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Abstract

First-order linear temporal logic (FOLTL) is a flexible and
expressive formalism capable of naturally describing com-
plex behaviors and properties. Although the logic is in gen-
eral highly undecidable, the idea of using it as a specification
language for the verification of complex infinite-state systems
is appealing. However, a missing piece, which has proved to
be an invaluable tool in dealing with other temporal logics,
is an automaton model capable of capturing the logic. In this
paper we address this issue, by defining and studying such a
model, which we call first-order automaton. We define this
very general class of automata, and the corresponding notion
of regular first-order language (of finite words), showing their
closure under most language-theoretic operations. We show
how they can capture any FOLTL formula over finite words,
over any signature and theory, and provide sufficient condi-
tions for the semi-decidability of their non-emptiness prob-
lem. Then, to show the usefulness of the formalism, we prove
the decidability of monodic FOLTL, a classic result known in
the literature, with a simpler and direct proof.

1 Introduction

Linear temporal logic (LTL) (Pnueli 1977) is the most com-
mon specification language for the verification of reactive
systems. LTL on finite words (LTL¢, (De Giacomo and Vardi
2013)) also gained traction recently in many applications
in Al and formal verification. However, LTL and LTL; are
propositional logics, and as such they are limited to the spec-
ification of finite-state systems, whereas many real-world
scenarios require modeling an infinite state space.
First-order LTL (FOLTL) is a temporal logic that mixes
LTL with classical first-order logic, resulting in an extremely
expressive and flexible formalism. The logic has been stud-
ied quite extensively in the literature (Gabbay et al. 2003;
Kontchakov et al. 2004), especially in the field of knowl-
edge representation, where it is used as the formal under-
pinning of temporal description logics, temporal databases,
etc. However, reasoning about FOLTL is quite hard: in gen-
eral, satisfiability of FOLTL sentences is highly undecid-
able, i.e., not even recursively enumerable (Gabbay et al.
2003). Nevertheless, the idea of using well-behaved frag-
ments of FOLTL as a specification language for verifica-
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tion of infinite-state systems is appealing and worth inves-
tigating. We are interested in tasks such as satisfiability and
model checking (Clarke et al. 2018) of FOLTL specifica-
tions, but also reactive synthesis (Pnueli and Rosner 1989),
i.e., building a strategy that fulfils a FOLTL specification
in adversarial environments, and monitoring, i.e., detect-
ing violations of a specification during a system’s execu-
tion (Leucker and Schallhart 2009). Indeed, the MoXI inter-
mediate language for model checking features a semantics
based on FOLTL (Johannsen et al. 2024; Rozier et al. 2024),
specifically to support infinite-state model checking.

However, to make FOLTL a really practicable specifica-
tion language, we miss some ingredients. One of these is
the definition of a model of automata capable of capturing
FOLTL, and a theory of the languages (sets of models) that
FOLTL can describe. These ingredients have been crucial in
the development of the theory and practice of finite-state ver-
ification, with formal language theory being the theoretical
background (Loeckx and Sieber 1987) and automata provid-
ing the algorithmic powerhouse (Vardi 2005, 1991).

In this paper, we define and study a new kind of infinite-
state, finitely representable automata on finite words, that we
call first-order automata, capable of capturing FOLTL on fi-
nite words. In particular, our contributions are the following:

1. we introduce the definition of first-order automata and

the associated notion of first-order regular languages;

we study the closure properties of these languages, i.e.,
that they are closed by union, intersection, concatenation,
and Kleene star, and we discuss deterministic first-order
automata (although determinization is still open);

. we show how first-order automata can easily and directly
encode any FOLTL sentence over any first-order theory;

we show, similarly to what happens for propositional
LTL, that if we start with an FOLTL sentence that uses
only past operators, the corresponding automaton is de-
terministic; as determinism is essential to solve reactive
synthesis and monitoring for LTL specifications (Artale
et al. 2023), this result is encouraging;

we address the non-emptiness problem for first-order au-
tomata (i.e., the existence of any accepted word), provid-
ing some sufficient conditions for its semi-decidability;
we discuss some sufficient conditions for decidability
of the emptiness problem, including a class of monadic



automata which are the natural counterpart of monodic
FOLTL sentences (i.e., the fragment where any temporal
subformula has only one free variable).

As evidence of the usefulness of automata in dealing with
FOLTL, Item 6 provides a self-contained and more ele-
mentary proof of the decidability of monodic FOLTL on
finite words. This is a classic result (Gabbay et al. 2003)
whose original proof, however, is conceptually quite com-
plex, since it relies on the decidability result of monadic sec-
ond order logic over (N, <) by Biichi (Biichi 1962).

We proceed as follows. Section 2 provides some back-
ground, and Section 3 defines first-order automata and first-
order regular languages, studying their closure properties.
Section 4 shows how first-order automata capture FOLTL,
and Section 5 shows how pure-past sentences result in de-
terministic automata, discussing the implications of this
construction in applications. Section 6 discusses the non-
emptiness problem, and Section 7 discusses some decidable
cases, including our self-contained proof of the decidability
of monodic FOLTL. Section 8 concludes with a discussion
and related work. All the proofs can be found in the extended
version of the paper (Geatti, Gianola, and Gigante 2024).

2 Preliminaries

First-Order Logic and Languages. We adopt standard
first-order logic notions, considering multi-sorted (first-
order) signatures and (first-order) structures over a signature
3 (X-structures). We assume a fixed set of sort symbols S,
So, etc. As usual, given a (constant, function, or relation)
symbol s from X and a X-structure o, we denote as s the
interpretation of s given by o, and similarly for sorts. Given
a first-order signature 3, a 3-theory 7T is a set of sentences
over X (X-sentences). Given a first-order signature 3 and
a X-theory T, we denote as [T] the set of all the finite or
countably infinite Y.-structures o such that o = 7.

We assume that signatures mark each symbol to be either
rigid or non-rigid. Given a signature 33, we denote as Y’ the
signature obtained from X by replacing any non-rigid sym-
bol s with a primed version s’. Similarly, given a X-structure
o we denote as ¢’ the corresponding renamed Y’-structure.
Furthermore, given a formula ¢, we denote as ¢[X /Y] the
formula obtained by replacing any symbol from 3 with the
corresponding primed symbol of 3. The notation X" etc.
has similar meaning. We define first-order words as follows.

Definition 1 (First-order word). Let X be a signature and T
a Y-theory. A first-order word modulo T (i.e., a T -word) is a
finite sequence & = (0, . ..,0,_1) of first-order structures
0; € [T] such that for each sort S and each rigid symbol s €
3, we have 57 = 59 and s° = s% forall0 < i,j < n.

Intuitively, 7 -words are sequences of 7 -structures, where
the interpretation of rigid symbols is constant throughout the
word. Note that the domain of each sort is fixed throughout
the word, so we are working in a constant domains setting.
First-order words are just called words when there is no am-
biguity. We assume 7 = & when not specified. The length
of aword ¢ = (0y,...,0,_1) is denoted as || = n. We
denote with [7]* and [7]* the set of all and all non-empty
T-words, respectively.
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Definition 2 (First-order languages). Given a signature %
and a ¥-theory T, a first-order T-language £ C [T]* isa
set of T-words.

First-order linear temporal logic. FOLTL is a first-order
temporal logic that blends LTL and first-order logic. The
syntax can be described as follows. Let ¥ be a signature.
A Y-term is defined as follows:

te=cl|ax| f(tr,...,tn)

where cis a constant, x is a first-order variable, f is an n-ary
function symbol, and ¢4, ..., ¢, are -terms. The syntax of
FOLTL formulas is defined as follows:

¢::p(tlv"'7tn)|t1 =12 | —|¢)|¢\/¢|E|IC¢
| X¢ | Yo |oUd|dSe
where tq,...,t, are X-terms, p is an n-ary predicate symbol

of X (where n can also be 0, having atomic proposition), and
x is a first-order variable. The temporal operators X, Y, U, S
are called tomorrow, yesterday, until, and since respectively.
We point out that classic first-order logic formulas corre-
spond to FOLTL formulas ¢ without temporal operators.

Y-terms are evaluated on X-structures. Given a X-term
t and a X-structure o, an environment is a mapping & from
any first-order variables of sort .S to values of their respective
domain S?. Then, the evaluation of t on o with environment
¢, denoted t%¢ is defined in a standard way, that is, c®s =
@, 2% = €(x), and f(t1,...,t,)7¢ = fO(75, . 10,
where c is a constant, x is a first-order variable, f is an n-ary
function symbol, and ¢4, . . ., t,, are X-terms.

Formulas of FOLTL are interpreted over non-empty first-
order words. Let ¢ be a FOLTL formula and let & € [T]*.
The satisfaction of ¢ by &, with environment £, at time ¢,
denoted 7, £, i = ¢, is defined as follows:

« 7,60 b= pty, ..ty IF (1775, 1904) € poi
7.6t =t iff 1] = 1505,

7,81 = ¢iff 7, & i [ ¢

67572- ': ¢l V¢2 lffﬁagvl |: (bl 01‘6,5,’6’ |: ¢2;

7,&,i = Jxgiff 7, &, i = ¢ for some & agreeing with &
except possibly for z;

7,81 EX¢iffi < |g| —1land7,&, (i + 1) E ¢;
7,&,iEYe¢iffi >0and7,£, (1 — 1) E ¢;

7,81 | ¢1 U ¢q iff there exists a k > ¢ such that
7,6k E¢grand7,&,j |E ¢y foralli < j < k;

,€,1 = @1 S ¢ iff there exists a 0 < k < ¢ such that
o kE ¢oand T, &, j | ¢y forall k < j <.

We define the following shortcuts: (i) X¢ = —X-¢,
called weak tomorrow; (ii) Z¢p = —Y—¢, called weak yes-
terday; (iii) ¢1 R ¢o = —(=¢1 U —¢2), called release;
(iv) ¢1 T o2 = —(—p1 S ~p2), called triggered. We point
out that, for any FOLTL formula ¢, X¢ (resp., Z¢) is true at
the last (resp., first) time point of a first-order word. The op-
erators X, X, U, R are called future temporal operators, while
Y,Z,S, T are called past temporal operators.

Given a sentence ¢ (i.e., a formula with no free variables),
we say that T satisfies ¢, denoted & |= ¢, if 7,£,0 = ¢ for

Ql Ql



any £. The 7 -language of an FOLTL sentence ¢, denoted
L7(¢), is the set of all the T-words & € [T]" that satisfy
¢. A FOLTL sentence ¢ is satisfiable iff L1(¢$) # &. Note
that FOLTL semantics subsumes that of classical first-order
logic. A first-order formula ¢ is satisfied by a X-structure
o iff & = ¢ where & = (o), and this corresponds to the
classical first-order semantics.

FOLTL satisfiability, i.e., the problem of establishing
whether a FOLTL formula is satisfiable, is known to be un-
decidable, in general. See (Gabbay et al. 2003) for a full
treatment where, however, constants and relational symbols
are always assumed to be rigid and non-rigid, respectively.

3 First-Order Automata

A first-order automaton is a device that accepts first-order
languages. A naive definition would result into an infinite-
state representation not suitable for being handled compu-
tationally. Instead, here we make use of a symbolic repre-
sentation, which exploits first-order logic to represent such
infinite objects finitarily.

Definition 3 (First-order automata). A first-order automaton
is a tuple A = (X, T, ¢o, o1, o) where:

* ¥ is a finite signature called the word signature;

e T' is a finite signature, disjoint from %, called the state
signature;

* ¢q is a first-order I'-sentence called the initial condition;

* ¢r is afirst-order (I' UX UT”)-sentence called the tran-
sition relation;

e ¢ is a first-order I'-sentence called the acceptance con-
dition.

Intuitively, an automaton has an infinite state space made
of I'-structures, which are called states, with a transition re-
lation represented symbolically by ¢. We say only automa-
ton to mean a first-order automaton as in Definition 3, when
there is no ambiguity. Automata induce runs, i.e., sequences
of states, when reading a ¥-word.

Definition 4 (Run). Let A = (X, T, ¢, ¢, dr) be an au-
tomaton, and let & = (09, ...,0n—_1) be T-word for some
3-theory T. A T-run of A induced by  is an @-word p =
(p0y -+ -y pn) over T such that SP* = S forany 0 <i<n
and any sort symbol S, py |= ¢o and (p; Uo; Upj, 1) F ér
forall 0 < i <n.

Note that automata are nondeterministic, hence the same
word induces more than one run, in general. The acceptance
condition of first-order automata is a standard reachability
condition, defined as follows.

Definition 5 (Acceptance of words). Given an automaton
A= (5T, 00, o1, ¢or), let T be a Y-theory, and let T =
(00, -..,0n-1) be a T-word. We say that A T -accepts 7 iff
there exists a T-runp = (po, - . ., pn) such that p,, | ¢p.
The T -language of an automaton A, denoted L7(.A) is
the set of all the 7 -words T -accepted by .A. Then, first-order
regular languages are defined consequently.
Definition 6 (First-order 7 -regular language). Given a X-
theory T, a T-language L C [T]* is said to be T -regular
iff there is a first-order automaton A such that L1(A) = L.
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Example 1. Consider a signature ¥ = {c,>,+, -} where
c is a non-rigid constant and >, +, and - are the standard
(rigid) arithmetic symbols. Let ‘T be the standard theory of
integer arithmetics. Let A = (3, T, ¢o, o1, o) where

1. T' = {a,n} with a and n two constants;

2. ¢0 ::n:();

3. ¢or=n"=n+1A(n+1)-d =n-a+c and
4. ¢F =a=0.

It can be seen that A accepts all the T -words such that the
average of the values of c over all the word is zero.

Basic properties of 7 -regularity. Let us now study some
basic questions about 7 -regular languages. As a first step,
some cardinality arguments allow us to conclude that, de-
spite the evident expressive power of the formalism, there
are T -languages, for some 7, that cannot be accepted by
any first-order automaton.

Theorem 1. For some signature 3. and Y.-theory T, there
are T -languages that are not T -regular.

Despite Theorem 1, a concrete example of non 7 -regular
language has still not been found. Now, we can show that
T -regular languages are closed under some common opera-
tions. We start with union and intersection.

Theorem 2. For any theory T, T-regular languages are
closed under intersection and union.

To look at concatenation and Kleene star, we need to in-
vestigate more closely the expressive power of first-order au-
tomata. It turns out they leak towards second-order territory.

Example 2. Consider the signature ¥ = {R, s,d} with R
a binary predicate and s and d two constants. It is well-
known that one cannot write a first-order formula ¢ that
holds in a X-structure if and only if d is not R-reachable
from s. However, consider the language L made of @-words
T over X where each element o of the word is such that
d? is not R?-reachable from s°. We can build a first-order
automaton A = (X, T, ¢o, 1, ¢r) that accepts L, as fol-
lows. We define I' = { P} where P is a unary predicate, and
oo = ¢y = T. Then, we define ¢ as follows:

¢r = P(s) AVay((P(z) A R(z,y)) = P(y)) A ~P(d)

Intuitively, the additional predicate P provided by T' acts
as the fixpoint of R. Indeed, the second-order logic formula
3P . ¢r is exactly the one expressing non-reachability be-
tween s and d in X..

Example 2 shows that there are non-first-order-definable
properties that can be enforced on single 7 -structures. In
general, we can express existential second-order properties.

Theorem 3. Let X be a first-order signature, and T a %-
theory. Let C be a class of X-structures, and let Lo be the
language of all the T -words whose letters belong to C. If C
is definable by an existential second-order logic X-sentence,
then L¢ is T -regular.

Intuitively, the existence of the run, required for accepting
the word, performs the role of the existential second-order
quantifiers. Note that this means that one may directly use
existential second-order sentences as transition relations.



Definition 7 (3}-automata). An Y1-automaton is a tuple
Ay = (5,1, ¢o, o7, ¢r) similar to a first-order automa-
ton except that ¢o, ¢, and ¢ are existential second-order
sentences. Acceptance of words resembles Definition 5.

Lemma 1. X}-automata are equivalent to first-order ones.

The syntactic sugar of ¥1-automata helps us proving fur-
ther closure properties of 7 -regular languages.

Theorem 4. T -regular languages are closed under concate-
nation, for any T.

Theorem 5. T -regular languages are closed under Kleene
star, for any T

Therefore, T -regular languages are closed under the usual
language-theoretic operations of regular expressions, which
justifies the term regular. Whether they are closed under
complementation as well is still an open question. The usual
path is complementing an automaton by first determinizing
it, therefore a preliminary step for complementation is that
of defining determinism and deterministic automata.

However, determinism is more difficult to define in sym-
bolically represented automata such as first-order ones, be-
cause the transition relation is not explicitly defined. In prin-
ciple, to define what it means for a first-order automaton to
be deterministic, one would want to force the transition re-
lation to be a function, that is, when fixed a source state and
a letter, the destination state would be unique. However, this
is a too strong requirement for a first-order formula, given
the Lowenheim-Skolem theorem.! Therefore, we only ask
for all the destination states to be elementarily equivalent.

In the following, given a structure x over a signature X1,
and a subsignature X5 C X, we denote as u|Xo the sub-
structure of p over .

Definition 8 (Deterministic first-order automaton). Con-
sider a first-order automaton A = (.1, ¢o, o1, dr) and
T be a -theory. Then, A is said to be T -deterministic iff-

1. g is satisfied by only one I'-structure up to elementary
equivalence;

2. for each two structures py and po such that both py =
¢r and py = ¢, if pi|r and ps|r are elementarily
equivalent and so are |y and pso|s, then pi|pr and
uo|r are elementarily equivalent as well.

A feature that will often come useful together with deter-
minism is completeness, that is, the absence of states with-
out successors. An automaton A = (X, T, ¢, ¢, o) is
complete if, for all (I' U X)-structures p, there exists a IV~
structure 1/ such that U p/ = ¢r.

In finite-state automata, a straightforward consequence of
determinism and completeness is that the run of a given
word exists and is unique. Here we cannot, again, ask for
uniqueness, but for elementary equivalence. The following
is easy to show but confirms that Definition 8 is sufficient
for our purposes.

!Given any transition between I-structures of infinite cardinali-
ties, there will always exist another transition between I'-structures
of higher infinite cardinalities.
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Proposition 1. For any deterministic and complete first-
order automaton A and T -word @, the run of @ over A exists
and is unique up to element-wise elementary equivalence.

Therefore, if determinization were possible, then 7 -
regular languages would be closed under complementation,
because deterministic first-order automata are easily com-
plementable.

Proposition 2. From a deterministic first-order automaton
A one can obtain a complement automaton A~ such that

L (A1) = L1 (A) for any theory T.

4 From Temporal Logic to Automata

We can now state how to encode FOLTL sentences into first-
order automata. In all what follows, w.Lo.g. we assume any
sentence to be in negated normal form, i.e., with negations
only applied to atoms as in —p(t1, ..., t,) or =(t1 = t,).
The translation first involves the following normal form.
Definition 9 (Stepped normal form). Given an FOLTL for-

mula ¢, the stepped normal form of ¢, denoted snf(¢), is the
formula defined recursively as follows:

1. sof(p(ty, ... tn)) = p(t1,...,tn) and snf(t; = to) =
(t1 = t2);

2. snf(Qxz¢) = Qx snf(@), where Q € {V,3};

3. snf(—¢) = —snf(¢);

4. snf(p1 o o) = snf(¢1) o snf(¢y), where o € {A,V}

5. snf(o¢) = o¢ where o € {X,Y,X,Z};

6. snf(¢1 U ¢2) = snf(¢2) V (snf(¢1) A X(g1 U ¢2));

7. snf(¢1 R ¢2) = snf(¢2) A (snf (1) V X(d1 R d2));

8. snf(¢1 S ¢p2) = snf(¢2) V (snf(p1) AY(P1 S ¢2));

9. snf(g1 T ¢2) = snf(d2) A (snf(¢1) V Z(d1 T 2));

Any temporal operator in snf(¢) appears only directly be-
low one among X, Y, X, Z. Intuitively, snf(¢) separates what
the formula says about the current state, from what it says
about the next and previous ones. The following defines a
universe of formulas that are important for the satisfaction
of a given sentence.

Definition 10 (Closure). The closure of an FOLTL sentence
@ is the set C(¢) defined as follows:

1. X¢ € C();

2. ¢ € C(9) for any subformula ) of ¢ (including itself);

3. forany ¢1U s € C(4), p1 R € C(¢), ¢1S 2 € C(),
or o1 T §p2 € C(¢), we have X(¢1 U ¢2) € C(9), X(¢1 R
$2) € C(0), Y(¢1 S ¢2) € C(), or Z(91 T ¢2) € C(9),

respectively.

Now, we define some symbols, called surrogates, that
take the place of temporal formulas in the encoding below.

XS = {xsy | X¢p € C(¢)} XS = {wsy | X¢) € C(¢)}
YS = {ys, | YY €C(¢)} 7S ={zsy | Zy € C(¢)}

where the xsy, wsy, ys,, zsy, are predicates of the arity n
corresponding to the number of free first-order variables in
1. For every 1 € C(¢), we denote with snf g (1)) the formula
obtained from snf(¢)) by replacing each X6, X6, Y0, or Z6
by their surrogates xsg, Wsg, ysy, Or zsy, respectively. The
formula snf'y(¢)) is defined similarly but using the primed
xsp, sy, ysp, and zs). Then we can finally proceed.



Encoding 1 (From FOLTL to automata). Let ¢ be an FOLTL
sentence. We define A(¢) = (X, T, ¢o, b1, ¢F) as follows:

1. the state signature is ' = XS U XS UYSUZS;
2. the initial and final conditions are:

o = XSy N\ /\WZSw /\Wﬁysd,( )
25 €ZS ys, €YS
/\ VZ.wsy (T /\ V. —xsy (T)

wsy, €XS xsy €XS

3. the transition relation is:

o=\ VElsy(@ ¢ sufs(¥(@)] (D)
SwGXSUXS
NN\ VEIS@) e sfs(u(@)] @)
s EYSUZS

Intuitively, the initial condition states that, in the first com-
ponent of the word, ¢ must hold and all formulas of type
Y1) (resp., Z1) in the closure are false (resp., true), follow-
ing FOLTL semantics. Then, the transition relation ensures
that the surrogates of all the future and past formulas behave
following the semantics of such formulas. The final condi-
tion ensures we are at the end of a finite word, by checking
whether all formulas of type Xt (resp., X)) in the closure
are false (resp., true). We can state and prove the correctness
of the above construction.

Theorem 6. For any FOLTL sentence ¢ and any theory T,
we have L1(A(¢)) = L7(9).

5 Deterministic Automata From
Pure-Past FOLTL

In this section, we consider the fragment of FOLTL in which
temporal operators are restricted to talk about the past. We
show how to go directly from formulas of this fragment to
deterministic first-order automata and we discuss the impor-
tance of such construction in practical settings.

The pure-past fragment of FOLTL

A pure-past FOLTL formula is a formula ¢ which does not
use future temporal operators (X, X, U, R). Pure-past FOLTL
is denoted as FOpLTL. Given that only past operators are
available, it is natural to interpret a FOpLTL formula at the
end of a word. Hence given a 7-word & and a FOpLTL for-
mula ¢, we say that @ = (o, ..., 0,_1) satisfies ¢, denoted
T E ¢,iff 5,n — 1 E ¢ according to the semantics of
FOLTL defined in Section 2. L£7(¢) is the set of T-words
satisfying ¢. The construction of Encoding 1 can be tailored
to FOpLTL formulas.

Encoding 2 (Automaton of a FOpLTL sentence). Let ¢ be
a FOpLTL sentence. We define A(p) = (X, T, ¢o, o1, dF)
similarly to Encoding 1 with the following changes:

1. C(¢) is defined as in Definition 10 but Item 1 mentions
Y ¢ instead of X¢;
2. the initial state condition is deﬁned as follows:

/\ VT zsy (T /\ VT —ys, (T)

75y €ZS YSy €YS
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3. the final state condition is defined as ¢ = ys.

Proving that this revised encoding is correct is a matter
of minor modifications to the proof of Theorem 6. However,
one may wonder what we gained with this construction. The
crucial feature is that the automaton resulting from this en-
coding of a pure-past sentence is deterministic.

Theorem 7. Given a FOpLTL sentence ¢, A(¢) is complete
and deterministic.

The relevance of the pure-past fragment

Pure-past fragments of temporal logics (Lichtenstein,
Pnueli, and Zuck 1985) are gaining renewed interest for their
practical use in formal verification, such as in reactive syn-
thesis and monitoring.

Reactive synthesis (Pnueli and Rosner 1989) involves cre-
ating a system that satisfies a temporal specification. For
a temporal formula ¢ with controllable (C) and uncontrol-
lable (U) variables, it seeks to synthesize a controller that
ensures ¢ is satisfied regardless of /. For LTL, this involves
generating a deterministic automaton A, and solving fix-
point computations. Generating such automata is complex
and typically requires doubly exponential time. However, for
pure-past LTL formulas, deterministic finite automata can be
built directly in singly exponential time, making the prob-
lem only EXPTIME-complete (Artale et al. 2023). Symbolic
techniques are also effective here, allowing efficient repre-
sentation of these automata.

Monitoring (Leucker and Schallhart 2009) is a runtime
verification technique that detects violations of temporal
properties during system execution. To ensure irrevocable
verdicts, it relies on deterministic automata, which are chal-
lenging to produce from temporal specifications (Kupfer-
man and Vardi 1999). The use of pure-past FOLTL is seen
as promising for monitoring in infinite-state settings, with
deterministic automata being essential to this approach.

6 Checking Emptiness

Given Theorem 6, we know that the emptiness problem
for first-order automata is highly undecidable, since so is
FOLTL satisfiability, in general (Gabbay et al. 2003). How-
ever, we can show how to at least recover semi-decidability
in some cases, setting the stage for future algorithmic devel-
opments. To be more specific, what can be semi-decided, in
some cases, is the non-emptiness problem of first-order au-
tomata, which translates to the satisfiability of a certain class
of FOLTL formulas.

For £ > 0 and any sentence ¢ over a signature 3 and
a Y-theory 7, we denote as ¥, X¥, T, respectively, the
objects obtained by renaming any non-rigid symbol s by s*,
and any primed non-rigid symbol s’ by s**1. Now, given
an automaton A = (3, ', ¢, o1, dp), we define, for some
k > 0, the formulas [A]x = ¢ A AXZg ¢4 and [A]F =
[Alx A ¢%. Intuitively, [A]L represents the accepted runs
of A of length at most k + 1.

We can use [A]f to define an iterative procedure a la
Bounded Model Checking (Biere et al. 2009), shown in Al-
gorithm 1, where at each k > 0 we test if [A] ¥ is satisfiable



Algorithm 1: Non-emptiness semi-decision

1: procedure NONEMPTY(A)

2: fork <+ 0...4+0co0do

3: if [A]} is 7°*-satisfiable then
4: return not empty

5: end if

6 end for

7: end procedure

and we increment k if it is not. Note that [A]} is a formula
over X0-F=1 = | J57 ! 3% and 10% = |J¥_, T, to be inter-
preted over 70 F = Uf:o T*. One can prove the following.

Proposition 3. [A]F is TO*-satisfiable iff L (A) # @.

Therefore, we need to test 79*-satisfiability of [A]L,
and we need this test to be decidable. This is, of course, not
always possible, but it can be depending on the shape of .4
and the considered theory. Precisely, we have the following.

Theorem 8. Algorithm 1 is a semi-decision procedure for
first-order automata non-emptiness if satisfiability of ¢o and
of ¢ and T -satisfiability of ¢ are decidable.

Theorem 8 might seem a rather weak result in practice,
but it is worth to note that it is in fact a more general state-
ment of what is already implemented in the BLACK tem-
poral reasoning framework (Geatti, Gigante, and Montanari
2019; Geatti et al. 2024; Geatti, Gigante, and Montanari
2021) when dealing with LTL¢ modulo theories (LTLP"T), a
restricted fragment of FOLTL with rigid predicates and non-
rigid constants (Geatti, Gianola, and Gigante 2022; Geatti
et al. 2023). By leveraging modern SMT solvers (Barrett
et al. 2021), BLACK manages to get promising performance
on satisfiable instances.

7 Decidable Cases

First-order automata are a really general formalism and this
generality is paid with the undecidability of their emptiness.
In this section, we show some cases when decidability can
be recovered by restricting what can appear in the state sig-
nature of the automata, and relate these results to some mod-
els from the literature that can be captured by first-order au-
tomata at different levels of restriction.

Definition 11 (State signature restrictions). An automaton
A with state signature T is said to be:

* finite-control, if I' consists of propositions;
* data-control, if I' consists of propositions or constants;

» monadic, if I is a relational signature with only monadic
(i.e., unary) predicates.

Finite-control automata. Finite-control automata are basi-
cally finite-state machines, but can read first-order alphabets.
The finite number of different control states makes it easier
to handle the emptiness problem.

Theorem 9. Under the same conditions of Theorem 8,
emptiness of finite-control automata is decidable.
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Finite-control automata may seem limited but they are
still quite expressive, given the ability of treating infinite
alphabets. Indeed, much literature is devoted to symbolic
finite automata (s-FA) (Veanes et al. 2012; D’ Antoni and
Veanes 2014; D’ Antoni, Kincaid, and Wang 2018; D’ Antoni
and Veanes 2017; Tamm and Veanes 2018), which are finite
automata able to read large or infinite alphabets defined by
effective Boolean algebras. The state space of s-FAs is fi-
nite and emptiness is decidable for them as well. Indeed,
finite-control first-order automata can easily encode s-FAs
(see (Geatti, Gianola, and Gigante 2024)). From a logical
perspective, following Encoding 1, we can see that finite-
control automata can encode FOLTL formulas where tem-
poral operators are only applied to sentences (i.e., closed
formulas).

Data-control automata. In data-control automata the state
space returns to be infinite, but loosely structured. Intu-
itively, the constants in I" act as storage registers for single
pieces of data coming from the respective domains. It turns
out this is sufficient to capture the LTLMT logic (Geatti, Gi-
anola, and Gigante 2022; Geatti et al. 2023) mentioned in
Section 6. This logic restricts FOLTL as follows: a) only
constants can be non-rigid; b) quantifiers cannot be applied
to temporal formulas. At the same time, LTL}VIT extends
FOLTL with lookahead term constructors O) ¢ and @ ¢, for
some constant ¢, which evaluate to the value of ¢ at the
next time step (strongly or weakly, respectively, since we are
on finite words). For example, a predicate such as p(QOc¢)
means that p holds now on the value that ¢ will have at the
next state (which is required to exist). FOLTL can express
lookaheads as follows:

p(O¢) = Fz.(p(x) A X(e = x))

By Encoding 1, the automaton encoding this formula has
a predicate in I' acting as the surrogate for the formula
X(¢ = x). However, the predicate always holds only for a
single value, the one equal to c at the next state. Therefore,
one can see that these predicates can be replaced by con-
stants, and thus LTL'fVIT formulas can be captured by data-
control automata. This is interesting since it opens the way
to transfering decidability results from some known frag-
ments of LTL}VIT (Geatti et al. 2023) to suitable subclasses
of data-control automata. Such fragments are based on a no-
tion of finite summary, that intuitively requires the history
of the word to be summarisable at any time in a finite num-
ber of ways. A similar criterion is used in works from the
process modeling community (Felli, Montali, and Winkler
2022; Gianola, Montali, and Winkler 2023, 2024) to obtain
decidability of the emptiness problem for a class of state ma-
chines called data-aware processes modulo theories (DMT),
whose control states are described by the values of a finite
set of variables over the theory’s domain. Data-control au-
tomata can capture DMTs quite easily, with the constants in
I" doing the job of such state variables (see (Geatti, Gianola,
and Gigante 2024) for details). Therefore, we conjecture that
a decidability criterion similar to DMT’s finite summary can
be defined for data-control first-order automata as well.

It is also worth pointing out that data-control automata
are suitable to formalise the semantics of the MoXI mod-



eling language (Johannsen et al. 2024; Rozier et al. 2024).
MoXI is a general intermediate language for the modeling
of finite- and infinite-state model checking problems that
is recently being developed by the community in the open
as a central resource for research and experimentation. The
language supports the description of infinite-state systems
through first-order models, but with the evolution over time
only of data variables. Although showing all the details of
this formalisation is outside of the scope of this paper, one
can see that models described through MoXI are covered by
data-control automata.

Monadic automata. From Encoding 1, one can see that the
whole FOLTL can be encoded using first-order automata
whose state signature I" is purely relational. More precisely,
the arity of the predicates in I" depends on the number of free
variables of temporal subformulas. If we start from monodic
sentences, i.e., those where temporal subformulas have at
most one free variable, we obtain a state signature with only
monadic predicates. This connection is interesting because
of the following classic result.

Proposition 4 (Decidability of monodic FOLTL (Gabbay
et al. 2003)). Let X be a relational signature with rigid con-
stants, F a class of first-order ¥-sentences without equality,
and T a X-theory, such that T -satisfiability of F-sentences
is decidable. Then, T -satisfiability of monodic FOLTL F-
sentences is decidable.

One may wonder whether Proposition 4 can be showed
via monadic automata, under the same assumptions. It turns
out it can and, more precisely, we can show that any monadic
automaton can be translated into an equivalent finite-control
one, then using Theorem 9 to get decidability.

Behind this encoding is the observation that monadic
predicates cannot express any kind of relationship between
different elements of the domains. The only aspect one can
model is the existence or not of elements satisfying certain
combinations of predicates, but elements which satisfy the
exact same predicates are indistinguishable. The domains
can therefore be partitioned into a finite number of classes,
and this partition can be described by propositions. The fol-
lowing result, with Theorem 9, directly proves Proposition 4.

Theorem 10. Let A = (X, T, ¢, ¢1, ¢r) be a monadic
automaton where ¢g, ¢, and ¢ do not use equality. Then,
there is a finite-control automaton A’ equivalent to A.

8 Discussion, Related Work,
and Future Directions

We introduced first-order automata, an automaton model ca-
pable of capturing FOLTL on finite words. We studied the
corresponding notion of 7 -regular languages, and how to
deal with the (non-)emptiness problem in some cases.

Of course, other models capable of describing infinite-
state behaviors have been proposed before. Many have
been introduced in the last decades, including timed au-
tomata (Alur and Dill 1994), hybrid automata (Alur et al.
1992), recursive state machines (Alur et al. 2005; Benere-
cetti, Minopoli, and Peron 2010), visibly pushdown lan-
guages (Alur and Madhusudan 2004), operator-precedence
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automata (Droste et al. 2017), FIFO machines (Brand and
Zafiropulo 1983), counter machines (Wojna 1999), Petri
nets (Murata 1989; Jensen and Kristensen 2009), data-aware
processes (Deutsch, Li, and Vianu 2019; Calvanese, De Gi-
acomo, and Montali 2013; Ghilardi et al. 2023; Gianola
2023), many automata over infinite alphabets (Segoufin
2006), register automata (Kaminski and Francez 1994), and
many more. However, most of them have been designed
to address specific problems, in specific kinds of scenarios,
with good computational properties, so they cannot be gen-
eral enough to capture FOLTL which is highly undecidable.

Symbolic finite automata (s-FA) (D’ Antoni, Kincaid, and
Wang 2018; D’Antoni and Veanes 2014, 2017), which we
mentioned in Section 7, share some similarity with ours, al-
though they are less expressive because of their decidability.
Alternating symbolic automata (losif and Xu 2019) are more
expressive than s-FAs, closed under complementation and
with a semi-decidable emptiness problem, but are limited to
words that, in our setting, would be made of a signature X
with only propositions and non-rigid constants.

Our automaton model is a valuable tool for reasoning
about FOLTL, as evidenced by our proof of Proposition 4.
Although the original proof is more general (it works also
on (Q, <), (R, <), and any class of infinite or finite first-
order definable linear orders), ours is much more direct in
the particular case of finite discrete linear orders, which
are those naturally handled by automata. Automata are also
crucial for FOLTL model checking, that can now be re-
duced to the emptiness problem. How to deal with this
problem efficiently in practice is a different issue. Build-
ing on top of existing SMT technology (Barrett et al. 2021),
a promising path would be to lift known techniques, such
as CEGAR (Clarke et al. 2000), interpolation (McMillan
2018), and property-directed reachability (Bradley 2012).
Constrained Horn clauses (Gurfinkel and Bjgrner 2019)
are also promising for qguantifier-free first-order automata,
while for quantified ones, quantifier elimination (Calvanese
et al. 2022, 2021), also of second-order predicates (Gabbay,
Schmidt, and Szalas 2008), has to be used.

Beyond verification, reactive synthesis (Pnueli and Ros-
ner 1989) is the most ambitious goal. As we discussed ex-
tensively in Section 5, deterministic automata are key for
solving this problem. Most promisingly, these can be ob-
tained either from pure-past FOLTL sentences, as explained
in Section 5. Recent results (Rodriguez and Sadnchez 2023)
addressed reactive synthesis for simple fragments of LTLMT
(hence of FOLTL) with encouraging results. For more gen-
eral FOLTL specifications, however, more work is needed.

An extension of first-order automata to infinite words is
the natural next step. One can easily define Biichi, Streett, or
Rabin first-order w-automata by replacing ¢z with suitable
sentences representing the sets of states used in such accep-
tance conditions. Then, FOLTL on infinite words is easily
encoded into such Streett first-order w-automata by extend-
ing Encoding 1, although we could not include it in this
paper for space reasons. However, first-order w-automata
would pose even more challenges: all the theory about w-
regular languages has to be rebuilt from scratch, and dealing
with them algorithmically is going to be even harder.
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