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Abstract

In recent years, Graph Neural Networks (GNNs) have been
utilized for various applications ranging from drug discov-
ery to network design and social networks. In many appli-
cations, it is impossible to observe some properties of the
graph directly; instead, noisy and indirect measurements of
these properties are available. These scenarios are coined as
Graph Inverse Problems (GRIPs). In this work, we introduce
a framework leveraging GNNs to solve GRIPs. The frame-
work is based on a combination of likelihood and prior terms,
which are used to find a solution that fits the data while adher-
ing to learned prior information. Specifically, we propose to
combine recent deep learning techniques that were developed
for inverse problems, together with GNN architectures, to for-
mulate and solve GRIPs. We study our approach on a number
of representative problems that demonstrate the effectiveness
of the framework.

1 Introduction
Graphs represent an elegant and powerful way to describe
and analyze connected data, capturing the relationships and
interactions between different entities in a structured man-
ner. This mathematical framework allows for the exploration
and exploitation of both the structure and the intrinsic prop-
erties of the data, enabling the discovery of hidden connec-
tions and dependencies that may not be evident by directly
processing each data point. In contrast, by representing data
as nodes and their relationships as edges, i.e., as graphs,
we can facilitate a deeper understanding of complex sys-
tems, ranging from social networks and biological systems
to communication networks, as well as financial markets.

In recent years, graph machine learning frameworks
were developed, predominantly, Graph Neural Networks
(Scarselli et al. 2008; Bronstein et al. 2021), which are
able to model and learn complex patterns in graph data.
These recent advancements make it possible to perform a
wide array of applications, such as node classification (Kipf
and Welling 2016; Defferrard, Bresson, and Vandergheynst
2016), community detection (Chen, Li, and Bruna 2019),
drug discovery (Jiang et al. 2021), and solving combinatorial
problems (Schuetz, Brubaker, and Katzgraber 2022; Eliasof
and Haber 2024).
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However, despite their high and vast utilization, in many
practical scenarios, the direct observation of properties of
the graph is not feasible or limited. For example, the knowl-
edge of node labels might be partial. Instead, we often have
access only to the outcomes of certain operations or pro-
cesses that act upon the graph properties to be recovered.
Additional examples are, in road network systems, where
we might observe traffic patterns rather than the underlying
network features, or, in social networks, we might see inter-
action patterns without having direct access to the strength
of the network’s relationships. This observation poses a sig-
nificant research question: how can we recover or infer the
original graph properties from these observed outcomes?

Further complexity typically arises from the fact that this
question is often ill-posed. This implies that given the data,
there is more than one answer to the question and the so-
lutions can be unstable with respect to even small perturba-
tions in the data.

To address this question and its challenges, we begin by
defining Graph Inverse Problems (GRIPs), highlighting a
key difference between classical inverse problems that are
commonly solved on structured grids and those on graphs.
This difference directly stems from the presence of the
graph, which provides additional structure. Furthermore, in
many GRIP cases, there exist additional features on the
graphs (throughout this paper, we will refer to these fea-
tures as meta-data) which may not be directly related to the
observed data associated with the inverse problem, but can
be leveraged to obtain better estimates for the solution of
the inverse problem. Following the definition of such prob-
lems, and a number of examples, we discuss several viable
approaches, from classical to neural methods, and evaluate
them on several datasets and GRIPs.

Importantly, we note that, although different GRIPs share
many characteristics, existing methods to solve them, such
as the seminal works in Yan, Fang, and He (2023); Huang
et al. (2023); Ling et al. (2024) are specialized for solv-
ing specific problems, as we discuss in Appendix A. In this
work, we focus on extending these ideas to a general frame-
work that can be applied to various GRIPs. Previous works
on solving similar problems do not use any meta-data as ad-
ditional features, and consider the likelihood (i.e., data fit)
as a part of the network; Rather, they focus on applying var-
ious GNN architectures to solve the problem directly from
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the observed data, while in this work, we show the effec-
tiveness of including meta-data in GRIPs. Finally, as we dis-
cuss in Appendix A, most GNN-based methods known to us
that have been proposed for the solution of GRIPs use the
same graph structure for training and prediction, where the
variable part is the observed data, given as node features.
This choice, while useful in many cases, can be limiting for
many practical problems, where not only the observed data
changes but also the underlying graph. These three key con-
cepts distinguish our proposed GRIP framework from exist-
ing works.
Main Contributions. This paper advances the bridge be-
tween the field of inverse problems and graph machine learn-
ing by an overarching methodology for the solution of in-
verse problems that reside on graphs, that is, GRIP. By in-
tegrating the principles of learned regularization techniques
(Adler and Öktem 2017; Mardani et al. 2018), with the flex-
ibility of GNNs (Khemani et al. 2024), this work aims to
develop a unified framework that leverages the strengths of
both approaches, to solve GRIP. We demonstrate our frame-
work on several key GRIPs, such as graph feature comple-
tion, source estimation, inverse graph transport, and the non-
linear edge recovery problem. We note that the proposed
framework not only enhances the existing techniques for
GRIP but also broadens the scope of GNN applications.

2 Graph Inverse Problems
In this section, we define and provide background on inverse
problems defined on graphs, followed by examples of sev-
eral key inverse problems with real-world applications.
Notations. Throughout this paper, we consider input fea-
tures, that reside on a graph G defined by its set of n nodes
V and m edges E . The features can be associated with either
nodes or edges, or both, depending on the inverse problem.

In addition, we consider an observation that is a function
of the recoverable properties, and the graph structure. To be
more precise, the features are divided into meta-data, fM ∈
F , and states that describe the properties, denoted by x =
[xN ,xE ] ∈ X . The state xN is associated with the nodes
and the state xE is associated with the edge. We assume that
we have observed data, i.e., measurements, dobs ∈ D, on
the states x. Note that, the difference between the meta-data
fM, the states, x, and the observed data dobs is important;
While fM and x reside on the nodes or edges of the graph,
the observed data dobs, in general, reside in a different space
that does not share the same domain. An example is having
observed data that is related to a global measurement from
the graph, e.g., average node degree.

In the context of inverse problems, the observed data is the
observation from which the desired state is to be recovered,
while the (optional) meta-data serves as additional informa-
tion that can be used in the inverse problem solution process.
Namely, we assume the following connection between the
observed data dobs and the state x:

dobs = F (x;G) + ε (1)

where F : X → D is the forward map of the problem that
maps the states x that reside on the graph to the data space
D. The vector ε is some noise that, for simplicity, is assumed

to be σ ∼ N(0, σ2I). While for some problems, the noise
can be substantial, for many practical problems (e.g., graph
segmentation), the noise can be negligent.

In the forward problem, we are given the graph G, the
states x, from which we can obtain the forward problem
data, F (x,G). In the inverse problem, we are given possibly
noisy observations, dobs, the graph G, and optionally meta-
data, fM. The goal is to estimate the states x. In what follows,
we define and discuss several key graph inverse problems.

2.1 Property Completion (Figure 1)
Consider the case where the forward problem reads

F (x,G) = IPnx, (2)

where Ipn ∈ Rp×n is a subset of p rows from an n× n iden-
tity matrix. In this case, we need to reconstruct the graph
properties from the partial, potentially noisy data dobs. This
problem is commonly solved in the GNN literature (see e.g.,
(Bronstein et al. 2017)). We note that, in the absence of
noise, i.e. ϵ = 0, the inverse problem defined by the operator
in Equation (2) coincides with the typical settings of semi-
supervised node classification (Kipf and Welling 2016). An
illustration of the problem is provided in Figure 1.
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Figure 1: The forward problem of graph density completion.

2.2 Inverse Source Estimation (Figure 2)
A second popular problem is inverse source estimation,
sometimes referred to as the source localization problem
(Huang et al. 2023). This problem occurs by modeling the
spread of information on a graph. Specifically, we consider
the case where the forward problem reads

F (x,G) = Pkx0, (3)

where P is a Markov transition matrix that spreads the in-
formation from nodes to their neighbors. In the canonical
setting, k represents some time frame where the informa-
tion spreads from one node to its neighbors. If we observe
the system after k time frames, we obtain (3). A popular
instance of this problem is the case where P is the degree
normalized adjacency matrix, i.e., P = D−1A, where D is
the node degree matrix, and A is the binary adjacency ma-
trix. The goal is then to find the source x0, as illustrated in
Figure 2.
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Figure 2: A source graph on the left is diffused over time,
with transition matrix Pk obtaining a target graph on the
right. The goal of the inverse problem is to identify the
source given the target.
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Figure 3: The graph transport problem. The four sampled
paths of length 3 on the right are obtained from the graph on
the left. The data is the sum of the node properties.

At this point, it is important to note that for the source
estimation problem, the problem becomes harder as k be-
comes larger because an increase in k exponentially damps
the information in x that is associated with eigenvalues that
are smaller than 1 (Golub and Loan 1983).

2.3 Inverse Graph Transport (Figure 3)
We consider the inverse graph transport, a problem where
the measurement is obtained through an averaging of the
state along a walk on the graph. Specifically, we consider
the case where the observed data can be expressed as

F (x,G)k =
L−1∑
j=0

xΓj
k

k = 1, . . . ,K (4)

Here, we are given a set of K paths {Γk}Kk=1, of length L,
such that the path Γk is a vector of length L whose entries
are the node indices in which the path traverses through. In
Equation (4) we use the notation Γj

k to obtain the j-th node
index on the path Γk, in order to sum over the node features
that are in the path. We note that the graph inverse transport
problem is similar to the ray tomography problem in a con-
tinuous setting (Natterer 2001). The goal is to recover the
original state x given observations on their partial sums.

For this problem, it is important to note that the data does
not have an obvious graph structure. In fact, the data can

be much larger than the graph. Some nodes can be sampled
multiple times and some very few or not at all.
Remark. The problems defined in Equations (2)–(4) are
linear. Next, we show an example of a nonlinear problem,
which is considered more complex (Manrı́quez et al. 2021).

2.4 Edge Property Recovery (Figure 4)
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Figure 4: A known source graph on the left is diffused over
time, with an unknown transition matrix Pk determined by
the edge weights, obtaining the target graph on the right. The
goal of the inverse problem is to identify the edge weights
given the source and the target.

Consider the case of source estimation in Equation (3), but
with known source and unknown edge properties where

x
(k+1)
N = P(xE)x

(k)
N k = 0, . . . ,K − 1. (5)

Here P(xE) is a Markov transition matrix that depends on
the property of the edge. Assuming that we have the history
dobs = [x

(0)
N , . . . ,x

(K)
N ] + ε, the goal is to find the edge

property, that is, the edge states, xE from the data.
Note that this problem is a nonlinear extension of the

source estimation problem. Here, rather than assuming that
the source xN is the unknown state to be recovered, we
have the matrix P, which encodes edge properties (e.g., edge
weights) as the unknown states to be recovered.
For the forward problems presented in this section, their in-
verse problems are assumed to be ill-posed. That is, the op-
erator F in Equation (1) has a large, non-trivial null space
or, such that the singular values of its Jacobian quickly de-
cay to 0. This implies that a small perturbation in the data
can result in a large perturbation in the estimated solution
(see, e.g., (Hansen 1997)). Therefore, to obtain an estimate
of the solution, some regularization is required. Such regu-
larization can vary from classical techniques like Tikhonov
regularization (Tikhonov 1950) (similar to weight-decay in
neural networks), smoothness-based regularization (Nadler,
Srebro, and Zhou 2009), total-variation (Rudin, Osher, and
Fatemi 1992), as well as learnable neural regularizers (Adler
and Öktem 2017). In previous works on graph inverse prob-
lem (Huang et al. 2023), such a regularization was achieved
implicitly by learning a map, F †, from the data dobs to the
solution x. Nonetheless, as has been shown for other, non-
graph inverse problems (Adler and Öktem 2017; Eliasof,
Haber, and Treister 2023), even when the data fit is a part of
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the training, at inference, such a map can lead to reconstruc-
tions that do not fit the observed data – which can lead to
non-feasible solutions. Mathematically, these findings mean
that the residual between the predicted solution and the ob-
served data, defined as:

∥F (F †(dobs)− dobs∥
may not be small and, in some cases, diverge. Therefore,
in Section 3, we explore methodologies that blend graph-
based regularization with the forward problem, yielding al-
gorithms that adhere both to a priori information (that is, the
prior learned in F †) and the given observed data dobs.

3 Methodologies for Inverse Problems
In this section, we develop the ideas presented in the paper.
We start by reviewing the basic concepts that are used for
the solution of inverse problems and then explain how they
can be adopted and modified to work with the graph struc-
ture and how meta-data can be used. Later, in Section 4, we
prescribe specific methods to solve GRIP.
Goal. The objective in solving Inverse Problems is to es-
timate a solution x̂ that (i) fits the data in Equation (1) to
some prescribed error, and (ii) adheres to a-priori informa-
tion given by a regularizer. Two approaches to solving such
problems are commonly used. The first, is based on a varia-
tional method and the second is to embed the solution with
an (inverse) scale-space dynamical system. We now shortly
review both techniques and their behavior.
Variational Techniques. Variational methods formulate in-
verse problems as an optimization task, seeking to minimize
a functional that balances fidelity to the observed data with
the imposition of prior knowledge or regularization (see,
e.g., (Engl, Hanke, and Neubauer 1996; Calvetti and Somer-
salo 2005; Tenorio et al. 2011)). They have a strong relation
to the Maximum Aposteriori Estimate (MAP) when con-
sidering a Bayesian approach (Tarantola 1987). In the con-
text of inverse problems, the objective functional includes a
data fitting term, which ensures that the solution is consis-
tent with the observed data, and a regularization term, which
incorporates prior assumptions about the solution, such as
smoothness, sparsity, or other structural properties. Here, we
consider regularization techniques where the estimated x̂ is
obtained by solving a regularized data fitting problem:

ẑ = argminz
1

2
∥F (Ez)− dobs∥2 + αR(z,θ),(6a)

x̂ = Eẑ. (6b)

Here E is a learnable embedding function, and R(z,θ) is
a regularization functional that depends on learnable param-
eters θ, and α is a non-negative coefficient that balances the
terms in Equation (6a). The ’art’ of obtaining meaningful
solutions is transformed into the learning of an appropriate
regularization functional R and an embedding E.
Inverse Scale-Space Methods. One of the difficulties in
solving the optimization proposed in Variational Methods,
as in Equation (6a), is the appropriate choice of the rela-
tive weight α, between the data fitting and regularization
terms (Nagy and Hansen 2006). Inverse scale-space meth-
ods (Burger et al. 2006) propose an alternative approach by

casting the optimization problem to a dynamical system that
starts with a coarse approximation of the solution and pro-
gressively incorporates finer details. By initially focusing on
the low-frequency details and gradually refining the solution
to encode high-frequency details, inverse scale-space tech-
niques can achieve a balance between fidelity to the data and
the incorporation of prior knowledge. The choice of the reg-
ularization parameter is replaced by the choice of the stop-
ping time, which is often more straightforward.

In practice, an inverse scale-space approach is obtained
by integrating an ordinary differential equation of the form

dz

dt
= E(t)⊤J(t)⊤

(
dobs − F (E(t)z)

)
− s(z,θ(t)), (7)

from time 0 to time T , with z(0) = z0, which is deter-
mined by the level of fitting the data. Here, E(t) is a time-
dependent embedding, J(t) is the Jacobian of F with re-
spect to its argument, and s is a function referred to as the
score. That is, in order to use a scale space approach for
the solution of the problem, one is required to choose time-
dependent embedding and a score function, s. The flexibility
of a time-dependent embedding E and regularization s was
shown to overcome issues such as local minima (Eliasof,
Haber, and Treister 2024). We note that, while Inverse scale-
space methods offer more flexibility, they have less theoret-
ical understanding compared with variational methods. Ad-
ditionally, scale space methods can be reduced to solving
the problem in Equation (6a) using gradient descent, if we
choose s = ∇R and E to be time-invariant; however, typi-
cally, in Scale Space methods, s and E are time-dependent.

4 A Framework for Solving GRIP
In Section 3, we discussed generic regularization techniques
that have been used to solve general inverse problems. In this
Section, we discuss how such regularization techniques can
be adopted to solve GRIP. In particular, we identify two key
differences between inverse problems on a structured grid,
and inverse problems on graphs, as discussed below:
(i) Graph-Informed Regularizers. Because the problem is
defined on a graph, it is possible and desirable to leverage the
graph structure to obtain additional insights on the support of
the problem. Regularization techniques can incorporate the
connectivity and topology of the graph, enabling more in-
formed and precise recovery of the property x. For example,
smoothness constraints can be imposed, effectively promot-
ing solutions where neighboring nodes have similar values,
which is particularly useful in applications like homophilic
node classification (Zhou et al. 2004).
(ii) Utilization of Meta-Data in Graphs. While the ob-
served data dobs, defined in Equation (1), depends solely
on states x, in many cases, each node or edge in the graph
is associated with additional meta-data fM. This meta-data,
which may include attributes such as node positions, edge
weights, or additional features, is not required to compute
dobs, but it provides valuable supplementary information
that can enhance the regularization process. For example,
in applications related to 3D Computer Vision, where point
clouds and graphs are processed, it is common to have mul-
tiple types of features, such as xyz coordinates, point nor-
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mals, node-wise labels, as well as a global label of the graph.
Additionally, we note that in the absence of observed data
dobs, the proposed framework reduces to standard GNN ar-
chitectures, as discussed below. Overall, this two-fold con-
sideration of the graph structure and meta-data enables a
more holistic approach to solving GRIP, as we now discuss.

4.1 Classical Graph Regularization
We now discuss two classical regularization techniques that
can be used for the solution of GRIP.
Laplacian Regularization. A classical regularizer that has
been used extensively, especially in the case of graph com-
pletion (Nadler, Srebro, and Zhou 2009) is based on the
graph Laplacian L = D − A, whose smoothness regular-
ization is defined as

R(x) =
1

2
x⊤Lx. (8)

To solve the optimization problem in Equation (6a), where
E = I, it is common (Nadler, Srebro, and Zhou 2009) to use
a scaled gradient descent method that reads:

xk+1 = xk −H−1
(
J⊤
k (F (xk)− dobs) + αLxk

)
. (9)

Here, H is a symmetric positive-definite matrix, chosen to
accelerate the convergence of the method, and Jk is the
Jacobian of F at the k-th step. The choice H−1 = µI
yields the gradient descent. Alternatively, choosing H−1 =
µL−1, µ > 0 and α = 0 we obtain the scale space iteration:

xk+1 = xk − µL†J⊤
k (F (xk)− dobs). (10)

It was shown in Calvetti, Reichel, and Shuibi (2005) that
early termination of the iteration in Equation (10) gives sim-
ilar results to tuning the regularization parameter α in Equa-
tion (9). Thus, it is possible to use Equation (9) and tune α
as a hyper-parameter, or Equation (10) and tune the number
of iterations as a hyper-parameter and obtain similar results.
Tikhonov Regularization. The Tikhonov Regularization
technique (Tikhonov and Arsenin 1977), which promotes
solutions with low norms, is defined by replacing the Lapla-
cian L in Equation (8) by the identity matrix I.

4.2 Neural Graph Regularization
We discuss neural approaches for learning regularization for
GRIPs. All methods include terms that are dependent on the
graph G, and are implemented using a GNN. We provide
specific details on the GNN architecture in Appendix C.
Variational Methods. We consider the use of variational
regularization, discussed in Section 3, where the idea is
to learn the regularization using a GNN. In particular,
when working with graph data, there often exist additional,
meta-data, fM for each node. Thus, we modify the regu-
larization operator proposed in (Eliasof, Haber, and Treis-
ter 2023) to include meta-data, such that this regularization
R(x1, . . . ,xL, fM , {θl}Ll=1) reads:

R =

L−1∑
l=1

1

2
∥xl+1 − xl∥2 +

L−1∑
l=1

Φ(xl, fM ,G,θl). (11)

Here, the solution x = xL is embedded in the hidden states
x1, . . . ,xL and x̂ = xL is the predicted solution.

As shown in Equation (11), the regularization employs a
kinetic energy term and a potential energy term.

We now show the effect of the meta-data fM in this reg-
ularizer. To this end, consider the minimization problem in
Equation (6a), when there is no observed data dobs. That
is, we only minimize the regularization term. Differentiating
Equation (11) with respect to x yields the leapfrog scheme:

xk+1 = 2xk − xk−1 +∇xk
Φ(xk, fM ,G,θk). (12)

Equation (12) is a residual GNN with two skip connections,
also referred to as a neural network with hyperbolic dy-
namics (Ruthotto and Haber 2019), also studied for GNNs
in Eliasof, Haber, and Treister (2021); Rusch et al. (2022).
Thus, even without data dobs, if the meta-data fM has suffi-
cient information about the final state x, this regularization
can be sufficient to recover it. Having additional observed
data on the final state x can further improve the recovery. In
our experiments, we refer to this network as Var-GNN.
Inverse Scale-Space. The second technique we experiment
with is a modification of a learned inverse scale-space tech-
nique proposed in (Eliasof, Haber, and Treister 2024) for
solving inverse problems on a structured grid. We adapt it to
operate on graph problems. The dynamical system in Equa-
tion (7) is simply discretized in two steps, obtaining:

zk+ 1
2
= zk + µE⊤

k J
⊤
k

(
dobs − F (Ekzk,G)

)
(13a)

zk+1 = zk+ 1
2
− s(zk+ 1

2
, fM ,G,θk, tk). (13b)

For the embedding, Ek, we use a linear layer and a stan-
dard multilayer GNN for s with time embedding. We refer
to this method as ISS-GNN. Note that, similarly to Var-GNN,
in the absence of data dobs, the effective network reduces to
Equation (13b), which is a residual GNN. This implies that
ISS-GNN can utilize the meta-data fM to potentially recover
the state x, similar to standard uses of GNNs.
Proximal Methods. Another approach for solving inverse
problems that blends scale-space and variational methods
was proposed in (Adler and Öktem 2017; Mardani et al.
2018). Here, we modify the technique for graph learning.

In Proximal methods, the concept is to use proximal gra-
dient descent as a numerical method for the solution of the
optimization problem in Equation (6a). Such iteration reads:

xk+ 1
2
= xk − µJ⊤

k (F (xk)− dobs), (14a)

xk+1 = argminx
1
2∥x− xk+ 1

2
∥2 +R(x, fM ,θ).(14b)

This iteration can be computationally expensive due to the
cost of solving the optimization problem in Equation (14).
Therefore, Adler and Öktem (2017) and Mardani et al.
(2018) propose to learn the solution of the optimization
problem in Equation (14) with a network s that is:

s(xk+ 1
2
, fM ,G,θ) = argminx(

1

2
∥x− xk+ 1

2
∥2 +

R(x,G, fM,θ)). (15)

This approach leads to a two-stage network, where in the
first step, a gradient step is applied (Equation (14a)), which
aims to fit the data, and in the second step, a proximal step
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is applied (Equation (15)). In Adler and Öktem (2017), the
iteration in Equation (15) shares the same parameters θ for
every proximal step. In Mardani et al. (2018), the iteration is
unrolled, to learn a parameter θk per-iteration. This choice
unties the link to variational methods but increases the flexi-
bility of the method. In our experiments we follow Mardani
et al. (2018), and modify the method proposed there to oper-
ate on graphs. We call this network Prox-GNN, which unites
the two steps in Equation (14) as follows:

xk+1 = s
(
xk − µJ⊤

k (F (xk)− dobs), fM ,G,θk

)
, (16)

where s(·) is a GNN that uses observed data dobs and the
meta-data to solve the problem. It is interesting to observe
that, in the absence of observed data, we obtain a standard
feed-forward GNN that uses the meta-data to predict x.

5 Experiments
We evaluate the five models discussed in Section 4 on the
diverse set of GRIPs discussed in Section 2. We utilize sev-
eral datasets to demonstrate GRIPs, ranging from synthetic
graphs (CLUSTER) to geometric datasets (ShapeNet), natu-
ral images (CIFAR10), road traffic (METR-LA), and spread
of disease (Chickenpox-Hungary, shortened to CPOX). We
provide full details on the datasets and our motivation for
using them to demonstrate different problems, in Appendix
D. We also provide a comprehensive description of the train-
ing, evaluation, and hyperparameter selection procedures for
each problem in Appendix E, hyperparameter sensitivity re-
sults in Appendix F, and a discussion of the complexity and
runtimes of the methods, in Appendix G. Our code is imple-
mented in Pytorch (Paszke et al. 2017), and is available at
https://github.com/nafi007/GraphInverseProblems.
Research Questions. In our experiments, we seek to address
the following questions: (i) Can the framework proposed in
this paper be applied to various GRIPs? (ii) Do neural meth-
ods consistently perform better than classical methods, and
to what extent? (iii) What is the influence of using meta-data
on downstream performance?

5.1 Property Completion
In the Property Completion problem, defined in Equation
(2) and illustrated in Figure 1, for each graph, we randomly
sample nb nodes per class, and the selected nodes’ labels
are the observed data. For example, in Figure 5, we show
an example where the property to be recovered are the node
labels, and only nb per class of them are available as input,
besides possible meta-data such as coordinates. We present
results with nb = 4 in Table 1, and results on nb = 8, 16
in Appendix F. We observe an accuracy-increasing trend is
evident when increasing nb and a consistently better per-
formance offered by neural approaches. Also, we study the
effect of meta-data, as shown in Table 2 (and in Appendix
F), where a significant drop in performance is seen in the
models when meta-data was not used.

5.2 Inverse Source Estimation
We now discuss the results for the Inverse Source Estima-
tion problem, which is described by the forward operator in

Dataset Model Accuracy (%)↑ Data Fit (CE↓)

ShapeNet

LaplacianReg 74.90±0.00 3.87±0.00
TikhonovReg 6.91±0.00 3.71±0.00

Var-GNN 89.16±0.31 0.24±0.08
ISS-GNN 89.59±0.53 0.27±0.02
Prox-GNN 89.33±0.23 2.94±2.8·10−9

CLUSTER

LaplacianReg 70.13±0.00 1.78±0.00
TikhonovReg 34.64±0.00 1.12±0.00

Var-GNN 88.89±0.51 1.04±4.9·10−9

ISS-GNN 57.08±7.36 1.04±1.6·10−8

Prox-GNN 53.58±2.58 1.04±0.00

Table 1: Property Completion performance
(accuracy±standard deviation (%)) on the ShapeNet
and CLUSTER Datasets, with node budget per label per
graph nb = 4. The Cross-Entropy (CE) loss between the
observed and reconstructed data is shown for reference.

Meta-data Model Accuracy (%)↑ Data Fit (CE↓)

Yes Var-GNN 89.16±0.31 0.24±0.08
No 26.89±0.02 0.37±0.02
Yes ISS-GNN 89.59±0.53 0.27±0.02
No 26.45±0.02 3.01±1.0 · 10−6

Yes Prox-GNN 89.33±0.23 2.94±2.8 · 10−9

No 26.96±0.01 2.94±4.1 · 10−9

Table 2: The impact of meta-data within different networks,
on the Property Completion task on the ShapeNet datasets
with node budget per label per graph nb = 4. The CE is
between the observed and reconstructed data.

Equation (3) and Figure 2. In this problem, node states x
are diffused by k applications of the adjacency matrix where
k = 4, 8, 16, and their diffused result is the observed data.
As k grows, the problem becomes harder. The results with
k = 16 are reported in on the CLUSTER dataset in Table 3,
and on the CPOX dataset in Table 4, with additional results
in Appendix F. We note that in the case of inverse source
estimation, our ISS-GNN becomes similar to Huang et al.
(2023). Our results indicate that all neural methods achieve
better performance than classical methods.

5.3 Inverse Graph Transport
This Inverse Graph Transport is described by Equation (4)
and by Figure 3. We study the performance of the different
models for path lengths pl = 8, 16, 32, meaning that the ob-
served data at each node is an average of pl features of nodes
that lie on a path that starts from the respective node (as fur-
ther explained in Appendix D). The results with pl = 32 are
shown in Table 5, indicating that neural models significantly
outperform classical approaches, showing their problem ef-
ficacy at solving ill-posed problems.

5.4 Edge Property Recovery
We study a nonlinear inverse problem, differently than the
previously presented linear problems. Here, the goal is to re-
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Figure 5: A qualitative comparison of different methods on the property completion problem on ShapeNet. Grey points in
Observed Data indicate masked/unseen points. Neural approaches consistently outperform classical regularizers.

Method Accuracy (%)↑ Data Fit (CE↓)

LaplacianReg 26.28±0.00 1.75±0.00
TikhonovReg 26.28±0.00 1.76±0.00

Var-GNN 82.36±0.20 1.75±1.8 · 10−9

ISS-GNN 52.31±4.18 1.75±3.1 · 10−9

Prox-GNN 44.48±3.63 1.75±3.8 · 10−9

Table 3: Inverse Source Estimation accuracy±standard de-
viation (%) on CLUSTER dataset, with k = 16 diffusion
steps. CE is between the observed and reconstructed data.

Method nMSE↓ Data Fit (nMSE↓)

LaplacianReg 0.84±0.00 0.048±0.00
TikhonovReg 0.84±0.00 0.051±0.00

Var-GNN 0.59±0.01 5.9 · 10−11±0.00
ISS-GNN 0.59±8.4 · 10−5 5.5·10−11±0.00
Prox-GNN 0.73±0.00 1.0 · 10−5 ± 0.00

Table 4: Inverse Source Estimation normalized-mean-
squared error (nMSE) of the error and data-fit on the
Chickenpox-Hungary dataset, with k = 16 diffusion steps.

cover edge weights given data that was diffused using these
weights, as described in Equation (5) and by Figure 4. Re-
sults on the superpixels CIFAR10 dataset are shown in Table
6, where we see that classical methods struggle to offer a low
relative error, compared with 5 times lower (better) error
given by Var-GNN and ISS-GNN. The results on different
GRIPs and datasets show the generality of the framework.

6 Conclusions and Discussion
In this paper, we propose a framework for Graph Inverse
Problems. We show that while GRIPs can have very dif-

Model nMSE↓ Data Fit (nMSE↓)

LaplacianReg 0.61±0.00 0.11±0.00
TikhonovReg 0.36±0.00 0.04±0.00

Var-GNN 0.004 ±2.0 · 10−5 8.2 · 10−6±0.00
ISS-GNN 0.21±5.9 · 10−5 0.004±7.9 · 10−6

Prox-GNN 0.21±3.5 · 10−3 0.003±1.4 · 10−4

Table 5: Inverse Graph Transport normalized-mean-squared-
error (nMSE) on the METR-LA dataset with pl = 32.

Model nMSE↓ Data Fit (nMSE↓)

LaplacianReg 0.598±0.00 0.0697±0.00
TikhonovReg 0.626±0.00 0.0581±0.00

Var-GNN 0.114±0.03 0.073±2.4 · 10−5

ISS-GNN 0.122±0.02 0.078±3.9 · 10−5

Prox-GNN 0.434±0.02 0.023±6.8 · 10−6

Table 6: Edge Property Recovery results on the CIFAR10
(superpixels) dataset.

ferent forward problems, the recovery process can be ad-
dressed in a very similar fashion. We have experimented
with a number of architectures for the solution of the prob-
lem, ranging from classical ones to learned ones. We ob-
serve that learning the regularization typically improves over
unlearned regularization techniques. One important feature
of GRIPs is the varying graph structure, and the second is
the presence of meta-data. While meta-data is common for
GRIPs, it is much less common for other inverse problems.
We also show that using learned graph-based regularizations
provides a natural way to include meta-data in the inversion
process, leading to improved solutions.
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