1 leads to a simi-
lar argument, where we can deduce {g2, g3, g6} ⊆ A1 and
{g1, g4, g5} ⊆ A2. Hence, in this case as well, both agents
would require g7 for SD-EF1 w.r.t. their subjective utilities,
which is a contradiction.

We complete the picture by providing positive results for
achieving SD-EF1 w.r.t. both the subjective utilities and the
market values in two special cases.

Theorem 2. In instances with two agents and at most six
goods, there always exists an allocation that is SD-EF1 w.r.t.
both the subjective utilities and the market valuation.

Theorem 3. When the subjective utilities of the agents in-
duce the same ranking over the goods, an allocation that is
SD-EF1 w.r.t. the subjective utilities and the market valua-
tion always exists, and can be computed in polynomial time.

Next, let us consider relaxing the goal of SD-EF1 to (the
regular) EF1, at least on one side. Doing so on the market
side leads to the following open problem, which seems to
require considerably novel ideas towards a resolution.

4Full version: https://arxiv.org/pdf/2410.23137

Open Question 1: Does there always exists an al-
location that is SD-EF1 w.r.t. the subjective utilities
and EF1 w.r.t. the market valuation?

When we relax SD-EF1 to EF1 on the agents’ side, a posi-
tive result emerges, even in the general case. We remark that
Bu et al. (2023) prove the existence of an allocation that is
EF1 w.r.t. both the subjective utilities and the market values.
Upon careful observation, however, one finds that not only
do they actually achieve SD-EF1 w.r.t. the market values,
but in fact, their algorithm is precisely an instantiation of a
more general algorithm designed previously by Biswas and
Barman (2018). In other words, this problem can be reduced
to the result of Biswas and Barman (2018); we lay out the
simple reduction here, highlighting that there is no need to
derive this result from scratch.

Biswas and Barman (2018) consider a setting in which
there are no market values, but we are given a partition
{M1, . . . ,Mℓ} of the goods along with cardinality bounds
h1, . . . , hℓ ∈ Z+. The goal here is to find a fair allocation
A that satisfies cardinality constraints: |Ai ∩ Mk| ⩽ hk

for each k ∈ [ℓ] and agent i ∈ N . Note that, we need the
bound hk ⩾ ⌈|Mk|/n⌉, for each k ∈ [ℓ], to even ensure
the existence of an allocation which satisfies the cardinality
constraints. Biswas and Barman (2018) show that, in such a
case, an EF1 allocation satisfying the cardinality constraints
is guaranteed to exist.

For our reduction, we consider πv the ranking induced
by the market valuation v. Then, we set ℓ := ⌈m/n⌉, and,
for each k ∈ [ℓ], define Mk := {g ∈ M : (k − 1)n <
πv(g) ⩽ kn}. That is, M1 is the set of top n goods accord-
ing to the market values, M2 is the set of next n goods ac-
cording to the market values, and so on. Finally, we impose
the cardinality constraints |Ai ∩Mk| ⩽ 1 for all i ∈ N and
k ∈ [ℓ]. From Lemma 1, we see that this implies SD-EF1
w.r.t. the market values. The polynomial-time algorithm of
Biswas and Barman (2018) then immediately yields an allo-
cation that is EF1 w.r.t. the subjective utilities while satisfy-
ing the cardinality constraints (and, hence, SD-EF1 w.r.t. the
market values).
Corollary 1. An allocation that is EF1 w.r.t. the subjective
utilities and SD-EF1 w.r.t. the market valuation always ex-
ists, and can be computed in polynomial time.

4 Extensions to Other Criteria
Let us now extend our setup of fair division with market val-
ues to (i) consider other desiderata such as Pareto optimality,
MMS, and EFX, and (ii) go beyond additive utilities.

4.1 Pareto Optimality
Definition 4 (Pareto Optimality). An allocation A is said to
be Pareto optimal (PO) w.r.t. the subjective utilities if there
is no allocation A′ with the property that ui(A

′
i) ⩾ ui(Ai),

for all i ∈ N , with at least one inequality being strict.
In the full version, we address a strengthening called frac-

tional Pareto optimality (fPO), which demands that not even
a fractional allocation (where the goods may be fractionally
assigned to agents) Pareto dominates the given integral one.

13592



First, we note that every allocation is trivially PO w.r.t.
the market values. Hence, the only interesting considera-
tion is to demand PO w.r.t. the subjective utilities. Here, we
show that PO cannot be achieved with SD-EF1 (Theorem 4).
Interestingly, SD-EF1 implies both EF1 and balancedness
(|Ai| ∈ {⌊m/n⌋, ⌈m/n⌉} for all i), and both these relax-
ations can individually be attained together with PO (Cara-
giannis et al. 2019; Conitzer, Freeman, and Shah 2017).
Theorem 4. There exists an instance with 2 agents and 6
goods in which there is no allocation that is PO w.r.t. the
subjective utilities and SD-EF1 w.r.t. the market valuation.

Proof. Consider an instance with two agents with the fol-
lowing subjective utilities for goods g1, . . . , g6:

g1 g2 g3 g4 g5 g6
Agent 1 19 7 4 3 2 1
Agent 2 8 7 6 5 4 3

In addition, let the additive market valuation be identical
to the utility of the first agent, i.e., v = u1. Note that both
agents must receive three goods, respectively, to ensure SD-
EF1 (across the six goods) w.r.t. the market valuation.

Since agent 1 would be happy to give up any three goods
to receive g1 and agent 2 would be happy to accept any three
goods in exchange for g1, PO demands that g1 must be given
to agent 1. Then, for SD-EF1, g2 must be given to agent 2.

Among the remaining four goods {g3, g4, g5, g6}, each
agent must receive two goods in such a way that no agent
gets both g3 and g4 (or equivalently, both g5 and g6). How-
ever, it is easy to see that agent 1 would be happy to give up
A1∩{g3, g4, g5, g6} to receive {g2}, and agent 2 would also
be happy to give up {g2} to receive A1 ∩ {g3, g4, g5, g6},
violating PO.

This leads us, in the PO context, to the following possibil-
ity: EF1+PO w.r.t. the subjective utilities and EF1 w.r.t. the
market values. We leave this as an open question.

Open Question 2: Does there always exists an al-
location that is EF1+PO w.r.t. the subjective utilities
and EF1 w.r.t. the market values (or even balanced)?

Finally, relaxing SD-EF1 to EF1 w.r.t. the market values,
we show that PO w.r.t. the subjective utilities can be attained
together with EF1 w.r.t. the market values. Note that if the
market values of all goods are set to be equal, then EF1 is
equivalent to balancedness; thus, our result strictly strength-
ens the known result that a balanced PO allocation always
exists Conitzer, Freeman, and Shah (2017).

In fact, we prove a slightly more general result, whereby
we allow the market values to heterogeneous (where each
agent i has an additive market valuation vi) and achieve eq-
uitability up to one good (EQ1) (Freeman et al. 2019) with
respect to it.
Definition 5 (EQ1). An allocation A is called equitable up
to one good (EQ1) w.r.t. a valuation profile v⃗ = (vi)i∈N if,
for every pair of agents i, j ∈ N , either Aj = ∅ or vi(Ai) ⩾
vj(Aj \ {g}) for some good g ∈ Aj .

Freeman et al. (2019) prove that an allocation satisfy-
ing EQ1+PO does not always exist, but it does (and even
EQ1+fPO can be guaranteed) when all values are nonzero
(i.e., strictly positive). To obtain EQ1 and PO w.r.t. two dif-
ferent valuation profiles, respectively, it is clear that the pro-
file w.r.t. which we want PO must have nonzero values.5 We
show that PO (even fPO) w.r.t. a nonzero valuation profile
and EQ1 w.r.t. a different valuation profile can be attained,
strictly strengthening the result of Freeman et al. (2019).

Theorem 5. An allocation that is fPO w.r.t. nonzero subjec-
tive utilities (ui)i∈N and EQ1 w.r.t. (heterogeneous) mar-
ket valuations (vi)i∈N always exists, and can be com-
puted in time polynomial in n, m, and V , where V =
maxi∈N |{vi(S) : S ⊆ M}| is the maximum number of
distinct value levels for any i.

Since both profiles are heterogeneous, one can swap them
to achieve EQ1 w.r.t. subjective utilities and fPO w.r.t. het-
erogeneous nonzero market values as well. Since EQ1 and
EF1 coincide when the market valuations are identical, vi =
v for i, which is the case we consider throughout the paper,
we obtain the following corollary.

Corollary 2. There always exist an allocation that is fPO
w.r.t. nonzero subjective utilities and EF1 w.r.t. the market
valuation.

4.2 MMS and EFX
In addition to EF1, two fairness criteria that have received
significant attention in the discrete fair division are max-
imin share fairness (MMS) and envy-freeness up to any good
(EFX). Here, we show that these notions lead to stark impos-
sibilities in our setup of fair division with market values.

Definition 6 (α-MMS). Under utilities (ui)i∈N , the
maximin share of agent i is defined as µi :=
max(B1,...,Bn) mink∈[n] ui(Bk); here the max is consid-
ered over all n-partitions of M. For α ∈ [0, 1], an allo-
cation A is said to be α-MMS, w.r.t. subjective utilities, if
ui(Ai) ⩾ α · µi for all agents i ∈ N .

We know that EF1 implies (1/n)-MMS (Caragiannis et al.
2019). Hence, in the guarantee of Corollary 1 (EF1 w.r.t. the
subjective utilities and SD-EF1 w.r.t. the market values), the
fairness property on one or both sides can be replaced by
(1/n)-MMS. However, the following result shows that this is
the best one can hope for, despite the fact that in the tradi-
tional fair division setup, even

(
3
4 + 1

12n

)
-MMS is known to

be exist (Akrami and Garg 2024).

Theorem 6. For any α > 1/n, there exists an instance with
two identical valuation profiles (either one can be viewed as
consisting of identical subjective utilities and the other as
consisting of market values) in which no allocation is simul-
taneously α-MMS w.r.t. the first profile and either EF1 or
α-MMS w.r.t. the second,

5Otherwise, consider three goods positively valued only by
agent 1, and a fourth good positively valued only by agent 2. The
only PO allocation gives the first three goods to agent 1 and the
fourth to agent 2, but this is not EQ1 under a valuation profile where
all agents value all goods equally at 1.

13593



Proof. Consider an instance with n agents and 2n−1 goods,
where the goods are partitioned into two sets, M1 with n
goods and M2 with n − 1 goods. Consider two identical
valuation profiles with functions u and v as follows:

u(g) =

{
1 g ∈ M1

n g ∈ M2
, v(g) =

{
1 g ∈ M1

0 g ∈ M2
.

Note that EF1 or α-MMS (for any α > 0) w.r.t. v requires
that each agent receive exactly one good from M1. Since
|M2| < n, there exists an agent i ∈ N who does not receive
any good from M2. For this agent, ui(Ai) = 1 whereas,
under u, the maximin share µi = n, causing a violation of
α-MMS w.r.t. u, for any α > 1/n.

Definition 7 (α-EFX). For α ∈ [0, 1], allocation A is said to
be α-envy-free up to any good (α-EFX), w.r.t. the subjective
utilities, if, for every pair of agents i, j ∈ N , either Aj = ∅
or ui(Ai) ⩾ α · ui(Aj \ {g}) for every g ∈ Aj .

Theorem 7. For any α ∈ (0, 1], there exists an instance with
two identical valuation profiles (either one can be viewed as
consisting of identical subjective utilities and the other as
market values) in which no allocation is simultaneously EF1
w.r.t. the first profile and α-EFX w.r.t. the second.

Proof. Consider an instance with 2 agents, 4 goods
{g1, g2, g3, g4}, and two identical valuation profiles with
valuation functions u and v as follows: u(gt) = 1 for all
t ∈ [4], v(g1) = 2/α+ 1, and v(gt) = 1 for t ∈ {2, 3, 4}.

Note that EF1 w.r.t. u requires that each agent receive two
goods. Consider any allocation A. Without loss of general-
ity, assume that agent 1 receives g1 and g2. Then, v(A2) = 2
whereas α v(A1 \ {g2}) = 2+ α > 2, demonstrating a vio-
lation of α-EFX.

Remark 1. Since EFX implies EF1, we can replace EF1
with EFX in Theorem 6 to deduce that EFX w.r.t. one pro-
file and α-MMS (for any α > 1

n ) w.r.t. the other cannot be
guaranteed.

4.3 Monotone Valuations
This section addresses whether one can extend the positive
result of Corollary 1 to hold beyond additive valuations. That
is, we consider whether EF1 can be achieved simultaneously
for monotone (but not necessarily additive) subjective utili-
ties and market valuation.6

We are interested in the broad classes of monotone, subad-
ditive valuations. A valuation function f : M → R⩾0 is said
to be monotone if f(X) ⩽ f(Y ), for all X ⊆ Y ⊆ M, and
subadditive if f(X∪Y ) ⩽ f(X)+f(Y ) for all X,Y ⊆ M.

An allocation that is EF1 w.r.t. monotone subjective utili-
ties is guaranteed to exist (Lipton et al. 2004). Notably, with
market values, the question remains open.

6SD-EF1 is not well-defined beyond additive valuations: there
is no natural ordering over individual goods induced by a monotone
valuation, and even if one were to induce it somehow, it would not
suffice to guarantee EF1 w.r.t. every monotone valuation inducing
it. Hence, we limit our attention to EF1.

Open Question 3: Does there always exist an allo-
cation that is EF1 w.r.t. two heterogeneous mono-
tone valuation profiles simultaneously (i.e., w.r.t.
monotone subjective utilities and heterogeneous
monotone market values)? What if one of the pro-
files consisted of additive valuations?

In fact, consider the special case of (homogeneous) addi-
tive market values where every good has the same market
value. Then, EF1 w.r.t. such market values is simply bal-
ancedness, yielding the following tantalizing open question
for the usual fair division setup without market values.

Open Question 4: Does there always exist a bal-
anced EF1 allocation w.r.t. a (heterogeneous) mono-
tone valuation profile?

While these questions remain open, we prove the ex-
istence of an allocation that is 1/2-EF1 w.r.t. subadditive
subjective utilities and SD-EF1 w.r.t. additive market values.
Formally, for α ∈ [0, 1], an allocation A is said to be α-EF1
w.r.t. subjective utilities (ui)i∈N if, for each pair of agents
i, j ∈ N (with Aj ̸= ∅), we have ui(Ai) ⩾ α ui(Aj \ {g})
for some good g ∈ Aj . Here, we use the idea of minimally
envied subsets from (Chaudhury et al. 2021).

Minimal Envied Swap (MES) Algorithm. As we did for
establishing Corollary 1, we consider πv the ranking induced
by the (additive) market valuation v. Then, we partition the
items into (M1, . . . ,M⌈m/n⌉) such that Mk := {g ∈ M :
(k − 1)n < πv(g) ⩽ kn}. As noted previously, for any
allocation A, if |Ai ∩ Mk| ⩽ 1 for each k ∈ [⌈m/n⌉] and
all agents i, then A is SD-EF1 w.r.t. v. We now provide an
algorithm that finds such an allocation that is 1/2-EF1 w.r.t.
monotone, subadditive subjective utilities.

We start with an allocation A with empty bundles, Ai =
∅, for all agents i ∈ N . Also, initialize ‘charity’ C = M
as the set of all the unallocated goods. A subset T ⊆ C is
said to be an envied feasible subset of the charity if (1) there
exists an agent i ∈ N envying it, i.e., ui(Ai) < ui(T ), and
(2) |T ∩ Mk| ⩽ 1 for each k ∈ [⌈m/n⌉]. Further, we say
that an envied feasible subset T ⊆ P is minimal if no agent
envies any strict subset of T . It is easy to verify that while
there exists an envied feasible subset of the charity, there
also exists a minimal envied feasible subset of the charity.
The algorithm now works in two phases.
Phase 1: While there exists a minimal envied feasible sub-
set T of the charity C, select an agent i who envies T ,
and update Ai = T and charity (unallocated good) C =
M\ (∪i∈NAi).
Phase 2: Once Phase 1 has terminated, allocate goods in
C arbitrarily subject to maintaining |Ai ∩ Mk| ⩽ 1 for all
agents i ∈ N and each k ∈ [⌈m/n⌉].
Theorem 8. Every fair division instance with (monotone)
subadditive subjective utilities and additive market values
admits an allocation that is 1/2-EF1 w.r.t. subjective utilities
and SD-EF1 w.r.t. market valuation. Further, such an allo-
cation is returned by the MES algorithm detailed above.
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Proof. First, we argue that the algorithm terminates and re-
turns an allocation that is SD-EF1 w.r.t. the market values.
Note that each iteration of Phase 1 strictly increases the util-
ity of the selected agent, and the utilities of the remaining
agents remain unchanged. Hence, Phase 1 must terminate.
Further, throughout the execution of Phase 1, the selected
subset of goods T is feasible, i.e., throughout, we maintain
|Ai ∩ Mk| ⩽ 1 for each i ∈ N and k ∈ [⌈m/n⌉]. There-
fore, at the end of Phase 1 and for each k, the number of
agents with exactly one good from Mk is equal to |Mk\C|.
This observation implies that there remain n − |Mk \ C|
agents who can each still receive a good from Mk, while
maintaining the cardinality constraint. Since |Mk| ⩽ n,
we obtain the following bound for the unassigned goods
|Mk ∩ C| ⩽ n − |Mk \ C|. Hence, we can allocate the
unassigned goods in Mk ∩ C, one each, to the remain-
ing agents while maintaining the feasibility constraints. As
noted above, this ensures SD-EF1 w.r.t. the market values.

To show that the returned allocation is 1/2-EF1 w.r.t. the
utilities, we note that the initial allocation (with empty bun-
dles) is EF1. During Phase 1, assigning Ai = T ensures no
agent envies any strict subset of Ai. Therefore, the allocation
remains EF1 even after the swap and, hence, the EF1 prop-
erty is maintained until the end of Phase 1. During Phase 2,
each agent i receives a subset of goods Bi ⊆ C that is fea-
sible (|Bi ∩Mk| ⩽ 1 for all k) and, hence, is not envied by
any other agent j. This follows from the fact that there are
no envied feasible subsets of the charity C left after Phase
1. Finally, the subadditivity of the utilities ensures that the
final allocation is 1/2-EF1. The theorem stands proved.

Next, we provide an exact version of Theorem 8 for the
special case of two agents. The proof of this theorem fol-
lows closely from a result of Kyropoulou, Suksompong, and
Voudouris (2020) and can be found in the full version.
Theorem 9. For the case of two agents, there always exists
an allocation that is EF1 w.r.t. monotone subjective utilities
and SD-EF1 w.r.t. additive market values, and it can be com-
puted using polynomially many value queries.

5 Cake Division
This section extends our fair division with market valuation
setup to heterogeneous divisible goods, i.e., to the canonical
setting of cake cutting. We mention the cake division results
here; the technical details can be found in the full version.

The cake is represented by the interval [0, 1] and a piece of
the cake is a finite union of intervals of [0, 1]. Here, among
n agents, an allocation A = (A1, . . . , An) is a partition of
the cake [0, 1] into n pairwise-disjoint pieces, wherein piece
Ai is allocated to agent i. The preferences of the agents i,
over the cake, are represented by (integrable) densities ui :
[0, 1] → R+. Overloading notation, we will use uis to also
denote the subjective utilities of the agents and v to denote
the market valuation. That is, ui(X) denotes the utility of i,
for piece X , and v(X) is its market value.

An allocation A = (A1, . . . , An) is envy-free (EF) w.r.t.
utilities if ui(Ai) ⩾ ui(Aj) for all agents i, j ∈ N , and EF
with respect to the market valuation if v(Ai) = v(Aj) for
all i, j ∈ N . The existence of an EF cake division is rather

easy to establish, hence, we focus on two questions: (a) how
many cuts are required in such an allocation, and (b) how
many queries must be made in the Robertson-Webb model
to find such an allocation.

For question (a), we show that 2n − 2 cuts are necessary
and, towards an upper bound, n(n− 1) cuts suffice. The gap
here leaves open the following tantalizing question.

Open Question 5: Does there always exists a cake
division with O(n) cuts that is envy-free w.r.t. the
subjective utilities and the market valuation?

We believe that the flexibility of only having to achieve
EF with respect to the utilities (rather than a perfect division)
should permit using o(n2) cuts, perhaps even just Θ(n) cuts.

For the above-mentioned question (b), we note that, in the
standard Robertson-Webb query model for cake division, the
work of Aziz and Mackenzie (2016) provides a protocol that
finds envy-free division—under subjective utilities—with a
finite (albeit hyper-exponential) number of queries. In the
full version we show that, by contrast, a protocol with finite
query complexity does not exist when EF is required w.r.t.
both subjective utilities and market valuation.

For cake division, we also consider Pareto Efficiency as an
additional desideratum. It is known that, under agents’ sub-
jective utilities, there always exists an cake allocation that is
EF and Pareto optimal (PO) (Weller 1985). Contrasting this
result, we show that EF and PO w.r.t. the subjective utilities
and EF w.r.t. the market valuation cannot be guaranteed in
general (this result can be found in the full version). For the
specific case of two agents this combination—EF+PO w.r.t.
utilities and EF w.r.t. market valuation—remains open.

6 Conclusion and Future Work
The current work identifies a conceptually important frontier
of fair division that requires fairness under market values,
along with the standard desiderata under subjective utilities.
This framework raises many interesting questions and ad-
mits technically rich connections with settings, such as fair
division with constraints. Several of the raised questions are,
in fact, fundamental even in the standard fair division setting
(i.e., without an explicit invocation of the market values),
e.g., the open question regarding the existence of balanced
EF1 allocations under monotone utilities.

For multiple criteria—including SD-EF1, EF1, PO,
MMS, and EFX—we obtain positive and negative results on
simultaneous fairness under subjective utilities and the mar-
ket valuation. With this groundwork, interesting directions
for future work in the current framework include the alloca-
tion of chores, division of homogeneous goods, and price of
fairness. The open questions explicitly identified throughout
the paper are also relevant avenues for exploration.
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