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Abstract

Federated bilevel optimization (FBO) has garnered signifi-
cant attention lately, driven by its promising applications in
meta-learning and hyperparameter optimization. Existing al-
gorithms generally aim to approximate the gradient of the
upper-level objective function (hypergradient) in the feder-
ated setting. However, because of the nonlinearity of the
hypergradient and client drift, they often involve compli-
cated computations. These computations, like multiple opti-
mization sub-loops and second-order derivative evaluations,
end up with significant memory consumption and high com-
putational costs. In this paper, we propose a computation-
ally and memory-efficient FBO algorithm named MemFBO.
MemFBO features a fully single-loop structure with all in-
volved variables updated simultaneously, and uses only first-
order gradient information for all local updates. We show that
MemFBO exhibits a linear convergence speedup with milder
assumptions in both partial and full client participation sce-
narios. We further implement MemFBO in a novel FBO ap-
plication for federated data cleaning. Our experiments, con-
ducted on this application and federated hyper-representation,
demonstrate the effectiveness of the proposed algorithm.

1 Introduction
Bilevel optimization has received significant attention re-
cently in a wide range of applications including few-shot
meta-learning (Finn, Abbeel, and Levine 2017; Rajeswaran
et al. 2019), hyperparameter search (Franceschi et al. 2018;
Feurer and Hutter 2019), fairness-aware machine learning
(Roh et al. 2021), lifelong learning (Hao, Ji, and Liu 2023),
etc. Due to the significant increase in the demand for effi-
cient computing and growing concerns about user privacy,
recent studies have shifted their attention to efficiently solv-
ing the following federated bilevel optimization (FBO) prob-
lem:

min
x∈Rp

Φ(x) = F
(
x, y∗(x)

)
:=

1

n

n∑
i=1

fi(x, y
∗(x))

s.t. y∗(x) = argmin
y∈Rq

G(x, y) :=
1

n

n∑
i=1

gi(x, y), (1)
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where n is the total number of clients; p and q are the di-
mension of x and y; fi(x, y∗(x)) = Eξ

[
fi
(
x, y∗(x); ξi

)]
and gi(x, y) = Eζ

[
gi(x, y; ζi)

]
represent the expectation

of the ith upper- and lower-level function w.r.t. the ran-
dom variables ξi, ζi, respectively. Various FBO algorithms
have been developed recently (Tarzanagh et al. 2022; Xiao
and Ji 2023; Yang, Xiao, and Ji 2023b) and applied to im-
portant applications such as federated meta-learning (Fal-
lah, Mokhtari, and Ozdaglar 2020; Xiao and Ji 2023), and
graph-aided federated learning (Xing et al. 2022). How-
ever, existing algorithms often suffer from some compu-
tational and memory issues due to a complex implemen-
tation and the computation of high-order model informa-
tion, induced by the nested optimization structure in FBO.
For example, (Huang et al. 2022; Tarzanagh et al. 2022;
Huang, Zhang, and Ji 2023) and (Xiao and Ji 2023) pro-
posed two types of FBO algorithms based on approximate
implicit differentiation (AID) and iterative differentiation
(ITD), which involves multiple sub-loops to approximate the
global federated hypergradient (i.e., gradient of the upper-
level objective function). Most recently, (Yang, Xiao, and Ji
2023b) proposed a more efficient single-loop FBO algorithm
called SimFBO without any sub-loop. However, the local
aggregation in each client of SimFBO needs to store multi-
ple second-order Hessian or Jacobian-vector products. This
could cause practical challenges related to computing and
memory, as edge devices like smartphones typically have
relatively low memory availability and computational capac-
ity. To address these challenges, this paper proposes a com-
putationally and memory-efficient FBO algorithm named
MemFBO, and further applies MemFBO to a novel appli-
cation of FBO in robust federated learning with potentially
noisy data. Our specific contributions are summarized as fol-
lows.

• Inspired by the Lagrangian approximation of bilevel op-
timization, we use simpler single-level minimax prob-
lems as effective substitutes for the original local and
global bilevel problems, making them easier to manage.
We then propose a simple and efficient FBO algorithm
named MemFBO. As illustrated in Figure 1, MemFBO
features a fully single-loop optimization structure and
computes only gradient information at each local step for
all participating clients.
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Figure 1: Algorithmic comparison of federated hypergradient-based methods FedNest (Tarzanagh et al. 2022) (left),
SimFBO (Yang, Xiao, and Ji 2023b) (middle) and our MemFBO (right). MemFBO has a similar single-loop structure as
SimFBO, but performs more efficient updates using only first-order gradient information and without any projection.

• We provide a comprehensive convergence analysis for
MemFBO under both partial and full participation. We
show that MemFBO achieves a linear speedup (i.e., the
communication complexity is improved linearly with re-
spect to the number of sampled clients) under client sam-
pling without replacement. Technically, we eliminate the
restrictive assumption of SimFBO (Yang, Xiao, and Ji
2023b) on the third-order Lipschitz continuity of all local
lower-level objective functions. Compared to the analy-
sis of Lagrangian methods in standard bilevel optimiza-
tion, our characterizations need to 1) control the variance
associated with local stochastic estimation and the errors
from client sampling, 2) mitigate the impact of client drift
on the final convergence, and 3) mitigate the negative im-
pact of the large Lagrange multiplier on amplifying the
client drifts and gradient estimation variances.

• We further explore a new application of FBO: robust fed-
erated data cleaning via adaptive weight selection. We
are interested in the potential setting where there are
two sets of data in each client: one is clean and of high
quality, while the other is possibly noisy and constitutes
the majority. For example, in mobile devices, the noisy
data often contain errors or variations due to measure-
ment or transmission issues, such as sensor errors, net-
work delays, or channel noise. To deal with this chal-
lenge, we propose a federated data cleaning approach via
the lens of FBO, where the lower-level is weighted loss
over noisy samples of all participating clients, and the
upper-level is to fine-tune these weights to maximize the
prediction accuracy on the clean data.

• We implement MemFBO in this application and demon-
strate its more robust performance in the noisy set-
ting than multiple popular (personalized) federated learn-
ing baselines. Moreover, our experiments on federated
hyper-representation also demonstrate improved effi-
ciency and accuracy over existing FBO approaches.

2 Related Work
Bilevel optimization. Bilevel optimization has been exten-
sively studied since first introduced by (Bracken and McGill
1973). Early works (Hansen, Jaumard, and Savard 1992;
Shi, Lu, and Zhang 2005; Gould et al. 2016; Sinha, Malo,
and Deb 2017) solved the bilevel problem from a con-
strained optimization perspective. More recently, gradient-
based bilevel methods have received intensive attention
due to the effiency and effectiveness in machine learn-
ing problems, which approximate implicit differentiation
(AID) (Domke 2012; Liao et al. 2018; Pedregosa 2016;
Lorraine, Vicol, and Duvenaud 2020; Grazzi et al. 2020;
Ji, Yang, and Liang 2021; Arbel and Mairal 2021; Hong
et al. 2023) and iterative differentiation (ITD) (Finn, Abbeel,
and Levine 2017; Franceschi et al. 2017; Shaban et al.
2019; Grazzi et al. 2020; Liu et al. 2021b; Ji, Yang, and
Liang 2021) based approaches. Stochastic bilevel algorithms
have been studied recently using techniques such as Neu-
mann series (Chen, Sun, and Yin 2021; Ji, Yang, and Liang
2021; Arbel and Mairal 2021), variance reduction (Yang, Ji,
and Liang 2021; Dagréou et al. 2022; Yang, Ji, and Liang
2021; Huang and Huang 2021; Guo et al. 2021), finite-
difference matrix-vector estimation (Yang, Xiao, and Ji
2023a). Another class of approaches formulated the lower-
level problem as a value-function-basaed constraint (Sabach
and Shtern 2017; Liu et al. 2020; Li, Gu, and Huang 2020;
Liu et al. 2021b,a, 2022; Sow et al. 2022; Shen and Chen
2023). The more relevant works (Kwon et al. 2023; Wang
et al. 2023) proposed first-order algorithms by solving a
single-level Lagrangian-induced problem. Inspired by a sim-
ilar idea, we propose effective single-level surrogates for lo-
cal and global problems in FBO, and further develop a novel
efficient algorithm with strong resilience to the client drifts.
Federated bilevel optimization. Federated bilevel opti-
mization has not been widely explored except in a few
studies. (Gao 2022; Li, Huang, and Huang 2022) pro-
posed momentum-based algorithms in homogeneous set-
tings. (Tarzanagh et al. 2022; Huang, Zhang, and Ji 2023)
proposed FedNest and FedMBO using an AID-based fed-
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erated hypergradient estimator in heterogeneous settings.
(Xiao and Ji 2023) and (Yang, Xiao, and Ji 2023b) fur-
ther improved the communication efficiency of AID-based
methods via ITD-based hypergradient aggregation and sim-
ple single-loop optimization. (Huang 2022; Li, Huang, and
Huang 2023) exploited momentum-based variance reduc-
tion to reduce the overall sample complexity. In addition,
there are some studies focused on other distributed settings,
including decentralized bilevel optimization (Chen, Huang,
and Ma 2022; Chen et al. 2023; Yang, Zhang, and Wang
2022; Lu et al. 2022; Dong et al. 2023), distributed network
utility maximization (Ji and Ying 2023), and asynchronous
optimization over directed network (Yousefian 2021). In this
paper, we propose a simple first-order FBO method and ex-
plore its performance in an important federated application.

3 Existing Methods and Challenges
3.1 Computing and Memory Challenges
To solve the problem in eq. (1) efficiently, the high-level idea
of existing works like (Tarzanagh et al. 2022; Gao 2022; Li,
Huang, and Huang 2022; Xiao and Ji 2023; Yang, Xiao, and
Ji 2023b) is to approximate the following federated hyper-
gradient (i.e., the gradient of the upper-level Φ function) in-
duced by implicit function theorem:

∇Φ(x) =∇xF
∗ −∇2

xyG
∗[∇2

yyG
∗]−1∇yF

∗,

̸=1

n

n∑
i=1

∇xf
∗
i −∇2

xyg
∗
i

[
∇2

yyg
∗
i

]−1∇yf
∗
i , (2)

where we denote f∗i := fi(x, y
∗(x)), g∗i := gi(x, y

∗(x)),
F ∗ := F (x, y∗(x)) and G∗ := G

(
x, y∗(x)

)
. As shown in

eq. (2), one cannot use the aggregation of local hypergra-
dients to approximate the global hypergradient ∇Φ(x) due
to the nonlinearity from the matrix multiplication and the
inversion of the global Hessian matrix ∇yyG

∗. Various ap-
proaches have been used to address this challenge. For ex-
ample, (Tarzanagh et al. 2022; Gao 2022; Li, Huang, and
Huang 2022) extended the idea of AID-based hypergradient
estimation (Ghadimi and Wang 2018) to the federated set-
ting, and proposed AID-based FBO algorithms, which re-
quire each participating client to compute a large number of
Hessian-vector products in estimating the global Hessian-
inverse-vector product of the federated hypergradient. (Xiao
and Ji 2023) proposed an ITD-based FBO algorithm to re-
duce the communication cost of AID-based methods, but
still requires numerous Hessian-vector computations in each
communication round. Most recently, (Yang, Xiao, and Ji
2023b) proposed a more efficient single-loop FBO algo-
rithm named SimFBO by updating variables y, v, x simul-
taneously, whose each local step is given by

yk+1
i

vk+1
i

xk+1
i

←

yki

vki

xki

−


ηy∇ygi
(
xki , y

k
i ; ζ

k
i

)
ηv∇vRi

(
xki , y

k
i , v

k
i ;ψ

k
i

)
ηx∇̄fi

(
x
(k
i , y

k
i , v

k
i ; ξ

k
i

)


where ∇̄fi
(
x, y, v; ξ

)
= ∇xfi

(
x, y; ξ

)
−∇2

xygi
(
x, y; ξ

)
vi is the

local hypergradient estimate for client i and

Ri(x, y, v) =
1

2
vT∇2

yygi(x, y)v − vT∇yfi(x, y)

is the loss function of client i for approximating the global
Hessian-inverse-vector product in eq. (2). Then, SimFBO
performs a local aggregation in each client i as

qi =
τ−1∑
k=0

aki∇vRi

(
xki , y

k
i v

k
i ;ψ

k
i

)
, (3)

and similar aggregations are also applied to the local updates
of x and y. Then, it can be seen from eq. (3) that the local
aggregation of SimFBO on v and x needs to store τ (i.e., the
number of local steps) Hessian- or Jacobian-vector products,
which can incur substantial computing and memory costs as
further shown in Figure 4 in the experiments.

3.2 Our Solution: First-Order FBO
Inspired by the recent advance in first-order bilevel opti-
mization (Lin, Xu, and Ye 2014; Liu et al. 2021a; Kwon
et al. 2023; Wang et al. 2023), we reformulate the FBO prob-
lem in eq. (1) into an equivalent constrained problem

min
x
F (x, y) s.t. G(x, y)−G

(
x, y∗(x)

)
≤ 0,

where G
(
x, y∗(x)

)
is the optimal value function of the

lower-level problem. One effective way to deal with this
constrained problem is to solve its Lagrangian problem:

min
x,y

max
z
L(x, y, z) = F (x, y) + λ

[
G(x, y)−G(x, z)

]
,

where λ is the Lagrange multiplier. Note that the maximizer
over z equals y∗(x). The above Lagrangian approximation
provides several advantages. First, differently from exist-
ing hypergradient-based methods, its gradients w.r.t. all vari-
ables x, y, z do not contain second-order derivatives such as
Hessian or Jacobian matrices. Second, existing methods in-
clude complex sub-loops to tackle the nested optimization
structure of the original FBO problem. In contrast, this La-
grangian problem is a minimax problem with a single objec-
tive, and hence facilitates simpler implementation in feder-
ated learning. Third, the Lagrangian function can be decom-
posed into local Lagrangian functions as

min
x,y

max
z
L(x, y, z) := 1

n

n∑
i=1

Li(x, y, z). (4)

where each local Lagrangian is given by

Li(xi, yi, zi) : = fi(xi, yi) + λ
[
gi(xi, yi)− gi(xi, zi)

]
.

As a result, each client can focus on its local Lagrangian
problem as

(Local Lagrangian:) min
xi,yi

max
zi
Li(xi, yi, zi), (5)

which also facilitates single-loop updates on xi, yi and zi.
For simplicity, we use the same Lagrange multiplier λ for
all local problems. However, it is also feasible to use differ-
ent multipliers λi, i = 1, ..., n for different local Lagrangian
problems because it can be shown that the gap between the
hypergradient of the original problem and the gradient of the
Lagrangian function L∗(x) = miny maxz L(x, y, z) w.r.t. x
can vanish if we choose λi sufficiently large.
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4 The MemFBO Algorithm
In this section, we introduce an efficient FBO algorithm
named MemFBO, which features flexible updates and ag-
gregation on both the client and server sides, as described in
Algorithm 1.
Local updates. Specifically, at the beginning of each com-
munication round, we sample a subset Ct of client with-
out replacement. Then, each client in Ct performs τ local
stochastic gradient descent (SGD) steps to optimize its local
Lagrangian problem as

zt,k+1
i ←zt,ki − ηz∇ygi

(
xt,ki , zt,ki ; ζt,ki

)
,

yt,k+1
i ←yt,ki − ηy∇yLi

(
xt,ki , yt,ki , zt,ki ;ψt,k

i

)
,

xt,k+1
i ←xt,ki − ηx∇xLi

(
xt,ki , yt,ki , zt,ki ; ξt,ki

)
, (6)

where ηx, ηy ,ηx are positive local stepsizes and the stochas-
tic Lagrangian function is defined as Li(x, y, z; ξ) =
fi(x, y; ξ)+λ

(
gi(x, y; ξ)−gi(x, z; ξ)

)
. Note from the above

eq. (6) that the local updates on z, y and x are conducted si-
multaneously and hence can benefit a lot from the hardware
parallelism. In addition, differently from SimFBO (Yang,
Xiao, and Ji 2023b) whose local updates involve second-
order derivatives, all steps in eq. (6) use only first-order
gradient information and hence are more computing and
memory friendly. It is also worth mentioning that the local
SGD steps can be extended to momentum-based updates to
achieve improved theoretical complexity.
Local aggregation and communication. In this stage, each
client i ∈ Ct aggregates all τ local updates

htz,i =
1

τ

τ−1∑
k=0

∇ygi
(
xt,ki , zt,ki ; ζt,ki

)
,

hty,i =
1

τ

τ−1∑
k=0

∇yLi

(
xt,ki , yt,ki , zt,ki ;ψt,k

i

)
,

htx,i =
1

τ

τ−1∑
k=0

∇xLi

(
xt,ki , yt,ki , zt,ki ; ξt,ki

)
. (7)

These normalized aggregations htz,i, h
t
y,i and htx,i are then

communicated to the server. Differently from existing AID-
based and ITD-based FBO algorithms that contain multi-
ple sub-loops and communication rounds to approximate the
federated hypergradient in this stage, our updates here are
much simpler with a single communication round involved.
Global aggregation and updates. The server collects the
local aggregations htz,i, h

t
y,i and htx,i, which are then further

aggregated into{
htz, h

t
y, h

t
x

}
=

1

|Ct|
∑
i∈Ct

{
htz,i, h

t
y,i, h

t
x,i

}
. (8)

Based on the global aggregations {htz, hty, htx}, the next step
is to update global variables xt, yt and zt simultaneously as

zt+1 = zt − γzhtz,
yt+1 = yt − γyhty,
xt+1 = xt − γxhtx. (9)

Algorithm 1: MemFBO

1: Input: initialization x0, y0, z0, local learning rates
ηz, ηy, ηx, global learning rates γz, γy, γx, local update
rounds τ , communication rounds T .

2: for t = 0, 1, 2, ..., T − 1 do
3: for i ∈ Ct in parallel do
4: zt,0i = zt, y

t,0
i = yt, x

t,0
i = xt

5: for k = 0, 1, 2, ..., τ − 1 do
6: Locally update zt,ki , yt,ki and xt,ki simultane-

ously via eq. (6)
7: end for
8: Client i computes local aggregations htz,i, h

t
y,i, h

t
x,i

via eq. (7)
9: Client i communicates {htz,i, hty,i, htx,i} to server

10: end for
11: Server computes global aggregations {htz, hty, htx}

via eq. (8) and update xt, yt, zt via eq. (9)
12: end for

Note that the global updates in the above equation use a dif-
ferent set {γz, γy, γx} of stepsizes from {ηz, ηy, ηx} in the
local updates. This flexible design not only facilitates the al-
gorithmic deployment because the local stepsizes are often
less restrictive than global stepsizes, but also improves the
overall communication efficiency in theory and practice.

5 Convergence Analysis
5.1 Assumptions and Definitions
Definition 5.1. A mapping f is L-Lipschitz continuous if
∥f(x1)− f(x2)∥ ≤ L∥x1 − x2∥, for any x1, x2.

Definition 5.2. We call x̄ as an ϵ-accurate stationary point
of the objective function Φ(x) if E∥Φ(x̄)∥2 ≤ ϵ, where x̄ is
an output of an algorithm.

The following assumption characterizes the geometries of
objective functions.

Assumption 5.3. For any x ∈ Rdx , y ∈ Rdy and i ∈
{1, 2, ..., n}, fi(x, y) and gi(x, y) are twice continuously
differentiable, and gi(x, y) is µ-strongly convex w.r.t. y.

We next impose the Lipschitzness conditions on the func-
tion fi and gi and their derivatives.

Assumption 5.4. For any x ∈ Rdx , y ∈ Rdy and i, fi(x, y)
is Lf,0-Lipschitz continuous and gi(x, y) is Lg,0-Lipschitz
continuous w.r.t. x, the gradients ∇fi(x, y) and ∇gi(x, y)
are Lf,1 and Lg,1-Lipschitz continuous respectively, and
the second-order derivatives ∇2fi(x, y) and ∇2gi(x, y) are
Lf,2 and Lg,2-Lipschitz continuous respectively.

Note from Theorem 5.4 that we only assume gi(x, y) is
Lg,0-Lipschitz continuous w.r.t. x rather than y because oth-
erwise it contradicts with the fact that gi(x, y) is µ-strongly
convex w.r.t. y. Next, we assume that the stochastic gradi-
ents and second-order derivatives have bounded estimation
variances.

Assumption 5.5. ∇fi(x, y; ξ) and ∇gi(x, y; ζ) are unbi-
ased estimators of ∇fi(x, y) and ∇gi(x, y). Furthermore,
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there exist constants σf and σg such that E∥∇fi(x, y) −
∇fi(x, y; ξ)∥2 ≤ σ2

f , E∥∇gi(x, y)−∇gi(x, y; ζ)∥2 ≤ σ2
g .

The following assumption characterizes the degree of het-
erogeneity among the individual gradients ∇ygi(x, y), i ∈
{1, ..., n}.
Assumption 5.6. For any x ∈ Rdx , y ∈ Rdy , there exist
constants βgh ≥ 1 and σgh ≥ 0 such that

1

n

n∑
i=1

E∥∇ygi(x, y)∥2 ≤ β2
ghE∥∇yG(x, y)∥2 + σ2

gh.

We have βgh = 1 and σgh = 0 when all gi’s are identical.
This assumption uses βgh and σgh to describe the degree

of heterogeneity among the gradients of lower-level objec-
tive functions of all clients. Note that we do not directly
make the heterogeneity assumption on the target Lagrangian
objective L in eq. (4) because this assumption can be hard
to justify due to the dependence of L on λ that can be suffi-
ciently large. Instead, we impose the heterogeneity assump-
tion only on the lower-level gradients without λ, and then
use this assumption to prove the heterogeneity result for L
(see eq. (18) in the appendix for more details).

5.2 Convergence and Complexity Analysis
For simplicity, we let |Ct| = P for all t. Let L∗(x) :=
miny maxz L(x, y, z) be the Lagrangian function w.r.t. x by
taking minimum and maximum over y and z. Since it can
be shown that the gradient L∗(x) has a gap of O( 1λ ) with
the gradient ∇Φ(x) of the original problem, we can focus
on finding an ϵ-accurate stationary point for λ sufficiently
large. Next, we provide an upper bound on E∥∇L∗(xt)∥2.
Proposition 5.7. Under Assumptions 5.4 and 5.5, the iter-
ates of Algorithm 1 satisfy:

E∥∇L∗(xt)∥2 ≤ O(1/γx) · E
[
L∗(xt)− L∗(xt+1)

]
−O(1) · E∥h̃tx∥2 +O(γx)E∥htx∥2

+O(λ2) ·
(
∆t

x +∆t
y +∆t

z

)
+O(λ2) · E

(
∥zt − y∗(xt)∥2 + ∥yt − y∗λ(xt)∥2

)
,

where we define y∗λ(x) := argminy L(x, ·, z), h̃tx := E[htx]

and ∆t
x := 1

n

∑n
i=1

1
τ

∑τ−1
k=0 E∥x

t,k
i −xt∥2 (∆t

y and ∆t
z can

be defined similarly).
The proof of Theorem 5.7 refers to that of Theorem C.8

in the appendix. Theorem 5.7 shows that the gradient norm
E∥∇L∗(xt)∥2 can be effectively bounded by the gap of
L∗(·) at two consecutive iterates, the norm of the general-
ized gradient htx, the client drifts ∆t

x, ∆t
y , ∆t

z , and the dis-
tances of global iterates zt and yt to their optimal solutions
at each iteration t. Note that Theorem 5.7 also indicates an
important trade-off in the selection of the Lagrange multi-
plier λ. To see this, a large λ guarantees a small gap between
the surrogate∇L∗(·) and∇Φ(·) of the original problem, but
also exacerbates the client drifts and approximations errors
by zt and yt. Thus, an appropriate choice of λ is crucial to
achieve a good convergence and complexity performance, as
shown later in our theorems.

We next provide the following propositions to upper
bound the key quantities ∥htx∥, ∆t

x, ∆t
y , ∆t

z and E∥zt −
y∗(xt)∥2, ∥yt − y∗λ(xt)∥2 in Theorem 5.7, respectively.
Proposition 5.8. Under Assumptions 5.3, 5.4, 5.5, the client
drift of yt induced by its local updates satisfies:

∆t
y ≤O(η2yτλ2)(Mse +Mcs) +O(η2yτλ2)∆t

x,

+O(η2yτλ2)E∥yt − y∗λ(xt)∥2,

where the factors Mse := 1
λ2 (σ

2
f + λ2σ2

g), Mcs :=

1
λ2

(
L2
f,0(1+

2L2
g,1

µ2 )+λ2σ2
gh

)
are correlated with variances

from gradient estimation and client sampling.
The proof of Theorem 5.8 can be found in the proof

of Theorem C.7 in the appendix. We can see from the above
proposition that the client drift w.r.t. y can be bounded by
three error terms. The first term O(η2yτλ2)(Mse + Mcs)
is induced by the variances of the stochastic gradient es-
timators ∇fi(x, y; ξ) and ∇gi(x, y; ζ). The second term
O(η2yτλ2)∆t

x correlates to the client drift by the local up-
dates on variable x because the local gradient estimator

∇yLi(x
t,k
i , yt,ki , zt,ki ; ξt,ki )

= ∇yfi(x
t,k
i , yt,ki ; ξt,ki ) + λ∇ygi(x

t,k
i , yt,ki ; ξt,ki )

to update yt,ki also relies on the local iterate xt,ki . The third
term O(η2yτλ2)E∥yt − y∗λ(xt)∥2 is associated with the gap
between the global iterate yt and the corresponding optimal
point y∗λ(xt). Note that all these three errors are scaled by
the local stepsize η2y . Thus, by choosing properly small local
stepsizes, we can mitigate the impact of client drifts on the
final convergence analysis.
Proposition 5.9. Under the Assumptions 5.3, 5.4, 5.5, the
iterates on y according to Algorithm 1 satisfy

E∥yt+1 − y∗λ(xt+1)∥2 − E∥yt − y∗λ(xt)∥2

≤−O(γyλ) · E∥yt − y∗λ(xt)∥2 +O(γ2y) · E∥hty∥2

+O(γ2x) · E∥htx∥2 +O
(
γ2x
γyλ

)
· E∥h̃tx∥2

+O(γyλ)(∆t
x +∆t

y). (10)
The proof of Theorem 5.9 refers to that of Theorem C.10

in the appendix. A similar result can be established for
E∥zt− y∗(xt)∥2. It shows that when the stepsize γy is prop-
erly small, there is a descent in terms of the optimality gap
E∥yt − y∗λ(xt)∥2, but the bound also contains multiple ad-
ditional errors by the client drifts ∆t

x, ∆t
y , the norm of gen-

eralized gradient hty , htx and its expectation h̃tx. The client
drifts are controllable to be small based on Theorem 5.8,
and the gradient norm E∥hty∥ (similarly for E∥htx∥) can be
upper bounded using the following proposition.
Proposition 5.10. Under Assumptions 5.4 and 5.5, the gen-
eralized stochastic gradient hty on y updates as

E∥hty∥2 ≤O(λ2) · E∥yt − y∗λ(xt)∥2 +O(λ2) · (∆t
x +∆t

y)

+O
(
λ2

Pτ

)
Mse +O

(
(n− P )λ2

P (n− 1)

)
Mcs, (11)

where Mse and Mcs are the same as in Theorem 5.8.
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The proof of Theorem 5.10 refers to that of Theorem C.9
in the appendix. Then, by incorporating the bound in Theo-
rem 5.10 into Theorem 5.9, it can be seen that for the step-
size γy sufficiently small, the first error term in eq. (11), af-
ter being scaled by γ2y , can be merged into the negative term
O(γyλ)·E∥yt−y∗

λ(xt)∥2 in eq. (10) (similarly for the other er-
ror terms). Also note that the last two error terms in eq. (11)
are caused by data and client sampling, and are decreasing
sublinearly w.r.t. the number τ of local steps and the num-
ber P of participating clients. This result helps to establish
a linear speedup in the convergence and complexity of our
algorithm, as shown in the following theorem.

Based on the above propositions, we construct a Lya-
punov function Ψ(xt) := L∗(xt) +KzE∥zt − y∗(xt)∥2 +
KyE∥yt − y∗λ(xt)∥2 to prove the final convergence result of
our algorithm, as shown below.
Theorem 5.11. Define Φ(x) = F

(
x, y∗(x)

)
. Suppose that

Assumptions 5.3, 5.4, 5.5, 5.6 hold. For partial participa-
tion, the convergence rate of Algorithm 1 satisfies

min
t

E∥Φ(xt)∥2 = O(P− 2
7T− 2

7 ).

For full participation, the convergence rate of Algorithm 1
satisfies

min
t

E∥Φ(xt)∥2 = O(P− 2
7T− 2

7 τ−
2
7 ).

In both cases, γx, γy , γz , λ, ηx, ηy , ηz in Algorithm 1 need
to be specifically chosen. Their specific choices are given in
eq. (47) and eq. (48) in the appendix.

We can relax the requirement of P = n for full client par-
ticipation to a milder condition that P ≥ min

{ (τ−1)n
τ +

1, n
}

, and still achieve the same convergence rate. Then,
there are a few remarks about the above result. First, our
method achieves a linear convergence speedup under both
partial and full client participation, where the clients are
sampled without replacement in the case of partial client par-
ticipation. Second, under full client participation, we can ig-
nore the impact of the noise brought by the client sampling
on the convergence of our method, and in turn, increasing
the number of local updating steps can help to improve the
convergence rate.

Next, we analyze the communication and complexity of
our proposed algorithm.
Corollary 5.12. Under the setting of Theorem 5.11, we have
the following results:
Partial participation: we can find an ϵ-accurate stationary
solution of Φ(x) after T = O(P−1ϵ−3.5) global iterations,
where the communication complexity (which is defined as
the number of samples) is O(P−1ϵ−3.5), and the overall
sample complexity (defined as the total number of communi-
cation rounds) is PτT = O(ϵ−3.5).
Full participation: our method finds an ϵ-stationary solu-
tion of Φ(x) after T = O(ϵ−1.5) global iterations, where
the communication complexity is O(ϵ−1.5), and overall the
sample complexity is PτT = O(ϵ−3.5).

There are several remarks about Theorem 5.12. First, note
that we choose the number τ of local steps differently for

Figure 2: Change of averaged weights on clean/noisy data
with the number of global iterations (noise rate = 50%).

the partial and full client participation settings, respectively.
This difference is caused by the analysis of the last two error
terms in eq. (11) of Theorem 5.10. For partial client par-
ticipation, we set τ = O(1) because further increasing τ
cannot improve the final convergence rate due to the dom-
inant error O

( (n−P )λ2

P (n−1)

)
Mcs induced by client sampling.

In contrast, in the case of full client participation, the er-
ror O

( (n−P )λ2

P (n−1)

)
Mcs vanishes, and hence increasing τ to

its maximum τ = O(P−1T
4
3 ) can reduce the overall es-

timation variance and hence improve the final convergence
rate. Third, differently from existing AID- and ITD-based
FBO methods that compute a large number of Hessian- and
Jacobian-vector products, our method uses only first-order
gradient information, while achieving an improved commu-
nication complexity of O(ϵ−1.5) over the typical O(ϵ−2)
result obtained by FedNest (Tarzanagh et al. 2022), FBO-
AggITD (Xiao and Ji 2023) and FedMBO (Huang, Zhang,
and Ji 2023).

6 Experiment
We first conduct an experiment on federated data cleaning
to compare the performance of our proposed MemFBO al-
gorithms with multiple benchmark personalized federated
learning algorithms including FedRep (Collins et al. 2021),
FedPer (Arivazhagan et al. 2019), LG-Fed (Liang et al.
2020), and popular federated learning methods including Fe-
dAvg (McMahan et al. 2017) and FedProx (Li et al. 2020).
We then perform a federated hyper-representation experi-
ment to compare the performance of our method with other
FBO algorithms including FedNest (Tarzanagh et al. 2022),
LFedNest (Tarzanagh et al. 2022), AggITD (Xiao and Ji
2023), and SimFBO (Yang, Xiao, and Ji 2023b). The for-
mer experiment tests the robustness of different methods on
the CIFAR10 dataset with CNN backbones, following the
same experimental setup as in (Collins et al. 2021). The lat-
ter experiment tests the communication and memory effi-
ciency on MNIST with MLP backbones, following the ex-
periment setup in (Tarzanagh et al. 2022). More details of all
experiments can be found in Appendix A.

6.1 Robust Federated Data Cleaning
We consider a federated learning setting where edge devices
have two data sets: a clean, high-quality set and a noisy,
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Method Noise rate
0 30% 50% 70%

FedRep 86.01 70.56 61.68 56.73
FedPer 88.86 74.11 71.04 57.19
LG-Fed 88.93 76.27 57.37 49.72
FedAvg 44.86 22.52 16.74 10.34
FedProx 46.30 23.12 17.53 11.93
SimFBO 71.06 65.71 63.27 60.44

MemFBO (ours) 81.33 78.21 77.94 73.60

Table 1: Average test accuracy (%) comparison of different
(personalized) federated algorithms with heterogeneous data
on the CIFAR10 dataset under different noisy levels.

majority set. To develop a robust FL model, we propose a
novel FBO problem where the lower level trains the model
on noisy data with learnable sample weights, and the up-
per level evaluates the model on clean data to refine these
weights. This FBO problem can be formulated as:

min
w∈Rm×n

Φ(w) =
1

n

n∑
i=1

fi
(
y∗(w)

)
s.t. y∗(w) := argmin

y

1

nm

n∑
i=1

m∑
j=1

wi,jgi,j(y),

where w contain all weights for data samples of all clients,
i is the client index, and j is the data sample index for a
client, gi,j(·) denotes the loss on the jth sample from the
noisy data set of client i, and fi(·) denotes the loss on the
clean data of client i. Following our first-order approach, the
local Lagrangian function then takes the formulation as:

Li(wi, yi, zi) := fi(yi) +
λ

m

m∑
j=1

wi,j

[
gi,j(yi)− gi,j(zi)

]
.

Experimental setting. For the baselines, we use 100 clients
with the CIFAR10 dataset split into 500 training and 100
test samples per client. To simulate noise, the 500 training
samples are divided into 450 noisy samples and 50 clean
samples. A subset of the 450 samples is corrupted based on
a noise rate (proportion of corrupted data) and a flip rate.
In this experiment, the noise rate is set as 0%, 30%, 50%,
and 70%. The flip rate decides the portion of labels of a data
sample, which are assigned to one of all labels randomly
with equal probability. We fix the flip rate to be 80%. Fi-
nally, we set up the data heterogeneity following the same
procedure as in FedRep (Collins et al. 2021), where each
client is assigned with 2 classes.
Results. The results of test accuracy of different (personal-
ized) federated learning methods under different noisy levels
are shown in Table 1. The results show the baseline methods
suffer from severe performance degradation, while the per-
formance of the two FBO methods is much more robust to
data corruption. However, SimFBO performance is notably
lower than that of MemFBO. To have a deeper understand-
ing of such robustness, we visualize the averaged weights
learned by our FBO method on noisy and clean data for a

Figure 3: The test accuracy v.s. the number of communi-
cation rounds on non-i.i.d. MNIST datasets with MLP net-
works among our MemFBO and related baselines.

Figure 4: The memory cost comparison between SimFBO
and MemFBO.

single client in Figure 2. It clearly shows that the weights as-
sociated with the noisy data decrease dramatically, whereas
the weights on the clean data increase slightly.

6.2 Federated Hyper Representation
In this section, we compare the performance of the proposed
MemFBO method with other FBO baselines on a hyper-
representation problem. We present the comparison results
based on test accuracy, communication rounds, and memory
cost in Figure 3 and Figure 4. From Figure 3, it can be seen
that our method can achieve a faster convergence rate and
a higher accuracy than second-order methods with subloops
including FedNest, LFedNest, and AggITD, while achieving
comparable performance with the fully single-loop second-
order method SimFBO. Moreover, Figure 4 shows that the
memory cost of SimFBO increases dramatically with the
number of local steps, whereas our MemFBO consistently
maintains low memory usage.

7 Conclusion
We propose MemFBO, a memory- and computation-
efficient federated bilevel algorithm with theoretical conver-
gence under milder assumptions. Experiments validate its
efficiency, with extensions to decentralized optimization and
applications in hyperparameter tuning, meta-learning, and
edge computing.
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