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Abstract

Multi-agent pathfinding (MAPF) is a problem where multiple
autonomous agents must find paths to their respective des-
tinations without colliding. Decisional MAPF on undirected
graphs can be solved in polytime; several optimization MAPF
variants however are NP-complete. The directed graph vari-
ant (diMAPF) is more complex, with its decisional version
already being NP-complete. This paper examines the com-
putational approximability of optimal MAPF problems (i.e.,
minimizing makespan for agent travel distance and maximiz-
ing the total number of agents reaching their goals), provid-
ing a first set of several inapproximability results for these
problems. The results reveal an inherent limitation in approx-
imating optimal solutions for MAPF's, provide a deeper un-
derstanding regarding their computational intractability, thus
offer foundational references for future research.

1 Introduction

Multi-agent pathfinding (MAPF) is a problem in which mul-
tiple autonomous agents, such as robots in a warehouse,
navigate paths to their individual destinations while avoid-
ing collisions with one another (Wurman, D’ Andrea, and
Mountz 2008; Stern et al. 2019). This problem has gar-
nered significant attention in both research and practical
applications, given its relevance to various fields such as
robotics, operations research, and Al planning (Salzman and
Stern 2020; Okumura et al. 2022). For example, in robotics,
MAPF is essential for coordinating autonomous drones or
mobile robots in factories; in operations research, it plays
a vital role in optimizing the transportation of goods and
personnel in logistics and supply chain management (Salz-
man and Halperin 2016; Boyarski et al. 2015; Vodrazka,
Bartdk, and Svancara 2020; Standley 2010; §i§1ék, Volf, and
Péchoucek 2010).

Determining whether a solution exists for a MAPF prob-
lem can be done efficiently in polytime for undirected graphs
(Kornhauser, Miller, and Spirakis 1984). However, optimiz-
ing MAPF problems, such as finding the optimal makespan
or travel distance for the agents, is NP-complete on gen-
eral graphs and various constrained settings, like planar
graphs or grids (Surynek 2010; Yu and LaValle 2013; Yu
2016; Banfi, Basilico, and Amigoni 2017; Geft and Halperin
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2022). The study of MAPF on directed graphs (diMAPF) is
relatively recent, with findings indicating that both of its de-
cisional and optimal variants are NP-complete (Nebel 2020,
2023; Tan and Bercher 2023; Nebel 2024).

Given the intractability of optimal MAPF problems, cur-
rent research often emphasizes finding suboptimal solutions
that balance practical efficiency and solution quality. Aim-
ing to provide feasible solutions within reasonable compu-
tational limits, these algorithms focus on minimizing the
makespan (de Wilde, ter Mors, and Witteveen 2013; Barer
et al. 2014; Cohen et al. 2016), and/or maximizing the num-
ber of agents reaching their goals (Ma et al. 2018). We
believe however that, in the development and application
of these approximate algorithms for MAPF, delineating the
boundaries of what is computationally feasible is important.
Knowing the exact limitations and inherent difficulties of the
problem helps set realistic expectations and design strategies
that work within given constraints. Furthermore, intractabil-
ity results can guide the development of heuristics and ap-
proximation algorithms, ensuring that they are both effective
and efficient.

This paper presents, to the best of our knowledge, a
first set of inapproximability results concerning the op-
timal makespan and the total number of agents reach-
ing their goals. In Section 3, we examine the complexity
of MAPF/diMAPF which are constrained on maximally-
allowed makespan. We investigate problems of maximiz-
ing the total number of agents reaching their goals with a
makespan of three agent-steps at most, proving their non-
approximability, that is, non-existence of any polytime al-
gorithm solving these problems sub-optimally within a cer-
tain factor (82 ~ 0.995). We then in Section 4 examine
the complexity of MAX-diMAPF, i.e., the optimal variant of
diMAPF, on maximizing the total number of agents reach-
ing their goals. We prove for this problem, the non-existence
of any polytime algorithm within a certain factor (initially
% ~ 0.942, and later the bound is refined to % ~ 0.891).
Our findings reveal the inherent limitations in approximating
optimal solutions for MAPF, providing a deeper understand-
ing of the problem’s complexity, thus offering foundational
references for future research.

The remainder of this paper is organized as follows. Sec-
tion 2 covers the preliminaries. Our complexity analysis is
detailed in Sections 3 and 4. Section 5 concludes the paper.




2 Preliminaries

This section provides preliminary knowledge essential for
the paper. It begins with definitions related to MAPF. Fol-
lowing this, it covers the basics of complexity analysis, with
a particular focus on inapproximability analysis techniques.
Finally, it introduces two relevant NP-complete problems,
optimal SAT and optimal 3DM, which are used in the proofs
for the inapproximability results.

2.1 MAPF Problems

We formally define decisional MAPF and diMAPF prob-
lems as well as their optimal variants (e.g., bounded on
makespan). Definitions follow the ones by Nebel in (Nebel
2020, 2023). Let A be a finite set of agents, and G = (V, E)
a directed graph, where V is a finite set of vertices and
E C V x V is a finite set of directed edges. An agent in
A can move from v; € V tov; € V if (v;,v;) € Eis an
edge in the directed graph G. A state S defines a distribution
of all agents from .A, in vertices from V. Formally, given A
and G = (V, E) such that | 4] < |V|, the state S is defined
to be an injective function f : A — V, so there cannot be
any vertex collision.

Time is measured in steps. A step o defines a step-wise
movement of all agents, which changes a state S into its suc-
cessor S$°"°¢. It is required that the movement of all agents in
o, between S and S°%°¢, should be applicable ones, and the
applicability of agent movements is defined by the principles
of precondition and frame axioms in classical Al planning.
That is, vertex v; in $*“““ contains an agent A if and only
if: 1) Agent A is in v; in S and remains there (and no other
agent moves onto v;); or 2) Agent A is in some other vertex
v; in S, and between these two successive states, A moves
along (v;,v;) in E of G (no other agent moves onto v; as
well, and no other agent was on v; in S, unless it moves
away from there). Thus, movement onto v; is allowed even
if it was occupied before the move, as long as the respective
agent moves away.

Let Sy be a state and X = o4, ..., 0, a sequence of
22| = n steps. Then, ¥ applied to Sy is represented by S =
(So, S15 -+, Sn—1, Sp)- Thatis, forall 1 < i < n step o; is
applied to S;_1, resulting in a successor state S;. Let S = 7
be the initial state, and suppose that S,, = G is actually the
final state where all the agents are injectively mapped into

their respective goal-vertices. Given S, path p; denotes the

stepwise movement of agent A; between states in S, initially
from Sy = 7 and eventually to S,, = G (i.e., |p;| is the travel
distance of A;)!. Set Ps; contains all paths for all agents with
a given X applied to Sy, while path lengths are the travel
distances for these agents. Thus p;, the path of Agent A;,
is a member of Px. Note that the lengths of all paths in P
might vary, but are upper-bounded by n, the total number of
steps between states from Z to G. That is, an agent may not
actually move between two successive states.

'Some works (cf., e. g., (Stern et al. 2019)) assume that an agent
will stay and will never move again after it reached its goal — thus
preventing any other agent from passing through it in future steps.
We allow agents to move away from their goal vertex.
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Figure 1: A MAX-diMAPF example. Squares represent ver-
tices and filled circles depict agents. Agents are grouped by
different colors to illustrate their interactions. Each agent has
a unique goal vertex. An agent’s goal is named g and iden-
tified by the sub- and superscript (e.g., g4 is the goal of the
second dark agent). A goal vertex is highlighted with thick
lines matching the color of its agent. The maximum num-
ber of arrivals is 4: Three for the dark agents and one for
the green agent. The three red agents will never reach their
goals.

Definition 1 (MAPF/diMAPF). A multi-agent pathfinding
problem instance is a four-tuple (G, A,Z,G), where G is a
directed (or undirected) graph, A is a set of agents, T is the
initial state, and G is the goal state. Is there a sequence X
that moves all agents in A fromZL to G?

A natural optimal variant to decisional MAPF is to find
out the optimal number of agents that can be moved to their
goal-vertices. Note that this variant relaxes the requirement
that, in S,,, all agents are in their respective goals.

Definition 2 (MAXMAPF/MAX-diMAPF). Given a
MAPF/diMAPF problem instance (G, A,Z,G), where G
is a directed (or undirected) graph, what is the largest
number of agents a such that S, (a) = G(a) when applying
a sequence 3.7

An example MAX-diMAPF is given in Figure 12, It can be
verified that the maximum number of agents arriving to their
respective goals is 4. The three red agents (r-agents) will
never reach their goals (g7—g%) in this acyclic graph. The
three dark agents (d-agents), on the other hand, can reach
their goals (g{—g9) if they push the r-agents out of the way
elther to the top vertices (vi—v%), or to the bottom ones (vi—

v3). For the green agent (g-agent) to also reach its own target
gg without blocking the dark agents, the r-agents would have
to take the top path.

We now consider optimal makespan.

Definition 3 (MAPF , g or diMAPF ¢ ). MAPF o py, or
diMAPF (¢ ), is a MAPF (or diMAPF) problem subject to

an optimization criterion of type O, which is bounded by
B € Z%1. When O = ms, it means to answer: Is there a
MAPF (or diMAPF) solution % such that |Z| < B?

Finally, we define the optimal MAPF/diMAPF, on maxi-
mizing agents reaching their goals with makespan bounded
by the value B.

>The example of Figure 1 illustrates how decisions — whether
to send the r-agents to the top or to the bottom — can be encoded
in a diMAPF, a critical property that will be used when proving
Proposition 3.



Definition 4 (MAXMAPF ,,; p\/MAX-diMAPF ,; ). Given
a MAPF/diMAPF problem instance (G, A,Z,G), where G
is an undirected (or directed graph), how many agents in A
from T can arrive at G, within makespan B?

2.2 Inapproximability Theory

This section provides standard preliminaries on inapprox-
imability theory (Papadimitriou and Yannakakis 1991).

Definition 5. Ler « be a ratio, called an optimization ratio.
An a-approximation algorithm for an optimization problem
is an algorithm that returns a solution within an « factor of
the optimal solution in polytime.

We use the convention that o« > 1 for minimization prob-
lems, and a < 1 for maximization problems. For example,
a %-approximation algorithm for a maximization problem is
a polytime algorithm that returns a solution for any instance
of the problem, and the solution is at least % to the optimal
solution for the instance. A %-approximation algorithm for
a minimization problem is a polytime algorithm that returns
a solution at most % to the optimal solution for the instance.

Definition 6 (L-reduction with parameters a and b). Two
positive numbers a > 0 and b > 0, and two maximiza-
tion problems 11 and 11’ are given. A reduction from II to
II' is an L-reduction (also called as Linear reduction, or
approximation-preserving reduction), if the following con-
ditions are satisfied

1. For any instance I of T1, an instance I' of I can be com-
puted in polytime through this reduction.

2. Let OPT(I) be the value of a maximum solution to I of
11, and OPT(I') the one for the constructed I' of I, the
inequality OPT(I') < a - OPT(I) holds.

3. For any solution of value V' to I', a solution of value V
to I can be computed accordingly in polytime such that

|OPT(I) — V| < b- |OPT(I') — V.

Theorem 1. (Papadimitriou and Yannakakis 1991) Given
two maximization problems 11 and 1, if 1) there exists an
L-reduction (with parameters a and b) from 11 to 1I', and
2) there is an a-approximation algorithm for 11, then there
exists an (a - b - (o — 1) 4+ 1)-approximation algorithm for
IL. In other words, if it is NP-hard to approximate 11 within
a factor of (a - b - (o — 1) + 1), there does not exist an o-
approximation algorithm for I, unless P = NP.

2.3 Maximal SAT and Maximal 3DM

We will perform some reductions from the MAXE3SAT, the
maximum satisfiability problem where each clause has ex-
actly three literals. An example (with n = 4 variables and
m = 5 clauses) is (1 V &3 V —x4) A (mx2 V 223 V 2xg) A
(Il \Y ) \Y _\CC4) A (Il V i) \Y I4) AN (_\Il \Y ) \Y _\933).
Of course, the example is satisfiable.

We have the following well-known result for MAXE3SAT .

Theorem 2. (Johnson 1974; Yannakakis 1994; Hdstad
2001) For any instance of MAXE3SAT, there exists a truth
assignment that satisfies at least % of the clauses. If there ex-
ists a (% + €)-approximation algorithm for the MAXE3SAT
problem for any constant € > 0, then P = NP.
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Figure 2: A 3DM instance. Three disjoint sets in three
columns, each containing m = 3 elements, A = {1, 2,3},
B = {4,5,6}, C = {7,8,9}. Asetof n = 5 triples 7 =
{Tl,TQ, . ,T5}, where T1 = {1,4, 7}, T2 = {2,5,8},
Ty = {3,6,9}, Ty = {1,4,8}, Ts = {3,5,7}. The set
S = {T1, T, T5} forms a matching of 7.

Some reductions in the paper need to use the NP-complete
3-dimensional matching (3DM) problem (Karp 1972).

Definition 7 (3DM problem). A 3DM problem instance is
a tuple (A,B,C,T) where A = {ai,a2,...,an}, B =
{b1,ba,.... by}, and C = {c1,ca,...,cm} are three dis-
joint sets of cardinality m and ‘T is a set of n triples
T={T1,Ts,...,T,} C (AU BUC) such that each triple
T; € T contains exactly one element from A, B, and C, re-
spectively. A partial matching of T is a subset S C T of dis-
joint elements (i.e, N T;,T; € S, T; # T; = T, N T; = ().
The matching is complete if |S| = m or, equivalently,
Ureg T = AUBUC. The 3DM problem asks the question:
Does T contain a (complete) matching?

The 3DM problem is NP-complete, and remains so even
if no element occurs in more than three triples (Garey and
Johnson 1979). An example 3DM is given in Figure 2. The
example is also used as the running example to explain the
polytime reduction.

MAX3DM is an optimal variant to 3DM, defined below.

Definition 8 (MAX3DM). Given an instance of 3DM, find
S, which is a maximal partial matching of T, and |S| = k,
the size of S. That is, among all partial matchings of T, S is
maximal in terms of set size.

Theorem 3. (Cygan 2013) For any instance of MAX3DM,
{here exists a polytime %—approximation algorithm for the
instance.

Theorem 4. (Chlebik and Chlebikovd 2006) It is NP-hard
to approximate MAX3DM within a factor of %, even for
instances where each element has exactly two occurrences
in the triples.

3 Inapproximability of MAPFs on Makespan

In this section, we examine the complexity of MAPF
(on both directed and undirected graphs) constrained on
makespan. We first propose a reduction from 3DM to
diMAPF, laying the foundation for the subsequent results.
Specifically, we demonstrate the NP-completeness of MAPF
with a makespan of 3, thus establishing the non-polytime



approximability for any makespan less than 4. We then con-
sider a particular case where the makespan can be reduced
to 2 while maintaining all intractable results. Finally, we ad-
dress the problem of maximizing the total number of agents
reaching their goals within a makespan of 3, proving the
non-approximability of any polytime algorithm within a cer-
tain factor.

Reduction We use Figure 3 to illustrate the reduction.
Given an instance of 3DM problem with 3m elements and n
triples, we construct a diMAPF problem with 4m vertices, m
agents, 3n edges, plus m “dashed-boxes” (explained later).
For each B element that appears 1 + & times in 7, 4k ver-
tices, k agents, and 5k edges need to be added (an exam-
ple with & = 1 is shown in Figure 4). The transformation is
polytime. In fact, assuming an element appears no more than
3 times (Garey and Johnson 1979, 3DM still NP-complete),
k < 2 holds.

More precisely, for each of the three sets of A, B, and
C, we introduce accordingly three layers. Layers A and C
each contains m vertices. Layer B contains m dashed-boxed.
One additional Layer, D, containing another m vertices is
also introduced. We use the set 7 to guide us to introduce
directed-edges from Layers A to B, and from B to C. That
is, if T; = {a,b,c} € T, then edges (a,b) and (b, c) are
introduced in G. Multi-edges are possible. For example, in
Figure 3, there are two edges between vertices 1 and 4, as el-
ements 1 and 4 occur in both 77 and 7T}. Vertices in Layer D
are primed versions of those in Layer A, and for each triple
T, ={a,b,c} € T, an edge is created from c to a'.

Let us now describe the dashed-boxes.

The goal of the reduction is to ensure that if an agent suc-
cessfully travels from vertex a of Layer A to vertex a’ of
Layer D in 3 steps, the path a — b — ¢ — «’ it takes will
correspond to a triple T; = {a,b,c} from T. To this end,
for each such triple T3, a vertex b; is created with two edges
(a,b;) and (b;, ¢): each path a — b; — ¢ — a’ can be linked
to T;. However, we need to ensure that no two agents travel
through b; and b; (from two paths linked to 7; and to T3,
respectively, such that b € T; N T}). For this purpose, we
introduce additional agents.

If £+ 1 is the number of triples that contain b, we create k
additional agents that each need to travel through one of the
b; in order to reach its goal vertex (cf. Figure 4).

Properties of the reduction Assuming a makespan of 3,
all agents have to move towards their goal at each step. This
means that the path a — b; — ¢ — a’ of a non-dashed-box
agent corresponds to the triple 7; = {a,b,c} € T. Fur-
thermore, because each dashed-box agent also reaches its
respective goal in 3 steps, element b can be selected by at
most one non-dashed-box agent (and for a solution exactly
one, since there are m agents for m elements in B). Thus,
each solution to the diMAPF ,,,; g3y can be mapped to a so-
lution to the original 3DM problem, and conversely.

Theorem S. The problem diMAPF ,,; g3, i.e., multi-agent
pathfinding on a directed graph with makespan bounded by
3 steps, is NP-complete.

Proof. The problem is in NP because it is a restricted variant
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Figure 3: The diMAPF ,, <3y instance, constructed from
the given example 3DM instance (Figure 2), introduces one
vertex for each number in Figure 2, labeled accordingly. The
vertices are organized into three layers: A, B, and C, with
an additional Layer D. There are three agents: dark, red,
and green. All agents initially start at Layer A, with their
respective goal vertices located in Layer D. Layer B con-
tains dashed-boxes. An inside look of a dashed-boxes (e.g.,
Dashed-box 5) is presented in Figure 4.
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Figure 4: An inside look of Dashed-box 5. If the two agents
follow the paths 2 — 5 — 8 of T, = {2,5,8}and 3 — 5 —
7 of Ts = {3,5, 7}, then the violet agent will not be able to
reach its goal in 3 steps.

of NP-complete diMAPF (Nebel 2023). The problem is NP-
hard because of the described reduction. O

We get the following result, which is an immediate corol-
lary of Theorem 5.

Corollary 6. For any o < 4/3, there does not exist a poly-
time a-approximation algorithm for minimizing makespan
of a diMAPF problem, unless P = NP.

Observe that in the above reduction, all the agents must
move non-stop to meet the make-span constraint. They will
have no opportunity to move backward, even if the edges are
undirected. This observation allows us to extend the above
results for MAPF problems. We get the following result (Ma
et al. 2016).

Corollary 7. (Ma et al. 2016, Corollary 8) The problem
MAPF ,, p<s), i.e., multi-agent pathfinding on an undi-
rected graph with makespan bounded by 3 steps, is NP-
complete. For any o < 4/3, there does not exist a polytime
a-approximation algorithm for the problem, unless P = NP.

Nevertheless, our approach of using 3DM for the reduc-
tion enables us to obtain some additional results that are the-
oretically closer to the tractability dichotomy.

Corollary 8. When agents/goals are typed (i.e., any goal is
for any agent with the same type), and when there are only



two types of agents/goals, both the problems MAPF ,,; g5
and diMAPF ,,; p< sy, i.e., multi-agent pathfinding on a di-
rected or undirected graph with makespan bounded by 2
steps, are NP-complete. Consequently, for any o« < 3/2,
there does not exist a polytime a-approximation algorithm
for the problem, unless P = NP.

Proof. We can simply refine the proof for Theorem 5. Now
we have only two types, violet, and the other “white” ones.
Specifically we 1) remove completely Layer D and all the
edges entering the vertices on Layer D, and 2) make all
the vertices on Layer C as goal vertices for all the agents
at Layer A, which means these agents initially at Layer A
are now white. Further for the gadget part, as the makespan
requirement is now 2, there would be just one right-vertex,
which is also a goal vertex for the v-agent.

Each white agent (i.e., w-agent) can take any white goal
(i.e., w-goal). Since there are exactly m w-agents, and m
w-goals, after two steps, each agent would take exactly one
w-goal, should a solution exist. This NP-completeness result
with makespan 2 enables us to conclude that there does not
exist a polytime %-approximation algorithm for the problem,
unless P = NP. O

Proposition 1. Given any MAX3DM? instance I with
three disjoint sets each containing m elements, and a set
T of n triples, the MAX3DM instance has optimal so-
lution OPT(I) = k* (ie., a total of k* triples in the
solution set S) iff the reduced MAXMAPF ., p 3y (or
MAX-diMAPF ,,; g<sy) instance I " has optimal solution of
OPT(I') = (m + k*) agents arriving their respective goal
vertices in makespan 3.

Proof. Let I'(O, P, Q) be a solution to I, where O, P and
Q, respectively, are the total number of dashed-boxes which
receives two, one, and zero Layer A agents after Step 1. We
require that I’(O,P,Q) = 2- 0O 4+ 2 - P + Q. That is,
no collisions allowed, and in total (P 4+ Q) v-agents, and
(2- O + P) Layer A agents, arrive at their respective goals
in the solution. Nevertheless, for any of the “dashed-box”
where there are two Layer A agents crossing it, we can al-
ways trade one of them for the v-agent initially in the same
“dashed-box”. This means, we always have the equivalence
of I'(0, P,Q) = I'(0, (O + P), Q). Consequently, any op-
timal solution subject to the condition of O = 0, is indeed a
global optimal solution. Note also that regardless, O+ P+Q
always equals m. Hence the task here is reduced to maxi-
mize the value of (O + P), and we have that OPT(I) = k*
iff OPT(I') = I'(0,k*, Q) = m + k*. O

Proposition 2. There exists an L-reduction from MAX3DM
10 MAXMAPF ,; g3y (or MAX-diMAPF (, p<3).

Proof. We have constructed an L-reduction, with parame-
ters a = % and b = 1: 1) For each instance I of II we can

3Given Theorem 4, the inapproximability theorem for
MAX3DM, we know that it is sufficient to consider MAX3DM
where each element has exactly two occurrences in the triples. Ac-
cordingly, in the proof for L-reduction, each dashed-box contains
exactly one gadget (Figure 4).
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compute in polytime an instance I’ of II'. 2) Since for any
MAX3DM there exists a polytime algorithm that matches
% triples (Theorem 3), we know that k* > % - m, ie.,
m < $k*. Hence OPT(I') = (m + k*) < 2k* + k* <
2k* = LOPT(I) = a- OPT(I). 3) Given a solution of value
V' = (m+ k) to I’, we can compute in polytime a solution
of value V' = k to I such that (k* — k) = OPT(I) =V <
OPT(I') = V' = (m+k*) — (m+ k) = b- (k* — k), where
b=1. O

Theorem 9. There does not exist a ggg -approximation al-

gorithm for MAXMAPF<mS,B<3), or MAX—diMAPF<mS’B<3>,
unless P = NP.

662

Proof. Note that we get the number gz= from the fact
7 662 4 _ 9 : :
that (3) - (gg2) — 3 = 5. Specifically, since we have

an L-reduction here, we know that for any solution of
value V' to I’, which is an instance of the constructed
MAXMAPF , g3y, or MAX-diMAPF ,, _s), a solution
of value V to I, which is an instance of MAX3DM, we
have that OPT(I) — V < (OPT(I') — V'). Thatis, V' >
OPT(I) — (OPT(I') - V') > OPT(I) — (1 — «) - OPT(I")

> OPT(I)—(1—a)-1-OPT(I)> OPT(I)- (goﬁ g) . That

is, if o > 82, (T — 3

o6s> (3 ) is greater than %. However, there
does not exist a better than %-approximation algorithm for
MAX3DM (Theorem 4). Hence o can not be greater than
% ~ 0.995, unless P = NP. O

4 Inapproximability of MAX-diMAPF

In this section, we examine the complexity of MAX-
diMAPF, i.e., the optimal variant of diMAPF, on maximiz-
ing the total number of agents reaching their goals. Specif-
ically, we prove for the problem the non-approximability of
any polytime algorithm within a certain factor. We prove a
first result, and next the result is refined to a much tighter
bound. We begin with constructing an L-reduction from
MAXE3SAT to MAX-diMAPF.

Reduction We use Figure 5 to illustrate our reduction
from MAXE3SAT to MAX-diMAPF . The reduction produces
an acyclic graph.

We assume a MAXE3SAT instance with m clauses and n
variables (m = 5, and n = 4 in the figure). Each variable
is associated with an m-long mutex as pictured on Figure 6.
This gadget includes four vertices vy, Vyops Vs aNd V.
We add edges (v}, v},,) and (v}, v}, ). Furthermore, there
is an m — 1-long path from vy, to v};,,, and similarly from
Finally, the gadget includes a head of m — 1

i

UIZJtm to Uright’ )
vertices that lead to vj,;. The head of the gadget (including
v}'eﬁ) is populated with m r-agents. We also note that there

are four connections to the rest of the graph: three inputs in,
v, and —w respectively at the start of the head, at v}, , and at

, } top>
Upym» and one output out at vy,

In Figure 5, the m-long mutexes are represented with
dashed-boxes. They are connected sequentially so that the

exit of one leads to the entrance of the next. The exit of this
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Figure 5: The MAX-diMAPF instance, which is constructed
from the MAXE3SAT instance with m = 5 clauses and n =
4 variables : (z1VasV-xg)A(—xaVxzsVozg)A(21VozaV
—4) A (21 Vo Vag) A(—z V oz V-xs). A b-long mutex
is represented by a dashed-box. An inside look of a dashed-
box is presented in Figure 6. Four dashed-boxes (n = 4)
are connected sequentially, with an input of chained vertices,
and an output of chained vertices. For each one of the five
clauses (m = 5), a vertex, which is the starting location of
a g-agent, is created. Such a vertex (say j) is connected to
v* for each positive literal i in clause ¢;, and to —v* for each
negative literal —i in the clause.

sequence leads to m vertices that are the goals of m g-agents
followed by m + 1 vertices that are the goal of d-agents. The
input of the series of mutexes is connected to m + 1 ver-
tices where the d-agents start and n x m vertices that are the
goals of the r-agents. Finally, for each clause c;, a vertex is
created that is the starting location of a g-agent; this vertex
is connected to v for each positive literal i in clause ¢;, and
to —w' for each negative literal —i in the clause.

Each mutex contains 3m + 1 vertices. Totally (3m+1)-n
vertices are introduced. Before mutexes, (m + 1) +m x n
vertices are introduced. After mutexes, 2m + 1 vertices are
introduced. For each of the m clauses, a vertex is introduced.
Totally, we have 3mn +n+m+1+mn+2m+1+m =
dmn + 4m +n + 1 € O(mn) vertices created. Hence the
total number of agents created is also in O(mn), and the
total number of edges created is in O(m?n?). The reduction
is in polytime.

Properties of the reduction: optimal solution of the re-
duced instance We first note that the r-agents cannot reach
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Vright

Figure 6: A 5-long mutex. This gadget is built such that,
assuming the r-agents must move first but cannot escape the
gadget, they will block one of the two paths v;,, ~ Vg5, and
Ubtm ~ VUright-

their goal location; there remains 2m + 1 agents that might
(m + 1 d-agents and m g-agents). We also note that, in the
initial state, the r-agents block the paths through the graph
for the d- and the g-agents. In order to let other agents pass,
they can do one of following options:

1. For some variable ¢, the r-agents stay on the starting lo-
cations, blocking the path for the d-agents. This will lead

to trivially sub-optimal solution (as shown below).

For each variable 7, all r-agents move to the top or the bot-
tom vertices of the gadget, and the r-agents of a gadget
never all exit their starting gadget. Doing so opens ex-
actly one of the two paths of the gadget (so that g-agents
can go through either vfop or v}, but not both).

. For some variable i, all r-agents leave the gadget but they
never reach the tail of the graph (they remain in some
other gadget). This will free both vtio[, and v}, , but will
block both paths of some subsequent gadget (because
there are only exactly enough vertices for the r-agents
to leave a path open), meaning that the d-agents and g-
agents that have not passed yet will be blocked.

For some variable i, all r-agents leave the gadget and
some r-agents will eventually reach the tail. In order to
open a new path, at least m r-agents should enter the tail.
This will reduce the total number of agents reaching their
goal destinations to at most m + 1, which will be trivially
below optimal.

We conclude from this that only the second option will be
part of an optimal solution.

It is very simple to get the m + 1 d-agents to their
goal: move the r-agents out of the way and get the d-agents
through the graph.

Now consider the g-agents. We already know that the opti-
mal solution requires moving the r-agents so that all d-agents
can pass, and that this move will block either vfop or v},
This means that for g-agent j to reach its destination, it will
need to have one of its vfop/v;;tm open (assuming in the origi-
nal instance, 7 is a variable, and c; is a clause, either i € ¢; or
—i € ¢j), i.e., any diMAPF solution that sends the d-agents
to their goal location is such that the g-agents form a sat-
isfiable set of clauses. In other words, the optimal diMAPF
solution with value m+14-k can be converted into a solution
to the original MAXE3SAT instance with value k.



From MAXE3SAT to the reduced problem Conversely,
given a solution of value k to a MAXE3SAT instance, it
is possible to build a solution to our reduced instance of
value m + 1 4+ k by moving the r-agents in the appropri-
ate branch, having the d-agents reach their goal, and moving
the g-agents for the satisfiable subset of clauses to their goal.

Proposition 3. Let I be a MAXE3SAT instance with m
clauses and n variables. The MAXE3SAT instance has opti-
mal solution OPT(I) = k* (i.e., a total of k* clauses would
be satisfied) iff the reduced MAX-diMAPF instance I' has
optimal solution of OPT(I') = (m + 1 + k*) agents arriv-
ing their respective goal vertices.

Proof. This is a direct consequence of our discussion of the
properties of the reduction. O

Proposition 4. There exists
MAXE3SAT to MAX-diMAPF.

an L-reduction from

Proof. We have constructed an L-reduction, with parame-
ters a = % and b = 1: 1) For each instance I of II we can
compute in polytime an instance I’ of IT'. 2) Since for any
MAXE3SAT there exists an algorithm that satisfies at least %
of the clauses (Theorem 2), we know that k* > I -m, ie.,
m < 2k*.Hence OPT(I') = (m+1+k*) < Sk*+k*+1 =
(% + ) - k*. Asymptotically, as the input problem size in-
creases, 7= — 0, and the RHS approaches +2k*. Hence we
further have OPT(I") < 2k* = L0PT(I) = a - OPT(I).
3) Given a solution of value V! = (m + 1 + k) to I', we
can compute in polytime a solution of value V' = ktol
such that (k* — k) = OPT(I) — V < OPT(I') — V'

(m+1-k*)—(m+1—k)=0b-(k*—k), where b = 1.

O

Theorem 10. There does not exist an a-approximation al-
gorithm for the MAX-diMAPF problem for constant o« >
L3~ (0.942, unless P = NP.

120

Proof. Note that we get the number 13 from the fact that

120
(%)(%) — 8 = I Specifically, since we have an L-
reduction here, we know that for any solution of value V' to
I, which is an instance of the constructed MAX-diMAPF, a
solution of value V' to I, which is an instance of MAXE3SAT,
we have OPT(I) — V < (OPT(I') — V'). That is, V' >
OPT(I) — (OPT(I') — V') > OPT(I) — (1 — @) - OPT(I)

;iOPTu)—(1—-ayJ$-0PTu);iOPTa)-(w 8)

To—7
Hence if o > 113, (8. — &) is greater than Z. However
there does not exist a better than %-approximation algorithm
for MAXE3SAT (Theorem 2). Hence « can not be greater

than 13 ~ 0.942, unless P = NP. O

120

From the fact of k* > % for MAXE3SAT (Theorem 2), we
can get a stronger result.

Corollary 11. There does not exist an a-approximation al-
gorithm for the MAX-diMAPF problem for constant o« >
%Z ~ 0.891, unless P = NP.
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Proof. We can reduce the total number of dark-agents from
(m +1) down to ([§] + 1). We need to make sure that the
optimal solution is not simply the m green-agents arriving
their goals and the dark-agents staying put. However, we al-
ready know that k* > I -m, hence ([2] + 1) dark-agents
only, are needed in order to guarantee that the dark-agents
are involved in the optimal solution. Hence OPT(I’) is re-
fined to ([%§] 4 1 4 k*), which is asymptotically less than

% - k*. That is, now we have a = %. As a consequence, we
get that o > % ~ 0.891 (arithmetical steps skipped). O

5 Conclusions

This research investigates the computational approximabil-
ity of several optimal MAPF problems. It demonstrates that
many of these problems, in their general form, are inapprox-
imable in polytime, unless P = NP. Specifically:

Optimal MAPF on both directed graphs (Theorem 5) and
undirected graphs (Corollary 7)*, with a makespan < 3,
are NP-complete.

Optimal MAPF constrained on makespan, on both di-
rected and undirected graphs, are not c-approximable in
polytime for o < 7, unless P = NP (Corollaries 6 and
7).

If the agents, and their respective goals, are categorized
into two types only, o can be reduced to % (Corollary
8), which is actually the extreme case NP-hardness re-
sult, as the makespan bound is only 2. The general ver-
sion of this problem in the literature is called Colored
MAPF (Solovey and Halperin 2014; Ma and Koenig
2016), where agents are grouped into teams. There are
only two teams in our result.

MAXMAPF ,,, <5 /MAX-diMAPF ,,, 53, an optimal

variant of MAPF / diMAPF with makespan 3, that also
aims to maximize the number of agents reaching their
goals, does not have an approximation algorithm with a
ratio greater than 0.995, unless P = NP (Theorem 9).

The problem MAX-diMAPF, an optimal variant of
diMAPF that aims to maximize the number of agents that
reach their goals, does not have an approximation algo-
rithm with a ratio greater than 0.891, unless P = NP
(Theorem 10, Corollary 11).

To recap, among several other results, we have provided
a first set of inapproximability results for both MAPF and
diMAPF problems when maximizing the total number of
agents that can reach their goal vertices (Theorems 9/10).

Future research includes investigating ways to tighten
the inapproximability bounds established in the paper. It
would also be interesting to check if these results can be
extended to MAPF on well-studied restricted graphs (Fiora-
vantes et al. 2024), such as grids, planar graphs, trees, etc.
Meanwhile, from the perspective of parameterized complex-
ity, we are interested in identifying parameters that might
also make some of these problems tractable (Eiben, Ganian,
and Kanj 2023; Deligkas et al. 2024).

3

4Corollary 7 was discovered earlier (Ma et al. 2016).
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