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Abstract

By classic results in social choice theory, any reasonable pref-
erential voting method sometimes gives individuals an incen-
tive to report an insincere preference. The extent to which
different voting methods are more or less resistant to such
strategic manipulation has become a key consideration for
comparing voting methods. Here we measure resistance to
manipulation by whether neural networks of various sizes can
learn to profitably manipulate a given voting method in ex-
pectation, given different types of limited information about
how other voters will vote. We trained over 100,000 neural
networks of 26 sizes to manipulate against 8 different voting
methods, under 6 types of limited information, in committee-
sized elections with 5-21 voters and 3—6 candidates. We find
that some voting methods, such as Borda, are highly manip-
ulable by networks with limited information, while others,
such as Instant Runoff, are not, despite being quite profitably
manipulated by an ideal manipulator with full information.
For the three probability models for elections that we use, the
overall least manipulable of the 8 methods we study are Con-
dorcet methods, namely Minimax and Split Cycle.

Code — https://github.com/epacuit/Itm

Introduction

A fundamental problem in multi-agent decision making
is that of aggregating heterogeneous preferences (Conitzer
2010). Voting theory provides many possible methods of
preference aggregation with different benefits and costs
(Zwicker 2016). However, no reasonable preferential voting
method escapes the problem of manipulability. As shown
by classic results such as the Gibbard-Satterthwaite theorem
(Gibbard 1973; Satterthwaite 1973) and its generalizations
(Duggan and Schwartz 2000; Taylor 2005), for any such vot-
ing method, there is some preference profile in which some
voter has an incentive to report an insincere preference in
order to obtain a result that is preferable, according to their
sincere preference, to the result they would obtain if they
were to submit their sincere preference. Thus, sincere vot-
ing is not a Nash equilibrium of the game derived from this
preference profile, where the players are the voters and the
actions are the possible preference rankings to report.
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However, the mere existence of a preference profile in
which a voter has an incentive to misreport their preferences
tells us little about the frequency with which a voter will
have such an incentive or the difficulty of recognizing that
such an incentive exists—under either full information or
limited information about the profile. Thus, a manipulable
voting method might be relatively resistant to manipulation,
either because the frequency just cited is low, the difficulty
just cited is high, or a mixture of both factors. Such re-
sistance to manipulation has been considered an important
criterion for comparing voting rules (Merrill 1988; Green-
Armytage, Tideman, and Cosman 2016).

As for the difficulty of manipulation, there is now a large
literature in computational social choice on the worst-case
complexity of computing whether there is a strategic ranking
that will elect a desired candidate. Faliszewski and Procac-
cia (2010) call this “AI’s war on manipulation.” A series of
hardness results have been proved since Bartholdi, Tovey,
and Trick 1989 and Conitzer, Sandholm, and Lang 2007.
There is evidence for and against the view that high worst-
case computational complexity is a barrier to manipulation
(Walsh 2011), and the situation with average-case manipu-
lability might be quite different (Mossel and Racz 2013).

In this paper, we take a different approach than previous
work, measuring resistance to manipulation by whether neu-
ral networks of various sizes can learn to profitably manip-
ulate a given voting method in expectation, given different
types of information about how other voters will vote. Like
the classic results on manipulation, we focus on the case of
a single manipulating voter. A single voter can almost never
affect the outcome of a large election with thousands of vot-
ers or more by changing their vote, so rational manipulation
by a single voter is most relevant for small elections in com-
mittees, boards, etc. The classic results on manipulation also
in effect assume that the manipulator knows exactly how all
other voters will vote, which is unrealistic in many voting
contexts. By contrast, we train neural networks to manipu-
late on the basis of different types of limited information.

Related work

Manipulation under Limited Information A number of
previous papers study whether a voter can successfully ma-
nipulate in an election under limited information about how
other voters will vote (Myerson and Weber 1993; Conitzer,



Walsh, and Xia 2011; Reijngoud and Endriss 2012; Meir,
Lev, and Rosenschein 2014; Endriss et al. 2016; Lang 2020;
Veselova 2023), including through the use of heuristics
(Chopra, Pacuit, and Parikh 2004; Laslier 2009; Meir 2018;
Fairstein et al. 2019). The information of the manipulator is
typically represented by a set of preference profiles, all of
which agree on (i) the manipulator’s own preferences and
(ii) some other partial information (e.g., all profiles in the
manipulator’s information set agree on who will win the
election if the manipulator votes sincerely, or all profiles in
the set are such that for each of the other voters 7, 7’s rank-
ing in the profile extends some known partial order over the
candidates that the manipulator attributes to ¢), perhaps sup-
plemented with a probability measure over such profiles (Lu
et al. 2012). By contrast, in this paper we will represent lim-
ited information by the inputs to a neural network.

Machine Learning and Voting Theory Several previous
works apply machine learning to problems in voting theory,
though not in the way we do here. Anil and Bao 2021, Burka
et al. 2022, and Matone et al. 2024 study the learnability of
various voting methods; Kang, Han, and Xia 2023 studies
learning how to explain election results for various voting
methods; and Armstrong and Larson 2019 and Firebanks-
Quevedo 2020 use machine learning to create new voting
methods satisfying desiderata. But none of these papers dis-
cuss learning to manipulate as a voter. Manipulation is stud-
ied in Airiau, Grandi, and Perotto 2017, but only in the con-
text of iterative voting,1 whereas we focus on learning to
manipulate in traditional elections, where the final winner is
immediately computed after all voters submit their rankings.

Machine Learnability as a Metric of Task Difficulty
Sufficiently large neural networks are able to learn arbi-
trarily complex functions, including fitting to random data
(Zhang et al. 2017). If the model is not large enough to
fully memorize the training data, however, learning the train-
ing data requires generalization. In the fields of reinforce-
ment learning and natural language processing, it is com-
monly held that more complex problems may require larger
and more complex networks. Indeed, previous work has
shown that model performance grows as the number of
learnable parameters increases (Hestness et al. 2017; Gol-
ubeva, Neyshabur, and Gur-Ari 2021). In this paper, we use
required model size as a proxy for task difficulty. Not only
has learnability by neural networks been taken to be sugges-
tive of human learnability (Steinert-Threlkeld and Szymanik
2020), but also humans may use a neural network to help
them manipulate an election under limited information.

Preliminaries

Given a set V' of voters and a set X of candidates, a pref-
erence profile for (V, X) is a function P assigning to each
1 € V alinear order P, of X. Where Q is a preference pro-
file for (V, X), 7 ¢ V, and P; is a linear order of X, we write

'In iterative voting, after all voters submit rankings and a ten-
tative winner is announced, the voters are allowed to sequentially
change their rankings, with a new tentative winner announced after
each change, until an equilibrium is reached.
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(P;, Q) for the preference profile that assigns to 4 the linear
order P; and assigns to each j € V the linear order Q;.
For a profile P and voter ¢ € V, let P_; be the profile for
(V' \ {i}, X) obtained by restricting P to all voters except
i, so we may write P = (P;,P_;). For a candidate a € X,
let P_,, be the profile for (V, X \ {a}) obtained from P by
restricting each voter’s linear order to X \ {a}.

Given a profile P and candidates a,b € X, the margin of
avs. bin P, denoted Marging (a, b), is the number of voters
who rank a above b minus the number who rank b above a
in P. A Condorcet winner in P is a candidate ¢ € X with a
positive margin over every a € X \ {c}.

A utility profile for (V, X) is a function U assigning to
each ¢ € V a utility function U; : X — R, where we
assume that U;(z) # U, (y) whenever x # y.> Given such a
utility profile U, its induced preference profile P(U) assigns
to each ¢ € V the linear order >; defined by

x> yiff Uye) > Ui(y). ()

A (preferential) voting method for (V, X) is a function F
whose domain is the set of preference profiles for (V, X)
such that for any P € dom(F’), we have @ # F(P) C X.
We list the voting methods we study in the next subsection.

In case F'(P) has more than one element, we assume an
even-chance lottery F;(P) on F'(P) determines the ultimate
tiebreak winner. Thus, given a utility function U; on X, the
expected utility of this lottery is given by

|F'(P)]
Given a voting method F, utility profile U for (V, X) with

P = P(U), and voter ¢ € V, we say that a linear order P/,
of X is a profitable manipulation of F at U by i if

EU,(F,(P;,P_;)) > EU,(F((P)).

EU;(Fy(P))

2

We say P, is optimal if the left-hand side of (2) is maximized
for P, among all possible linear orders of X. We assume, as
in standard decision theory (Kreps 1988), that our manip-
ulating agent aims to maximize expected utility and hence
aims to submit an optimal ranking.

A voting method F' is manipulable at U by 1 if there is
some profitable manipulation of F' at U by ¢; and F' is ma-
nipulable if there is some utility profile U and voter ¢ such
that F' is manipulable at U by <. This notion of manipula-
bility of F' coincides with the notion of manipulability of F'
in Gibbard 1977 when we regard F' as a probabilistic voting
method that assigns to each profile P the lottery Fy(P).

Voting Methods

In this paper, we focus on eight preferential voting methods:
Plurality: the winners are those candidates who receive
the most first-place rankings from voters.
Instant Runoff with parallel-universe tiebreaking (IRV-
PUT): if more than half of the voters rank the same candidate
a in first place, then a wins; otherwise a candidate a is an

The probability models for utility profiles that we use make a
tie in the utilities of distinct candidates a measure zero event.



IRV-PUT winner if for one of the candidates b who received
the fewest first-place votes in P, a is the IRV-PUT winner in
the profile P _j,.

Borda: a candidate receives 0 points from each voter
who ranks them in last place, 1 point from each voter who
ranks them in second-to-last place, 2 points from each voter
who ranks them in third-to-last place, etc., yielding a Borda
score; the candidates with maximal Borda score win.

Black’s: if there is a Condorcet winner, that candidate
wins; otherwise the Borda winners win.

Minimax: the winners are those candidates ¢ who mini-
mize the quantity max{Marginp(b,a) | b € X}.

Nanson: iteratively eliminate all candidates with less than
average Borda score until there are no such candidates. The
remaining candidates are Nanson winners.

Split Cycle: the margin graph of a profile is the weighted
directed graph whose nodes are candidates with an edge
from a to b of weight k if a has a positive margin of k vs. b.
In each cycle in the graph (simultaneously), delete the edges
with minimal weight. Then the candidates with no incoming
edges are the winners.

Stable Voting: if there is only one Split Cycle winner in
P, they win; otherwise find the pairs of candidates (a,b)
where a is a Split Cycle winner with the maximal margin
of a vs. b such that a is a Stable Voting winner in P_;, and
declare a a winner in P.

Plurality, Instant Runoff, and Borda are perhaps the most
famous of preferential voting methods. Plurality has been
used for many centuries, and Instant Runoff and Borda date
back to at least the 18th century. For Instant Runoff, there
are multiple ways of handling ties in the number of first-
place votes.> The PUT version is popular in computational
social choice (Wang et al. 2019).

All of the other methods are Condorcet consistent in
the sense that if there is a Condorcet winner, that candi-
date is the unique winner according to the method. Plural-
ity, Borda, and IRV-PUT all violate Condorcet consistency.
Black’s (Black 1958) and Minimax (Simpson 1969; Kramer
1977) are two of the most well known Condorcet methods.

The Nanson* method (Nanson 1882) has previously been
studied in connection with strategic voting. In Narodytska,
Walsh, and Xia 2011, it is shown that the problem of ma-
nipulating Nanson (and the related Baldwin method) so as
to elect a desired candidate is NP-hard when the number of
candidates is allowed to increase.

Finally, we include the recently proposed Split Cycle vot-
ing method (Holliday and Pacuit 2023a), whose manipu-
lability has been studied in Durand 2023, as well as one

3 Another version of IRV, as in Taylor and Pacelli 2008, simulta-
neously eliminates all candidates with the fewest first-place votes
in a given round, unless all candidates have the same number of
first-place votes, in which case all win.

“There are two versions of Nanson, one that removes all candi-
dates with below average Borda score (Strict Nanson) and one that
removes all candidates with less than or equal to average Borda
score (Weak Nanson) unless doing so eliminates everyone. Appar-
ently Nanson himself had in mind Weak Nanson (Niou 1987), but
most of the literature in computational social choice focuses on
Strict Nanson (see Brandt et al. 2016), so we do as well.
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of its refinements,” the Stable Voting method (Holliday
and Pacuit 2023b). These methods satisfy not only Con-
dorcet consistency but also the stronger property—rviolated
by Minimax—of Smith consistency, meaning that their win-
ners always belong to the Smith set, the smallest set of can-
didates such that every candidate inside the set beats every
candidate outside the set head-to-head. No previous work
has studied the manipulability of Stable Voting, so studying
this method tests if our approach can predict the manipula-
bility of a method as measured in other ways in the future.

Learning to Manipulate

How difficult is it for a computationally bounded agent to
learn to manipulate against a given voting method under
limited information? In this paper, we study this question
through training and evaluating many multi-layer percep-
trons (MLPs) with increasing numbers of learnable param-
eters. These MLPs act as function approximators for prof-
itable manipulation policies for a given voting method and
type of limited information. We can evaluate the manipula-
tion resistance of a voting method by the size and complexity
of the MLP required to learn a profitable manipulation pol-
icy, as well as the average profitability of learned policies.

We use MLPs as our underlying architecture because they
impose no structural assumptions on the input data. This
flexibility is particularly important in our experiments, as we
compare a variety of types of limited information, each with
its own structure (see below). To ensure that our results in
this initial investigation are not biased toward any specific
type of information, we chose an architecture that does not
depend on structural assumptions about sequence and order
(as with transformers) or local patterns (as with CNNGs).

Implementation Details

We optimize weights 6 of an MLP f whose input = consists
of a utility function U, for our manipulating voter v, as well
as some limited information I about the full utility profile U
(see below). We apply a softmax to the output of the MLP to
generate a probability distribution over all possible actions
of v, namely the m! possible rankings, labeled O through
m! — 1, that v can submit, as in (3):

fo(x) = m(z) = [P(0]z), P(1]z), ..., P(m! —1[z)]. (3)

Note that v is allowed (though there is no special incentive)
to submit the sincere ranking given by their utility function.

Probability models for profiles To generate utility pro-
files for our experiments described below, we first used a
standard uniform utility model (see, e.g., Merrill 1988,
p. 16): for each voter independently, the utility of each candi-
date for that voter is drawn independently from the uniform
distribution on the [0, 1] interval.

We also used a spatial 2D model: each candidate and
each voter is independently placed in R? according to the
multivariate normal distribution (as in Merrill 1988) with

SA voting method F refines a method G if for any profile P,
F(P) C G(P). Other refinements of Split Cycle include Beat Path
(Schulze 2011) and Ranked Pairs (Tideman 1987).



no correlation between the two dimensions; the utility of
a candidate for a voter is the negative of the square of the
Euclidean distance between the candidate and the voter (us-
ing the quadratic proximity utility function as in Merrill and
Grofman 1999, p. 21).

Finally, we used the normalized Mallows model from
Boehmer, Faliszewski, and Kraic 2023, § 2.2 with the dis-
persion parameter set to ¢ = .8. This Mallows model gen-
erates preference profiles, which we turn into utility profiles
by randomly choosing for each ballot (though we really only
need to do this for the manipulator v) a utility function that
induces the ballot as in (1). We do so by choosing m utilities
from the uniform distribution on [0, 1] and then assigning the
highest utility to the top ranked candidate on the ballot, the
second highest utility to the second ranked candidate, etc.

These utility profiles can then be parameterized as 2D ma-
trices, U € R™"*™, where n is the number of voters, m is the
number of candidates, and U[i, c] € R. To select the utility
function for a given voter ¢ is to select the row Uj.

Choices of Limited Information We experimented with
providing different types of input to the MLP, including the
following types that are often taken to be natural forms of
polling information in voting theory (see, e.g., Reijngoud
and Endriss 2012, § 2.2, Veselova 2023):

the plurality score of each candidate a, defined as the
number of voters whose favorite candidate is a. I € N™

the plurality ranking, i.e., the ordinal ranking of the
candidates by their plurality scores. I € N™

the margin matrix of dimension m x m, where an inte-
ger k in the (a, b)-coordinate of the matrix indicates that
the margin of a vs. bis k. [ € Z™*™

the majority matrix, obtained from the margin matrix by
replacing all positive entries by 1 and all negative entries
by —1.1 € {-1,0,1}™*™

the qualitative margin matrix, obtained from the mar-
gin matrix by replacing each positive margin by its rank
in the ordering of margins from smallest to largest, and
then adding negative entries so that the resulting matrix
is skew-symmetric. [ € Z™*™

the sincere winners, i.e., the candidates who would win
according to the sincere profile P. I € {0,1}™

These additional inputs are flattened and concatenated to v’s
utility function before being used as input to the MLP.
Note, crucially, that the full preference profile P is not
uniquely determined by any of the types of limited infor-
mation above. If the manipulating voter v had full knowl-
edge of P, they could simply compute which of the m! lin-
ear orders would be optimal to submit given P_;. But if v
has only some limited information I, e.g., the margin ma-
trix, then there is a set P(I) of preference profiles that could
have generated the given limited information /. Where p is
the probability distribution on preference profiles induced by
our probability distribution on utility profiles, it might not be
feasible for v to sample sufficiently many profiles from the
conditional distribution x(- | P(I)) in order to obtain a good
estimate of the expected utility of submitting a linear order,
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when the limited information is I, for each of the m! linear
orders.® Rather than investigating such a sampling approach,
in this paper we will train an MLP to input I and output an
optimal ranking given v’s utilities.

Also note that information sufficient for determining the
sincere winner according to a voting method—e.g., the plu-
rality ranking for Plurality, the qualitative margin matrix for
Minimax, Split Cycle, and Stable Voting, etc.—is not neces-
sarily sufficient for determining who would win after a par-
ticular manipulation.

Labeling We framed the learning objective as a classifica-
tion task. Given a voting method and utility profile, we used
the following labeling of each of the m! possible rankings v
could submit:

* optimizing labeling: all optimal rankings to submit are
labeled by 1, and all other rankings are labeled by 0.’

The output of our MLPs is a distribution over all m!
rankings given some information x about the current util-
ity profile. It is equally valid for our agent to choose any
of the positively-labeled rankings. We treat the binary la-
belings as a mask over the rankings and reduce the distri-
bution 7(z) to two values: the probability of choosing a
positively-labeled ranking or not. We compute the final loss
as the mean-squared error between this reduced distribu-
tion and the distribution assigning probability 1 to choos-
ing a positively-labeled ranking and O to choosing a non-
positively-labeled ranking.®

Evaluation

To evaluate how well a given MLP has learned to manip-
ulate, we must convert its output distribution over rankings
into a single ranking. To do so, we use the following decision
rule:

» argmax: select the ranking with the maximum probabil-
ity in the output of the MLP.

As our metric for the profitability of the MLP’s decision,
we use the difference between the left and right-hand sides

SFor some types of limited information, such as the plurality
ranking, a simple rejection sampling approach is feasible: sam-
ple profiles according to p and throw out those that do not realize
the given plurality ranking. Since there are relatively few plural-
ity rankings, one rapidly acquires many profiles realizing a given
plurality ranking. By contrast, since there are vastly more margin
matrices, it may be necessary to sample a huge number of profiles
before finding sufficiently many that realize a given margin matrix.

"We duplicated our experiments with a satisficing labeling (if
there are profitable manipulations, they are labeled by 1, and all
other rankings are labeled by 0; otherwise all rankings that do at
least as well as the sincere ranking are labeled by 1 and all others
by 0), but MLPs trained with this labeling had qualitatively indis-
tinguishable results from those trained with the optimizing label-
ing.

8 After a first run of our experiments, we reran the entire exper-
iment for the uniform utility model with the final loss computed
as the binary cross-entropy loss, but this did not lead to any sub-
stantial difference in the performance of trained MLPs that would
affect our conclusions (see the GitHub repository for details).



of (2) normalized by the greatest possible utility difference
according to U;:

EU,;(F,(P;,P_;)) — EU;(F,(P))
max({U;(z) |z € X}) —min({U;(z) |z € X})

We call this the profitability of P} with respect to F, U, .
The normalization in (4) is the standard normalization for
relative utilitarianism (Dhillon and Mertens 1999), which
we use to compare utility differences across profiles. In-
deed, (4) is equivalent to taking the difference in the Kaplan-
normalized (d’Aspremont and Gevers 2002, p. 470) ex-
pected utilities of submitting P’ and of submitting P, where
@ =max({U;(z) | z € X}), & = min({U;(z) | z € X}):

“

EU,(F/(P,,P_)) —i _BU(F(P) —

U — U

U — U

Note that for a particular decision by an MLP, the numer-
ator of (4) may be negative, i.e., the MLP may be worse off
by submitting an insincere ranking P’ than they would have
been by submitting the sincere ranking P.

For a given trained MLP, we sample utility profiles ac-
cording to one of our probability models and compute the
average profitability of the MLP’s submitted rankings. We
take the average profitability that is achieved against a given
voting method as a measure of a voter’s incentive to manip-
ulate against that voting method. This is a more revealing
measure than the frequency with which the trained MLP ma-
nipulates against a voting method, since many of the MLP’s
manipulations may be no better than sincere voting.

For the number of profiles to sample, we continued sam-
pling until the estimated standard error of the mean (Robert
and Casella 2004, § 3.2) for profitability fell below 5e-4, re-
sulting in small error bars (see Figure 2).°

Baselines For baseline comparisons, we consider an agent
with full information about a profile and unbounded com-
putational resources, who always picks one of the optimal
rankings to submit. We estimated the average profitability
as in (4) of this agent’s submitted ranking across many sam-
pled elections, where as above we continued sampling until
the estimated standard error of the mean fell below 5e-4.

Training Setup

For each voting method F, each n € {5,6,10, 11,20, 21},
each m € {3,4,5,6}, each choice of an input type for the
MLP, and each choice of a model size (see the x-axis of
Figure 2), we trained one or more “generations” of MLPs
with that model size to manipulate elections with n voters
and m candidates run using F', resulting in over 100,000
trained MLPs. For a given generation, we used the same ini-
tialization of MLP weights and the same training, validation,
and evaluation profiles for every MLP for n voters and m
candidates. Across generations, we varied the initialization
of MLP weights and used different training, validation, and

The number of profiles sampled for evaluation of an MLP was
at least 4,096 with an average of approximately 36,000 and a stan-
dard deviation of approximately 31,000.
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evaluation profiles, to provide reassurance that our results
were not due to lucky initial weights or profiles. All elec-
tions and labels were pre-computed so training could rely
fully on the GPU.

We experimented with training the MLPs using different
numbers of iterations—between 100 and 1000—different
learning rates—1e-3, 3e-3, and 6e-3—and different batch
sizes—?256 and 512. We hand-tuned these hyper-parameters
to try to maximize the performance of all MLPs across all
voting methods and profile sizes. For the final training run
reported here, we use a batch size of 512 and a learning rate
of 6e-3. We train all models for at least 220 iterations and
then terminate training with an early stopping rule: after ev-
ery 20 iterations, we measure the average profitability on
a validation batch of 4,096 elections. If 10 validation steps
pass without an improvement of at least .001 in average prof-
itability of the submitted ranking, we terminate training.'”

Computing Infrastructure All code was written in
Python using PyTorch, version 2.0.1, and the pref_voting li-
brary (pypi.org/project/pref-voting/), version 0.4.42 or later.
Training and evaluation were parallelized across nine lo-
cal Apple computers with Apple silicon, the most powerful
equipped with an M2 Ultra with 24-core CPU, 76-core GPU,
and 128GB of unified memory, running macOS 13, as well
as up to sixteen cloud instances with Nvidia A6000 or A10
GPUs running Linux Ubuntu 18.04.

Results

The average profitability of submitting the optimal ranking
in each election (see Baselines above) with different voting
methods is shown by the black bars in Figure 1. The other
colored bars are for MLP-based manipulators with differ-
ent types of limited information. Figure 1 shows data for
the performance (averaging over different numbers of can-
didates and voters) of the best performing MLPs (for each
number of candidates, number of voters, voting method, and
choice of information) with any hidden layer configuration.

Figure 2 and Supplementary Figures A.2-B.3 show the
performance of MLPs with each of the 26 different hid-
den layer configurations we tested, focusing on 6 candi-
dates, 10/11 voters, and different choices of limited infor-
mation. All Supplementary Figures cited are available at
github.com/epacuit/ltm/blob/main/supplementary-figures.pdf.

These figures all cover the first generation of trained
MLPs. Results for the second and third generations of
trained MLPs are qualitatively similar to the first (see the
GitHub repository), though we lack a sufficient number of
generations to make quantitative statistical claims.!! The
following qualitative highlights are robust across genera-
tions. All claims are implicitly qualified to apply to elections
with 3-6 candidates and 5-21 voters.

9The average number of training iterations of each MLP was
approximately 600 with a standard deviation of approximately 250.

""However, we can make claims of statistical significance about
the differences in performance between two particular, trained
MLPs, e.g., one trained using the majority matrix vs. one trained
using the plurality scores (see the GitHub repository).
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Figure 1: Left: the average profitability of submitted rankings by the best performing MLP with any hidden layer configuration
for a given voting method and information type, averaging over 3—6 candidates and 5, 6, 10, 11, 20, and 21 voters. Right: the
ratio of the average profitability of the MLP’s submitted ranking to that of the ideal manipulator’s submitted ranking.
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Figure 2: Results using the uniform utility model with 6 candidates and 10/11 voters for MLPs manipulating on the basis
of the plurality scores or majority matrix. Error bars indicate twice the estimated standard error of the mean. Hidden layer
configurations of trained MLPs are shown on the x-axis. Versions of this figure for the Mallows model, spatial 2D model, and
different types of limited information appear in Supplementary Figures A.2-B.3.

13921



Differences across probability models

Comparing the results for the three probability models in
Figure 1, we see that MLPs achieved the highest profitabil-
ity in manipulating against voting methods in elections gen-
erated by the uniform utility model, followed by the Mal-
lows model, followed by the spatial 2D model. While the
graphs for Mallows are roughly scaled down versions of
those for the uniform model, it is striking that for the spatial
2D model, even the best MLPs could not learn to profitably
manipulate against Minimax, Nanson, and Split Cycle.'? On
the other hand, the comparative usefulness, for manipulating
against each voting method, of the different types of limited
information is largely the same under all three models (this
is true even for Minimax, Nanson, and Split Cycle under the
spatial model, looking at which types of information pro-
duce less negative results). We conjecture that these findings
about types of limited information are robust across other
standard probability models as well.

The importance of majorities

With the uniform utility and Mallows models, sufficiently
large MLPs learned to profitably manipulate all eight voting
methods on the basis of knowing only the majority matrix,
though the profitability of such manipulation varied dramat-
ically across methods. Interestingly, we did not find a sub-
stantial increase in profitability of manipulation for MLPs
that learned to manipulate based on the more informative
margin matrix instead of the majority matrix, except in
the case of Borda and Black’s (especially for 6 candidates,
as shown in Supplementary Figures B.1-B.3). In fact, the
qualitative margin matrix was about as useful as the mar-
gin matrix for learning to manipulate Borda and Black’s.

The limited usefulness of plurality scores

While knowing the plurality scores is obviously useful
for manipulating Plurality and somewhat useful for several
methods for 3 candidates (though less useful for 4 or 5), it
was insufficient in 6-candidate elections for profitably ma-
nipulating methods other than Plurality (though Borda may
be barely manipulable in this case), as shown in Figure 2
and Supplementary Figures A.2—A.3. Moreover, in the case
of manipulating Plurality, learning to manipulate on the ba-
sis of the plurality ranking led to profitability comparable
to learning on the basis of the plurality scores themselves
(see Figure 1).

12 A natural thought to explain this is that Minimax, Nanson, and
Split Cycle are Condorcet consistent, and there is a high frequency
of Condorcet winners under the spatial 2D model (yet this must be
squared with the results for Stable Voting). However, even when
there is a Condorcet winner in P and we are using a Condorcet
voting method, a voter may still have an incentive to submit an
insincere ranking in order to create a majority cycle, possibly re-
sulting in a different winner. On the other hand, such possibilities
are evidently rare and difficult to learn to exploit.
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Highly manipulable vs. resistant methods

Plurality and especially Borda have long been regarded as
highly manipulable.'® Our results show that this is so even
under limited information, e.g., the majority matrix. The ma-
nipulability of Borda seems to infect Black’s method as well,
as it uses Borda when there is no Condorcet winner.

IRV-PUT was quite resistant to manipulation on the basis
of limited information, despite the fact that it is more ma-
nipulable than some others by an ideal manipulator. In addi-
tion, Minimax and Split Cycle stood out for their resistance
to manipulation, especially under the spatial 2D model. For
the uniform utility and Mallows models, it is noteworthy that
while Minimax and Split Cycle were not much more prof-
itably manipulable than IRV-PUT on the basis of the major-
ity matrix, qualitative margin matrix, or margin matrix
in absolute terms, MLPs came closer to the ideal manipu-
lator for learning to manipulate Minimax and Split Cycle
based on this information than for IRV-PUT (see Figure 1),
which is more manipulable by an ideal manipulator. Another
noteworthy difference is that an MLP with only the sin-
cere winners information can achieve between 30-40% of
the profitability of an ideal manipulator when manipulating
against IRV-PUT (see Figure 1), whereas the average prof-
itability of manipulation by an MLP with sincere winners
information is negative or barely positive when manipulat-
ing against Minimax or Split Cycle.

The subtleties of tiebreaking

As noted in Footnote 3, there are different ways of dealing
with ties in first-place votes for Instant Runoff. This actually
leads to significant differences with respect to single-voter
manipulability under 3 candidates and an even number of
voters (see Supplementary Figure C.1). Of course, manipu-
lation by a single voter is only possible in very close elec-
tions, in which case ties matter.

Parity of the number of voters

The parity of the number of voters is a key factor for some
methods. This is most striking for Stable Voting (also see
Black’s), which is barely manipulable with 11 voters but
more manipulable with 10 (see Figure 2 and Supplementary
Figures A.2—-A.3). A key difference is that with 10 voters, it
is possible to have margins of zero between candidates, in
which case a single voter has more manipulative power un-
der Stable Voting, which produces fewer tied elections in the
presence of zero margins than other methods like Minimax.

Effect of the number of candidates

For an ideal manipulator, manipulation becomes more prof-
itable as the number of candidates increases (see Figure 3
and Supplementary Figures D.2-D.3). The same can be true
for an MLP-based manipulator up to a point, e.g., 4 or 5

Borda declared that his method was “intended for only honest
men” (Black 1958). Based on heuristic algorithms for manipulating
Borda, Walsh (2011) concludes that “Borda voting can usually be
manipulated with relative ease” (p. 13). For empirical results on
manipulation of Borda by humans, see Kube and Puppe 2009.
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candidates for most voting methods when using the major-
ity, qualitative margin, or margin information. However, the
ratio between the profitability of the MLP-based manipula-
tor’s submitted rankings and those of the ideal manipulator
declines as the number of candidates increases from 3 to 6
(again see the figures just cited). This is intuitive, as manip-
ulation should increase in complexity with more candidates.

Profitability and ease of learnability

Not only is it more profitable to manipulate, say, Borda than
Stable Voting, but it is also easier to learn—in the sense of
requiring smaller MLPs: whether we consider one, two, or
three hidden layers, a smaller network is needed to learn to
profitably manipulate Borda compared to Stable Voting on
the basis of the majority or margin matrix (see Figure 2 and
Supplementary Figures A.2—-B.3).

Worst-case complexity vs. learnability

Despite the NP-hardness (when we allow the number of can-
didates to increase) of deciding if one can manipulate Nan-
son so as to elect a desired candidate, it is still possible (un-
der the uniform utility and Mallows models) to learn to ma-
nipulate Nanson to achieve an increase in expected utility. In
this connection, it would be interesting to study learning to
manipulate with more candidates.

Conclusion

In committee-sized elections (5-21 voters), MLPs can learn
to vote strategically on the basis of limited information,
though the profitability of doing so varies significantly be-
tween different voting methods. This serves as a proof of
concept for the study of machine learnability of manipula-
tion under limited information. There are a number of natu-
ral extensions for future work, including manipulation by a
coalition of voters, additional probability models for gener-
ating elections, and training an MLP to manipulate in elec-
tions with varying numbers of voters and candidates (rather
than training different MLPs for each choice of a number
of voters and number of candidates). Our code is already
set up to handle these extensions, which only require more
compute. However, further research is needed on other ques-
tions: What if all agents in the election strategize? What is
the social cost or benefit of the learned manipulations? How
do different neural network architectures affect results? Fi-
nally, one limitation of the classification approach in this pa-
per is that it is infeasible to apply to more than 6 candidates.
To overcome this limitation, we plan to develop a reinforce-
ment learning approach to learning to manipulate.
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