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Abstract

List Update is a fundamental problem in online algorithms,
with a well-known 2-competitive algorithm that moves every
requested element to the front. Randomization can slightly
improve the competitive ratio to 1.6, but not beyond 1.5.
However, practical inputs are not adversarial and one hopes
to do better, particularly when additional information from a
machine learning oracle is available. With access to predic-
tions, the goal is to incur only a slight overhead compared to
the prediction’s accuracy, avoiding significant costs in case of
substantial deviation.
We propose a (1 + 𝜖)-smooth randomized algorithm, offer-
ing robustness of 𝑂 (1/𝜖4). This guarantees that the algorithm
never exceeds a cost greater than 1 + 𝜖 times the prediction
cost, while maintaining a bound within 𝑂 (1/𝜖4) of the opti-
mal cost for every possible sequence. In cases where no paid
swaps are permitted for the prediction, we can improve ro-
bustness to 𝑂 (1/𝜖2) while retaining 1 + 𝜖 smoothness. We
complement these findings by demonstrating a lower bound
of Ω(1/𝜖) on the robustness for deterministic algorithms and
Ω(log(1/𝜖)) for randomized ones. Finally, the experiments
we have made show that our algorithms perform better than
the standard competitive algorithms for this problem.

Introduction
The List Update problem is a fundamental problem in on-
line algorithms. In this problem, we have an ordered list of
elements and receive requests for these elements over time.
Upon receiving a request, the algorithm must immediately
serve it by accessing the required element. The cost of ac-
cessing an element is equal to its position in the list. The
algorithm can move this element towards the front of the list
for free, and it can also swap any two consecutive elements
in the list at a cost of 1. The objective in this problem is
to devise an algorithm that minimizes the total cost of ac-
cesses and swaps. It is worth noting that this is an online al-
gorithm, meaning it lacks knowledge of future requests and
must make decisions solely based on requests that have ar-
rived.

Sleator and Tarjan (Sleator and Tarjan 1985) introduced
a surprising deterministic online 2-competitive algorithm

*These authors contributed equally.
Copyright © 2025, Association for the Advancement of Artificial
Intelligence (www.aaai.org). All rights reserved.

called Move to Front (𝑀𝑇𝐹). Upon receiving a request for
an element, this algorithm accesses it and then moves it to
the front of the list. They also established a simple lower
bound of 2 for the competitive ratio of deterministic online
algorithms by always requesting the last element in the on-
line algorithm’s list. While randomization can improve the
competitive ratio, the best-known bound remains approxi-
mately 1.6 (Albers, Von Stengel, and Werchner 1995).

While the best competitive ratio bound for the list update
problem is well-studied, in practical scenarios, paying twice
(or even 50% more than) the optimal solution may not be sat-
isfactory. This is particularly true when additional informa-
tion is available. Machine learning models, for instance, can
analyze historical data to make informed predictions about
the order of elements in the list. Designing a predictor based
on machine learning can lead to predictions that, if accurate,
may only incur a slightly increased cost compared to the
optimal value. However, blindly following inaccurate pre-
dictions could result in significantly higher costs compared
to the optimal solution. Therefore, there is a need to design
algorithms whose worst-case performance does not degrade
significantly for any possible sequence. Lykouris and Vassil-
vitskii (Lykouris and Vassilvitskii 2021) introduced the con-
cept of predictions—a machine learned oracle for a model
trained on input data—and explored how we can improve
the performance of the model using the oracle, measured by
smoothness versus robustness as defined later.

Determining the type of prediction to be used
Determining the most suitable prediction oracle is not
straightforward. A natural approach would be to obtain pre-
dictions of the entire sequence in advance. However, a pre-
diction of this type may not be very accurate as it does not
adapt to, learn from, or take advantage of the observed se-
quence, potentially leading to significant degradation in pre-
diction accuracy. Additionally, the amount of information
required for such a prediction could be unreasonably large.
It seems more sensible to obtain a prediction for each re-
quest, indicating how to handle the accessed element (i.e.,
where to move it). Moreover, the prediction algorithm may
be allowed to suggest exchanging other elements, making
the most general prediction the arrangement of the list at
any given time. In most cases, the prediction may recom-
mend moving the accessed element towards the front (but
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not necessarily all the way). In addition, it may also suggest
exchanging elements that were not accessed.

Getting a Prediction
There are various ways to get a prediction on the order of
the elements in the list, some of which are based on clas-
sical machine learning methods of deep networks. Never-
theless, there are simple, straightforward and easy to imple-
ment methods that can provide very good estimates on the
predicted order of the list.
• It is well known that if the requests are drawn from a

fixed distribution and different request are independent,
then ordering the requests according to decreasing prob-
abilities is optimal in expectations. Actually the probabil-
ities do not need to be known in advance and the meth-
ods of frequency count (i.e. order the elements by the
number of accesses in decreasing order) is approaching
to decreasing probabilities. Hence, the prediction can be
based on frequency count. Note that in this case the pre-
diction only performs free swaps, since when accessing
an element its counter is increased, and it can only ad-
vance toward the head of the list where the order of the
other elements remains fixed.

• One major issue with the above method is that it takes
into account the very far past with the same importance
as the recent past. Hence, if there is a change in the distri-
bution, it would take quite a bit of time to adapt to that. A
possible solution is to base the frequency count on a fixed
window of requests. Then far history become irrelevant.
However, this method has several difficulties. The first is
that you need to keep the sequence in the memory, since
you need to drop the oldest request from the count. This
requires a large overhead. In addition, since the count of
elements also decreased the algorithm may need to use
paid swaps. Moreover, this method does not differentiate
between very recent history and recent history and in re-
ality such distinction may exist. In order to overcome all
these issues we suggest the following method described
below.

• Here, we suggest the exponential decay method. The re-
quest in time 𝑡 in the past will be counted in weight 𝛾𝑡 ,
where 𝛾 < 1 is the decay factor. Then all these weights
are normalized to a distribution. An easy way to imple-
ment the suggested scheme is to have the vector of prob-
abilities. In each step, the vector is multiplied by 𝛾 and
the weight of the requested element is increased by 1−𝛾.
Hence, the sum of the weights remains 1. This method
seems to have many advantages. Firstly, it counts recent
history as more influential than slightly less recent; it can
be implemented easily without keeping any history of the
sequence; and the prediction only performs free swaps
since the order of all elements accept the accessed one
remains the same where the accessed one may advance
towards the head on the list. We note that the value of
𝛾 determines the rate of decay and may depend on the
sequence as well.

• Finally, we suggest a variant on the exponential decay
method, which is the multiplicative weight method. It is

similar to the exponential decay with all its advantages
but with a slightly different updated rule. At any time,
we have vectors of weights (probabilities) for each ele-
ment. In each step the weight of the accessed element is
increase by a multiplicative factor of 𝛾 > 1 and all the
weights are normalized to have unit sum. We note that
the normalization is actually not even necessary, since
the order of the weighted is the same as the normalized
ones.

Measurement and Prediction error

Before presenting our results, we define the notions of ro-
bustness and smoothness.

For any algorithm 𝐴 for the List Update problem and any
request sequence 𝜎, 𝐴(𝜎) denotes the cost incurred by 𝐴

when serving 𝜎 (expected cost for randomized algorithm).
Similarly, 𝑂𝑃𝑇 (𝜎) denotes the cost of the optimal solution
for sequence 𝜎. If 𝜎 is clear from context, we may use 𝑂𝑃𝑇

to denote the optimal algorithm for 𝜎 1.

Definition 0.1. An algorithm 𝐴𝐿𝐺 is said to be 𝛼-robust
if 𝐴𝐿𝐺 (𝜎) ≤ 𝛼 · 𝑂𝑃𝑇 (𝜎) for all input sequences 𝜎 and
all possible predictions (i.e., it is 𝛼-competitive independent
of the prediction). It is said to be 𝛽-smooth if 𝐴𝐿𝐺 (𝜎) ≤
𝛽 ·𝑃𝑅𝐸𝐷 (𝜎) for all input sequences 𝜎 and all possible pre-
dictions.

We add the common notion in the field of the prediction
error, to measure our algorithm, which is simply a different
form of the definition above. We define the relative predic-
tion error as:

𝛿 =
𝑃𝑅𝐸𝐷 (𝜎) −𝑂𝑃𝑇 (𝜎)

𝑂𝑃𝑇 (𝜎)

or in other words, 𝑃𝑅𝐸𝐷 (𝜎) ≤ (1 + 𝛿) · 𝑂𝑃𝑇 (𝜎). Clearly
𝛿 = 0 is the case that following the prediction yields the
optimum cost. The value of 𝛿 corresponds to how much the
prediction is worse than the optimum. This translates to the
following definition of smoothness and robustness:

Definition 0.2 (smooth-robust). An algorithm A is said to
be 𝛽-smooth and 𝛼-robust if

𝐴𝐿𝐺 (𝜎) ≤ 𝑚𝑖𝑛{𝛽 · (1 + 𝛿), 𝛼} · 𝑂𝑃𝑇 (𝜎)

In other words, the competitive ratio of 𝐴𝐿𝐺 is at most
min{𝛽 · (1+ 𝛿), 𝛼} where 𝛿 is the relative error of the predic-
tion. In particular, the competitive ratio of 1 + 𝜖-smooth and
𝛼-robust algorithm is at most min{(1+ 𝜖) · (1+ 𝛿), 𝛼} for all
input sequences 𝜎 and all possible predictions.

We first trivially observe that for any problem, one cannot
be better than 1-smooth. This is since for 𝛿 = 0 (i.e. the
prediction is completely correct) the algorithm is required
to achieve the performance of the optimum and obviously
cannot be better than 1-competitive.

1There may be multiple optimal algorithms for serving 𝜎, in
which case 𝑂𝑃𝑇 is arbitrarily chosen from them.
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Our Results
Our main results for the list update problem with prediction,
also known as learning augmented algorithms for list up-
date, are as follows. We differentiate between cases where
the prediction is allowed to make paid exchanges and cases
where it is not.

• We design two (1 + 𝜖)-smooth and 𝑂 (1/𝜖2)-robust ran-
domized algorithms, assuming the prediction is allowed
to make only free exchanges.

• If we allow the prediction to make paid exchanges in ad-
dition to free exchanges, we design a (1 + 𝜖)-smooth and
𝑂 (1/𝜖4)-robust randomized algorithm. It is important to
note that we also limit the prediction from making a large
number of paid exchanges, restricting it to the cost of the
optimal solution (up to a constant).

One might wonder about the dependence on 𝜖 in the ro-
bustness if a (1 + 𝜖)-smooth algorithm is required. We par-
tially address this question by proving the following lower
bounds:

• Any deterministic algorithm that is (1 + 𝜖)-smooth must
be at least Ω(1/𝜖)-robust.

• Any randomized algorithm that is (1 + 𝜖)-smooth must
be at least Ω(log(1/𝜖))-robust. The lower bound is es-
tablished in the ”𝑖 − 1” model, where accessing the first
element costs 0 and the second one costs 1.

To define our algorithms while allowing the prediction to
make paid exchanges, we demonstrate an interesting phe-
nomenon. Any algorithm that accesses an element at a cer-
tain location can be converted into another algorithm with
at most the same cost, which only changes the order of
the elements up to that location of the accessed element
and no further. It was a folklore to assume that exchang-
ing two elements, both behind the accessed element, could
be postponed. However, accessing an element may necessi-
tate moving a few elements before it to the end. This can-
not be entirely postponed as it affects the cost of accessing
nearly all elements. Our transformation demonstrates that
such swaps should be partially executed without increasing
the total cost.

Another crucial component we leverage is the 𝑀𝑇𝐹𝜖 al-
gorithm. This algorithm, when requesting an element, moves
it to the front with probability 𝜖 (independent of the history).
We observe that this algorithm achieves a competitive ratio
of 𝑂 (1/𝜖). We utilize this in our algorithms to maintain ro-
bustness.

In many online algorithms with predictions, a common
approach is to combine an algorithm designed for the pre-
diction with a standard competitive algorithm for the prob-
lem. Typically, this is achieved by alternating between the
two algorithms over time, introducing an inherent loss of a
multiplicative constant (2 at best). However, since the list
update problem already has a 2-competitive algorithm, this
technique is not as potent. Instead of combining algorithms
over time, we propose combining them over space, specifi-
cally by integrating the prediction list with, for example, the
2-competitive 𝑀𝑇𝐹 algorithm’s list. For example, a natural

algorithm will follow the prediction while interleaving (ap-
proximately every 1/𝜖 elements in its list) the elements of
the list of the MTF. However, maintaining this state is too
expensive with respect to MTF elements. Hence, one might
be tempted to combine the prediction with the 𝑀𝑇𝐹𝜖 algo-
rithm, which makes much fewer changes. However, such an
algorithm still fails. Consequently, we need to combine the
two lists in a dynamic fashion that is not a direct function of
the two lists (prediction and 𝑀𝑇𝐹𝜖). This quite non-trivial
combination is done without fixed slots and is dependent on
the history (and the current state).

Previous Work
We begin by reviewing previous work related to the classical
List Update problem. Sleator and Tarjan (Sleator and Tarjan
1985) initiated this research by introducing the determinis-
tic online algorithm Move to Front (𝑀𝑇𝐹). Upon receiving
a request for an element 𝑒, this algorithm accesses 𝑒 and then
moves 𝑒 to the beginning of the list. They proved that 𝑀𝑇𝐹

is 2-competitive in a model where free swaps to the accessed
element are allowed. They established a simple lower bound
of 2 for the competitive ratio of deterministic online algo-
rithms by always requesting the last element in the online
algorithm’s list. Randomized upper bounds for the compet-
itive ratio have been explored by various researchers (Irani
1991; Reingold, Westbrook, and Sleator 1994; Albers and
Mitzenmacher 1997; Albers 1998; Ambühl, Gärtner, and
Stengel 2000), with Albers, Von Stengel, and Werchner (Al-
bers, Von Stengel, and Werchner 1995) achieving a com-
petitive ratio of 1.6 with a random online algorithm. Lower
bounds have also been investigated (Teia 1993; Reingold,
Westbrook, and Sleator 1994; Ambühl, Gärtner, and Sten-
gel 2000), with Ambühl, Gartner, and Von Stengel (Ambühl,
Gärtner, and Von Stengel 2001) establishing a lower bound
of 1.50084 on the competitive ratio for the classical prob-
lem. Ambühl also proved the NP-hardness of the offline
classical problem (Ambühl 2000). Furthermore, List Update
with Time Windows or delay function was considered by
(Azar, Lewkowicz, and Vainstein 2023), who provided con-
stant competitive algorithms for these more general frame-
works.

There is a growing body of work in online algorithms
with predictions in recent years (see, e.g., over 180 pa-
pers in https://algorithms-with-predictions.github.io/). Lyk-
ouris and Vassilvitskii introduced this model for the caching
problem (Lykouris and Vassilvitskii 2021), and it has since
been applied to various problem classes, including rent or
buy (Kumar, Purohit, and Svitkina 2018; Khanafer, Kodi-
alam, and Puttaswamy 2013; Gollapudi and Panigrahi 2019;
Wei and Zhang 2020; Anand, Ge, and Panigrahi 2020;
Wang, Li, and Wang 2020), scheduling (Kumar, Purohit, and
Svitkina 2018; Wei and Zhang 2020; Bamas et al. 2020; Lat-
tanzi et al. 2020; Mitzenmacher 2020; Lee et al. 2021; Azar,
Leonardi, and Touitou 2021), caching (Lykouris and Vas-
silvitskii 2018; Wei 2020; Jiang, Panigrahi, and Sun 2020;
Bansal et al. 2020), matching (Lavastida et al. 2021; Dütting
et al. 2021; Antoniadis et al. 2020b; Jiang et al. 2021), graph
problems (Antoniadis et al. 2020a; Jiang et al. 2022; Al-
manza et al. 2021; Bernardini et al. 2022; Anand et al. 2022;
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Fotakis et al. 2021; Azar, Panigrahi, and Touitou 2022), and
more.

The Algorithm
We assume that 𝜖 ≤ 1

2 , otherwise, just use the algorithm
with 𝜖 = 1

2 . In addition, we assume that 1/𝜖 is an integer,
otherwise round it down to the closest appropriate value. Our
algorithm uses the 𝑀𝑇𝐹𝜖 algorithm. Every time an element
is requested, with probability of 𝜖 (independent of all other
randomness in the algorithm), the 𝑀𝑇𝐹𝜖 algorithm moves
the requested element to the front and with probability 1− 𝜖

it keeps the requested element in its current position.

The Algorithm and the Invariant
The algorithm we are about to present was defined in ad-
vance with the purpose of maintaining a specific invariant.
We believe it will be easier to understand the algorithm after
the invariant has been presented, thus we present the invari-
ant first. Let 𝐸 be the set of elements where |𝐸 | = 𝑛. Let 𝑥𝑒
to be the position of 𝑒 ∈ 𝐸 in 𝐴𝐿𝐺s list; 𝑦𝑒 to be the position
of 𝑒 in 𝑃𝑅𝐸𝐷s list (prediction list) and 𝑧𝑒 to be the position
of 𝑒 in 𝑀𝑇𝐹𝜖’s list. We also define

𝐼𝑁𝑉𝑒 = {𝑖 ∈ 𝐸 : 𝑖 is before 𝑒 in 𝐴𝐿𝐺s list and
after it in 𝑃𝑅𝐸𝐷𝑠 list}.

Definition 0.3. For each element 𝑒 ∈ 𝐸 , we denote the two
inequalities:
• Inequality 𝐼𝑒 as the inequality |𝐼𝑁𝑉𝑒 | < 𝜖 · 𝑥𝑒.
• Inequality 𝐼 𝐼𝑒 as the inequality 𝜖 · 𝑥𝑒 ≤ 𝑧𝑒.

We say that the invariant holds if and only if inequalities 𝐼𝑒
and 𝐼 𝐼𝑒 hold for each element 𝑒.

Now that we have defined the invariant, we shall define
the algorithm. First, we define it and then analyze it assum-
ing 𝑃𝑅𝐸𝐷 does not perform paid swaps. Only then we add
components to the algorithm which deal with paid swaps
done by 𝑃𝑅𝐸𝐷 and then analyze the modified algorithm.

The algorithm maintains a simulation of the prediction
(a deterministic list) and a specific realization of the list of
𝑀𝑇𝐹𝜖 . These two simulations are independent of what the
algorithm is doing. The algorithm’s list is based on these two
lists, both current and past. We maintain the invariant de-
scribed above deterministically for all possible coin flips of
𝑀𝑇𝐹𝜖 (though the bounds may be different for each possi-
ble coin flips). It will be always true (as we prove by the first
inequality of the invariant) that the location of each element
in the algorithm is not far behind the one in the prediction,
specifically by at most a factor of (1 + 2𝜖). Moreover, the
location of each element in the algorithm is not far by a fac-
tor of more than 1/𝜖 than the location of 𝑀𝑇𝐹𝜖 for every
possible coin flips. For every new request 𝑒 the prediction
may move 𝑒 for free towards the front. We follow the pre-
diction in the following way: while the element preceding
𝑒 in our list is after the 𝑒 in the prediction, we swap the
elements and repeat. In this way, the first inequality holds,
but the second inequality may stop holding for the elements
between the old position of 𝑒 to its new one (because their
location is increased by 1 in the algorithm and remain the

Algorithm 1 PRED performs free swaps only

Upon a request for the element 𝑒:
1. Access the element 𝑒.
2. Do the following:
2.1. 𝑃𝑅𝐸𝐷 may decrease the position of 𝑒 in its list

using free swaps.
2.2. While the element preceding 𝑒 in ALGs list is

after 𝑒 in 𝑃𝑅𝐸𝐷’s list:
2.2.1. Swap it with 𝑒, moving 𝑒 towards the

beginning of the list.
2.3. While there is an element 𝑖 that

satisfies 𝜖 · 𝑥𝑖 > 𝑧𝑖:
2.3.1. Let 𝑖 be the farthest element such

that 𝜖 · 𝑥𝑖 > 𝑧𝑖 .
2.3.2. Swap 𝑖 with the element preceding it

in ALGs list.
3. With probability of 𝜖 do the following:
3.1. 𝑀𝑇𝐹𝜖 performs ”move-to-front” on 𝑒.
3.2. If 𝑥𝑒 > 1

𝜖
then:

3.2.1. ALG moves 𝑒 to position 1
𝜖

in its list.
3.3. While there is an element 𝑖 that

satisfies |𝐼𝑁𝑉𝑖 | ≥ 𝜖 · 𝑥𝑖:
3.3.1. Let 𝑖 be the closest element in 𝐴𝐿𝐺s list

that satisfies |𝐼𝑁𝑉𝑖 | ≥ 𝜖 · 𝑥𝑖 .
3.3.2. Swap 𝑖 with its preceding element 𝑗 in

ALGs list.

same in 𝑀𝑇𝐹𝜖). Note that these phenomena may happen
only to ”red” positions, which are multiples of 1/𝜖 . We fix
it by swapping them with the preceding element. Next we
are performing 𝑀𝑇𝐹𝜖 . With probability 1− 𝜖 we do nothing
and otherwise inequality 𝐼 𝐼𝑒 may be violated. In that case,
we move 𝑒 to position 1/𝜖 . That may violate the first in-
equality to some elements between the previous position of
𝑒 and the new one. We scan the list from the head and for
such element 𝑖 we swap it with the preceding element.

Our plan from now on is as follows. First, we shall prove
that the invariant (as presented in Definition 0.3) always
holds. Then we use this fact in order to prove the smoothness
and robustness of Algorithm 1, which henceforth will be de-
noted by 𝐴𝐿𝐺. Then we consider the case where 𝑃𝑅𝐸𝐷

may be allowed to perform paid swaps.
The following two lemmas will be proven in the Appendix

”Proof that the Invariant Always Holds” of the full version,
where we also prove that both the while loops terminate in
linear time.

Lemma 0.4. Assume the invariant holds at the beginning of
line 2.1. Then, at the end of line 2.3, the invariant will hold
again.

Lemma 0.5. Assume the invariant holds at the beginning of
line 3.1. Then at the end of line 3.3, the invariant will hold
again.

These two lemmas imply that:

Lemma 0.6. The invariant holds prior to every request for
an element.
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Smoothness and Robustness Analysis
The purpose of this subsection is to prove the following the-
orem. Many of the proofs for the lemmas presented in this
section are deferred to the Appendix ”Smoothness and Ro-
bustness Analysis” in the full version.

Theorem 0.7. If no paid swaps are done by 𝑃𝑅𝐸𝐷 then we
have that 𝐴𝐿𝐺 is 1 + 6𝜖-smooth and 3

𝜖 2 -robust.

In order to analyze the smoothness and robustness of
𝐴𝐿𝐺, we firstly need to bound the expected number of paid
swaps 𝐴𝐿𝐺 performs during lines 2.3 and 3.3. This is done
in the following two lemmas.

Lemma 0.8. The number of paid swaps 𝐴𝐿𝐺 performs in
the loop of line 2.3 is at most 𝜖 · 𝑥′

𝑒, where 𝑥
′
𝑒 is the position

of 𝑒 in ALGs list at the beginning of line 2.1.

Lemma 0.9. The number of paid swaps 𝐴𝐿𝐺 performs in
the loop of line 3.3 is at most 𝑥

′
𝑒, where 𝑥

′
𝑒 is the position of

𝑒 in ALGs list at the beginning of line 3.1.

Before we continue, we give the following definition.

Definition 0.10. For each algorithm 𝐴 and a request 𝑟 ∈ 𝜎

we denote by 𝐴(𝑟) to be the cost 𝐴𝐿𝐺 pays for serving the
request 𝑟 . In addition, we have 𝐴(𝜎) = ∑

𝑟∈𝜎 𝐴(𝑟).
The following two lemmas are used in order to bound the

cost 𝐴𝐿𝐺 pays for a single request using the cost 𝑃𝑅𝐸𝐷
pays for this request.

Lemma 0.11. Consider a request 𝑟 for the element 𝑒. Then
we have E[𝐴𝐿𝐺 (𝑟)] ≤ (1 + 2 · 𝜖) · 𝑥𝑒 .
Lemma 0.12. For an element 𝑒 ∈ 𝐸 , if inequality 𝐼𝑒 holds
then we have 𝑥𝑒 ≤ (1 + 2 · 𝜖) · 𝑦𝑒.

Now we combine the two lemmas above in order to bound
the cost 𝐴𝐿𝐺 pays in order to serve a request using the cost
𝑃𝑅𝐸𝐷 pays in order to serve that request.

Lemma 0.13. Consider a request 𝑟 for the element 𝑒. Then
we have E[𝐴𝐿𝐺 (𝑟)] ≤ (1 + 6 · 𝜖) · 𝑦𝑒 .

Now we are ready to show smoothness. Observe that since
𝑃𝑅𝐸𝐷 does not perform paid swaps, the cost it pays for
serving a request to the element 𝑒 is 𝑦𝑒 (for accessing this
element). Therefore, by using lemma 0.13 and summing for
all the requests, we get the following corollary.

Corollary 0.14. We have E[𝐴𝐿𝐺 (𝜎)] ≤ (1 + 6 · 𝜖) ·
𝑃𝑅𝐸𝐷 (𝜎).

Now that we dealt with smoothness, we prove robustness.

Lemma 0.15. We have E[𝐴𝐿𝐺 (𝜎) ]
𝑂𝑃𝑇 (𝜎) ≤ 3

𝜖 2 .

Now we are ready prove Theorem 0.7.

Proof of Theorem 0.7. The theorem follows from corollary
0.14 and lemma 0.15. □

Pre-processing of 𝑃𝑅𝐸𝐷
Until now, we defined and analyzed 𝐴𝐿𝐺 assuming 𝑃𝑅𝐸𝐷

does not perform any paid swaps. In the upcoming subsec-
tions, we deal with the case where 𝑃𝑅𝐸𝐷 may perform paid
swaps.

Recall that in the List Update problem, any algorithm (and
in particular 𝑃𝑅𝐸𝐷 that we are comparing with) may per-
form paid swaps at any time between any two consecutive
elements in its list. However, it will be convenient for us to
assume that 𝑃𝑅𝐸𝐷 being ”lazy” in the sense that (a) it may
perform paid swaps only prior to accessing an element, (b)
if 𝑃𝑅𝐸𝐷 is about to access an element located at position 𝑦

in its list then it may perform paid swaps only with the pre-
fix of the first 𝑦 elements in its list and (c) 𝑃𝑅𝐸𝐷 performs
these paid swaps in a specific order which we explain later.

In the Appendix ”Pre processing of 𝑃𝑅𝐸𝐷” of the full
version, we show how any algorithm 𝐴 for the List Update
problem (and in particular, 𝑃𝑅𝐸𝐷) can be converted to an-
other algorithm 𝐿𝐴𝑍𝑌𝐴 which acts according to the three
constraints above and, in additional, satisfies 𝐿𝐴𝑍𝑌𝐴(𝜎) ≤
𝐴(𝜎) for each 𝜎. This means that proving smoothness
against 𝐿𝐴𝑍𝑌𝑃𝑅𝐸𝐷 yields also to smoothness against the
original 𝑃𝑅𝐸𝐷. Note that the result of Appendix ”Pre pro-
cessing of 𝑃𝑅𝐸𝐷” is a general result for the List Update
problem and is interesting by itself. Specifically, it shows
that any algorithm can be converted to a lazy one without
increasing the cost. We believe such claim was not proved
before since it was not required before.

Note that from now on (i.e. in the upcoming subsec-
tions) we assume that the pre-processing defined in Ap-
pendix ”Pre processing of 𝑃𝑅𝐸𝐷” is already done in the
background (i.e. we are comparing our algorithm with
𝐿𝐴𝑍𝑌𝑃𝑅𝐸𝐷 rather than with 𝑃𝑅𝐸𝐷). When we refer to
𝑃𝑅𝐸𝐷 in the upcoming subsections, we will actually re-
fer to 𝐿𝐴𝑍𝑌𝑃𝑅𝐸𝐷 . Therefore, when proving the smooth-
ness of 𝐴𝐿𝐺 compared with 𝑃𝑅𝐸𝐷, it means actually
proving smoothness compared with 𝐿𝐴𝑍𝑌𝑃𝑅𝐸𝐷 rather than
𝑃𝑅𝐸𝐷. Since 𝐿𝐴𝑍𝑌𝐴(𝜎) ≤ 𝐴(𝜎), any algorithm which
is 𝑐-competitive against 𝐿𝐴𝑍𝑌𝑃𝑅𝐸𝐷 is also 𝑐-competitive
against 𝑃𝑅𝐸𝐷. Therefore, the results which we are about to
prove hold for the original prediction as well.

𝐴𝐿𝐺 reacts to a single paid swap done by 𝑃𝑅𝐸𝐷

In this subsection we explain how 𝐴𝐿𝐺 reacts when 𝑃𝑅𝐸𝐷

performs a single paid swap. In the following procedure, we
deal with the situation where 𝑃𝑅𝐸𝐷 performs a paid swap
between 𝑖 and 𝑗 where 𝑖 was the element preceding 𝑗 in
𝑃𝑅𝐸𝐷’s list prior to this swap. We define 𝑘 to be the ele-
ment preceding 𝑗 in 𝐴𝐿𝐺s list at that time (if exist, i.e. if
𝑥 𝑗 > 1). We define 𝑝 to be the element preceding 𝑘 in 𝐴𝐿𝐺s
list at that time (if exist, i.e. if 𝑥 𝑗 > 2). In other words, the
order of the three elements mentioned above in 𝐴𝐿𝐺s list
when 𝑃𝑅𝐸𝐷 performs this swap is 𝑝, 𝑘, 𝑗 (although we may
have that 𝑝 does not exist or we may have that both 𝑝 and 𝑘

do not exist).
Observe that if the condition in line 2 holds then we must

have 𝑥 𝑗 ≥ 2 (i.e. 𝑘 must exist). If we also have that the
condition of line 2.1 does not hold then we must have that
there exists an integer 𝑟 such that

𝜖 · (𝑥 𝑗 − 1) ≤ 𝑟 < 𝜖 · 𝑥 𝑗 .

This implies that 𝑥 𝑗 ≥ 3 (i.e. 𝑝 must exist) and thus Algo-
rithm 2 is well defined.
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Algorithm 2 PRED performs a paid swap

1. PRED performs the swap between 𝑖 and 𝑗

2. If |𝐼𝑁𝑉 𝑗 | ≥ 𝜖 · 𝑥 𝑗 then
2.1. If ⌈𝜖 · (𝑥 𝑗 − 1)⌉ = ⌈𝜖 · 𝑥 𝑗⌉ then
2.1.1. Swap between 𝑘 and 𝑗

2.2. Else
2.2.1. If 𝜖 · (𝑥𝑘 + 1) > 𝑧𝑘 then
2.2.1.1. Re-order the elements as 𝑗 , 𝑘, 𝑝

2.2.2. Else
2.2.2.1. Re-order the elements as 𝑗 , 𝑝, 𝑘

The following lemma will be proven in Appendix ”Proof
that the Invariant Always Holds”.
Lemma 0.16. Assume the invariant holds prior to 𝑃𝑅𝐸𝐷

performing a paid swap. It will hold again after executing
Algorithm 2.

The following definition applies to the following subsec-
tions.
Definition 0.17. In the following sections, when we refer
to 𝐴𝐿𝐺, we refer to Algorithm 1 with the prepossessing
of 𝑃𝑅𝐸𝐷 defined in subsection ”Pre-processing of 𝑃𝑅𝐸𝐷”
and with the treatment of each paid swap done by the pre-
possessed prediction as explained in Algorithm 2.

Smoothness and Robustness Analysis in case
𝑃𝑅𝐸𝐷 performs paid swaps
In Appendix ”Smoothness and Robustness Analysis in case
𝑃𝑅𝐸𝐷 Performs Paid Swaps” we prove the following theo-
rem:
Theorem 0.18. If 𝑃𝑅𝐸𝐷 is allowed to perform at most
𝑂𝑃𝑇 (𝜎) paid swaps then we have that 𝐴𝐿𝐺 is 1+ 𝜖-smooth
and 𝑂 ( 1

𝜖 4 ) − 𝑟𝑜𝑏𝑢𝑠𝑡.

Lower Bounds
In this section we show lower bounds for the problem. The
proofs are deferred to Appendix ”Lower Bounds”.

We firstly show that any deterministic algorithm which
is guaranteed to have cost (1 + 𝜖)𝑃𝑅𝐸𝐷 must be Ω( 1

𝜖
) ro-

bust. This implies that the dependence on 𝜖 in our robustness
guarantee, indeed necessary for the smoothness we obtain.
We assume that 𝜖 ≥ 1

𝑛
, otherwise, the algorithm which fol-

lows the prediction blindly is 1
𝜖

-robust and 1-smooth, thus
the problem is not interesting in this case.
Lemma 0.19. For any 𝜖 ≥ 1

𝑛
there is no deterministic algo-

rithm which is both 1 + 𝜖 smooth and 1
3 · 1

𝜖
robust.

For the randomized lower bound, the list will only have 2
elements. The head will have access cost 0 and the tail will
have access cost 1 (this is also called the ”𝑖−1” model). The
prediction will never perform any exchanges whatsoever. At
each time step, the requested element will be whichever the
algorithm is more likely to have at the tail.

We show that any algorithm which is guaranteed to have
cost (1 + 𝜖)𝑃𝑅𝐸𝐷 must be Ω(log( 1

𝜖
)) robust. This implies

that the dependence on 𝜖 in our robustness guarantee, indeed
necessary for the smoothness we obtain.

Lemma 0.20. Any algorithm equipped with a prediction
that achieves expected cost at most (1+ 𝜖)𝑃𝑅𝐸𝐷 must have
worst-case competitive ratio Ω(log( 1

𝜖
)) when the head has

access cost 0 even if the prediction does not actually use
paid exchanges.

Experiments

We describe below the input generation, the algorithms we
evaluated and the results.

Input Generation. We create sequences on 𝑛 elements
(the default value is 𝑛 = 100 but we also tried 𝑛 = 30 and
𝑛 = 50). The length of the sequence is 𝑚 requests (the de-
fault value is 𝑚 = 10000 but we also tried 𝑚 = 1000 and
𝑚 = 3000). We start with a uniform distribution on the el-
ements. At any time, we have our distribution on the ele-
ments, and we sample one request. We repeat sampling for
a block of requests of certain length 𝐵 (where 𝐵 is between
1 and 100). At the end of the block, we update the distri-
bution by updating the probability of 𝐵 random elements
(and renormalize). We call this element the chosen element.
Updating to the chosen element is done either through expo-
nential decay or multiplicative weights. Specifically, in the
exponential decay, we multiply the vector of probabilities
by 𝛾 < 1 and add 1 − 𝛾 to the chosen element (where 𝛾

ranges between 0.9 and 0.99). In the multiplicative weights,
we multiply the weight of the chosen element by 𝛾 (and
renormalize, where 𝛾 ranges between 1.01 and 1.25). Over-
all, we have four parameters: 𝑛, 𝑚, 𝐵, 𝛾.

Baselines and Evaluation. We evaluate our algorithm
𝐴𝐿𝐺 described against one baseline (proxy for 𝑂𝑃𝑇) and
4 other algorithms. The baseline would be the prediction
𝑃𝑅𝐸𝐷 which is decreasing probability, which is supposed
to be very close to the optimum solution. Then the other 4
algorithms (a) the 𝑀𝑇𝐹 algorithm : the standard online algo-
rithm without predictions. (b) the 𝑀𝑇𝐹𝜖 algorithm. (c) the
timestamp algorithm. (d) the bit algorithm. The parameter
we have here is 𝜖 (where 𝜖 ranges between 0.01 to 0.2). For
each choice of the five parameters (four parameters for gen-
erating the sequence and one parameter for the algorithms),
we measure the costs of 𝐴𝐿𝐺, the baseline 𝑃𝑅𝐸𝐷 and the
four other algorithms. These costs are then averaged over
different random inputs.

Experimental Results. In our experiments, we vary on
various parameters: In generating the sequence, we vary on
the 4 parameter: 𝑛 the number of elements, 𝑚 the length of
the sequence, 𝐵 the size of a block, The updated probability
𝛾. Note that in generation of a sequence with exponential
decay 𝛾 < 1 and in the multiplicative weights method 𝛾 > 1.

In our evaluation, we vary on the parameter 𝜖 of 𝐴𝐿𝐺

and at the same time the parameter of 𝑀𝑇𝐹𝜖 . The tables of
the results and the graphs appear below. We conclude that
our algorithm typically performs better than other classical
algorithms for this problem. For completeness, the machine
used was an HP Omen 15 with an i7-8750H CPU with 16
GB DDR4-2666 SDRAM. The GPU was a GTX 1060 6GB
but was unused for this experiment
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Figure 1: This figure shows the performance of various algorithms relative to the prediction in the exponential decay model;
the left plot varies the block size, the center plot the update rate and the right plot epsilon (all on the x-axis) while performance
ratio of the methods’ cost relative to ”follow the prediction” is the y-axis. We omit Random MTF because its performance was
generally worse than all the other methods

Figure 2: This figure shows the performance of various algorithms relative to the prediction in the multiplicative weights model;
the left plot varies the block size, the center plot the update rate and the right plot epsilon (all on the x-axis) while performance
ratio of the methods’ cost relative to ”follow the prediction” is the y-axis. We omit Random MTF because its performance was
generally worse than the other methods

Discussion and Open Problems
We considered the list update problem, which is one of the
most fundamental problems in online algorithms. Instead of
having performance which is far from the optimum by a
constant factor, we were interested to have a performance
ratio of 1 + 𝜖 assuming we have a correct or close to the
correct prediction. We showed that we can actually achieve
it (smoothness) while maintaining pretty good worse case
performance (robustness) in case the prediction is far from
being correct. Our 1 + 𝜖 smooth algorithm is randomized
while achieving robustness of 𝑂 (1/𝜖4). Our lower bound for
deterministic algorithm is Ω(1/𝜖) and only Ω(log 1/𝜖) for
randomized ones. In our experiments, we observe that our
algorithm typically performs better than other classical algo-
rithms to this problem. There are various fascinating prob-
lems left.

• Our algorithm is randomized. Is there a deterministic 1+𝜖
smooth and 𝑂 (1/𝜖) robust, or at least 𝑂 (1/𝜖𝑐) robust for
some constant 𝑐 ?

• Can the randomized lower bound for the robustness be
improved to Ω(1/𝜖) ? Can the robustness of the random-
ized algorithm be improved to 𝑂 (1/𝜖) or even behind
that ?

• We encountered a difference in the robustness bound be-
tween the case where we allow paid swaps by the predic-
tion and the case where we do not allow. Is there really a
difference between these two cases?
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Ambühl, C.; Gärtner, B.; and Stengel, B. v. 2000. Optimal
projective algorithms for the list update problem. In Interna-

15442



tional Colloquium on Automata, Languages, and Program-
ming, 305–316. Springer.
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