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Abstract

Probabilities of causation (PoC) offer valuable insights for
informed decision-making. This paper introduces novel vari-
ants of PoC-controlled direct, natural direct, and natural in-
direct probability of necessity and sufficiency (PNS). These
metrics quantify the necessity and sufficiency of a treatment
for producing an outcome, accounting for different causal
pathways. We develop identification theorems for these new
PoC measures, allowing for their estimation from obser-
vational data. We demonstrate the practical application of
our results through an analysis of a real-world psychology
dataset.

Introduction

Pearl (1999) introduced three types of probabilities of cau-
sation (PoC), that is, the probability of necessity and suf-
ficiency (PNS), the probability of necessity (PN), and the
probability of sufficiency (PS). PoC quantify whether one
event was the real cause of another in a given scenario
(Robins and Greenland 1989; Tian and Pearl 2000; Pearl
2009; Kuroki and Cai 2011; Dawid, Murtas, and Musio
2014; Murtas, Dawid, and Musio 2017; Shingaki and Kuroki
2021; Kawakami, Shingaki, and Kuroki 2023). PoC are
valuable for decision-making (Hannart and Naveau 2018; Li
and Pearl 2019, 2022) and for explaining Al-based decision-
making systems (Galhotra, Pradhan, and Salimi 2021; Wat-
son et al. 2021).

Various variants of PoC have been studied, including for
multi-valued discrete variables (Li and Pearl 2024a,b) and
for continuous and vector variables (Kawakami, Kuroki, and
Tian 2024). Rubinstein, Cuellar, and Malinsky (2024) intro-
duced direct and indirect mediated PoC to decompose total
PoC when there exists a mediator between the treatment and
outcome.

Causal mediation analysis is a key method for uncovering
the influence of different pathways between the treatment
and outcome through mediators (Wright 1921, 1934; Baron
and Kenny 1986; Robins and Greenland 1992; Imai, Keele,
and Tingley 2010; Imai, Keele, and Yamamoto 2010; Tchet-
gen and Shpitser 2012). Notably, Pearl (2001) formally de-
fined direct and indirect effects for general nonlinear mod-
els. Causal mediation analysis is also a valuable technique
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for explainable artificial intelligence (XAI) (Shin 2021). In
this paper, we aim to provide causal mediation analysis for
PoC, to reveal the necessity and sufficiency of the treatment
through different pathways. Once a treatment is revealed to
be necessary and sufficient to induce a particular event via
PNS, other causal questions would arise:

(Q1). Would the treatment still be necessary and sufficient
had the value of the mediator been fixed to a certain value?

(Q2). Would the treatment still be necessary and sufficient
had there been no influence via the mediator?

(Q3). Would the treatment still be necessary and sufficient
had the influence only existed via the mediator?

We introduce new variants of PoC - controlled direct, nat-
ural direct, and natural indirect PNS (CD-PNS, ND-PNS,
and NI-PNS) to answer these questions. We further define
direct and indirect PoC with evidence to capture more so-
phisticated counterfactual information useful for decision-
making. These quantities can retrospectively answer ques-
tions (Q1), (Q2), and (Q3) for a specific subpopulation. We
provide identification results for each type of PoC we intro-
duce. Finally, we apply our results to a real-world psychol-
ogy dataset.

Notations and Background

We represent a single or vector variable with a capital letter
(X) and its realized value with a small letter (x). Let I(+)
be an indicator function that takes 1 if the statement in () is
true and O otherwise. Denote 2y be the domain of variable
Y, E[Y] be the expectation of Y, P(Y < y) be the cumu-
lative distribution function (CDF) of continuous variable Y,
and p(Y = y) be the probability density function (PDF) of
continuous variable Y. We use X I Y'|C to denote that
X and Y are conditionally independent given C. We use <
to denote a total order. A formal definition of total order is
given in Appendix A in (Kawakami and Tian 2024).

Structural causal models (SCM). We use the language
of SCMs as our basic framework and follow the standard
definition in the following (Pearl 2009). An SCM M is a
tuple (V,U, F,Py), where U is a set of exogenous (un-
observed) variables following a distribution Py;, and V' is a
set of endogenous (observable) variables whose values are



G
(1)

Figure 1: A causal graph representing SCM M.

determined by structural functions F = {fv, }v,ev such
that v; := fy, (pay,, uy,) where PAy, C V and Uy, C U.
Each SCM M induces an observational distribution Py, over
V, and a causal graph G(M) in which there exists a directed
edge from every variable in PAy, and Uy, to V;. An inter-
vention of setting a set of endogenous variables X to con-
stants x, denoted by do(x), replaces the original equations
of X by the constants & and induces a sub-model M. We
denote the potential outcome Y under intervention do(x) by
Yz (u), which is the solution of Y in the sub-model M,
given U = w.

Probabilities of causation (PoC). Kawakami, Kuroki,
and Tian (2024) defined the (multivariate conditional) PoC
for vectors of continuous or discrete variables as follows:

Definition 1 (PoC). (Kawakami, Kuroki, and Tian 2024)
The (multivariate conditional) PoC are defined by
PNS(y;2',2,¢) 2P(Yy <y XY,|C=¢), ()

PN(y;2',2,¢) SP(Yo <yly Y. X =2,C=c¢), (2)

PS(y;a,2,¢) SP(y XY, |Y <y, X =2/,C=¢). (3)
PNS(y; 2, z, ¢) provides a measure of the necessity and suf-
ficiency of z w.rt. 2’ to produce Y = y given C' = c.
PN(y; 2’, x, ¢) and PS(y; 2’, z, ¢) provide a measure of the
necessity and sufficiency, respectively, of z w.r.t. 2’ to pro-
duce Y > y given C' = c.

We will often call PNS total PNS (T-PNS) and denote it
by T-PNS(y; ', z, ¢) for convenience. When treatment X
and outcome Y are binary, PNS, PS, and PS become (setting
y = 1) PNS(¢) = P(Yp = 0,Y; = 1|C = ¢), PN(¢) =
PYo =0Y =1,X =1,C = ¢),and PS(c) = P(Y1 =
1Y =0,X = 0,C = ¢) for any ¢ € Q¢, which reduce to
Pearl’s (1999) original definition when C' = ().

Causal mediation analysis. Causal mediation analysis re-
veals the strength of different pathways between treatment
and outcome through a mediator. Researchers often consider
the following SCM M:

Y = fY(Xa Ma Cv UY)vM = fM(X7 Ca UM)v
X = fx(C,Ux),C := fc(Uc),

where all variables can be vectors, and Ux, Ug, Uy, and
U are latent exogenous variables. Assume that the do-
mains Qy and Qp, x Qy,, are totally ordered sets with
<. Figure 1 shows the causal graph of SCM M (with latent
variables dropped).

One widely used model in the mediation analysis is a lin-
ear SCM M?% (Baron and Kenny 1986) consisting of Y :=

“
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Bo+P1 X +BoM+B3C+Uy and M := ag+a1 X +asC+
Unr, where Uy ~ N (uy,0%) and Ups ~ N (g, 03) are
independent normal distribution. Under SCM MZE | the total
effect of X on Y is 81 + aq 32, the indirect effect is o 3o,
and the direct effect is ;.

Pearl (2001) defined the total, controlled direct, natural
direct, and natural indirect effects for general (nonlinear and
nonparametric) SCM M.

Definition 2 (TE, CDE, NDE, and NIE). (Pearl 2001) The
total, controlled direct, natural direct, and natural indirect
effects are defined by:

1. Total Effect (TE): TE(y; 2’,x) £ E[Y,] — E[Y./]
2. Controlled Direct Effect (CDE): CDE(y;z’,x,m) =
]E[Yxﬂn} - ]E[Yx’,m}

(1>

Natural Direct Effect (NDE): NDE(y;z’,x)
ElYem, ] — E[Ya/]

Natural Indirect
E[Yy a,] — E[Ya]

CDE represents the causal effect of changing the treatment
from 2’ to x had the value of the mediator been fixed at
a certain value. NDE represents the causal effect of chang-
ing the treatment from 2z’ to x had the value of the medi-
ator been kept to the same value M,  that M attains un-
der x’. NIE represents the causal effect of changing the
mediator from M, to M, had the value of the treatment
been fixed to z’. TE can be decomposed into NDE and
NIE by TE(y;2’,2) = NDE(y;2’,z) — NIE(y; x,2")
NIE(y; ', 2) — NDE(y; x, 2').

These direct and indirect effects may be identified from
observational distributions under various settings (Pearl
2001; Avin, Shpitser, and Pearl 2005; Shpitser and Pearl
2008; Shpitser 2013; Malinsky, Shpitser, and Richardson
2019). A widely used assumption for identifying causal me-
diation effects is the following sequential ignorability as-
sumption (Imai, Keele, and Tingley 2010):

(>

Effect (NIE): NIE(y;2', )

Assumption 1 (Sequential ignorability). The following two
conditional independence statements hold:

WYy m, My} L X|C =cand (2) My LY, ,,|C=c
Sforanym € Qppand x € Qx, where p(X =z|C' =¢) >0

and p(M = m|X = z,C = ¢) > 0 for any m € Qyy,
x € Qx, and c € Q.
We have

Proposition 1 (Identification of P(Y,: pr. < y|C = ¢)).
(Imai, Keele, and Tingley 2010; VanderWeele and Knol
2014) Under SCM M and Assumption 1, the counterfactual
P(Yy am, < y|C = c) is identifiable by

P(Yer v, < ylC =c)

:/ PY <yl X =2',M =m,C =¢) 5)
Qe

xp(M =m|X =z,C =c)dm

forany x',x € Qx, y € Qy, and c € Q¢.



Direct and Indirect PNS

In this section, we introduce new concepts of direct and in-
direct PNS and provide corresponding identification results.
We will focus our attention on PNS, and show in the next
section that direct and indirect PN and PS can be derived as
special cases of direct and indirect PNS with evidence.

Definitions of CD-PNS, ND-PNS, and NI-PNS

‘We define controlled direct, natural direct, and natural indi-
rect probabilities of necessity and sufficiency.

Definition 3 (CD-PNS, ND-PNS, and NI-PNS). The con-
trolled direct, natural direct, and natural indirect PNS (CD-
PNS, ND-PNS, and NI-PNS) are defined by

CD-PNS(y; o', 2,m,¢) 2 P(Yyr 1y <y X Yo m|C = 0),
(6)

ND-PNS(y; 2, z,¢) = P(YVy <y < Y, Yo, <ylC =c
@)

);

NI-PNS(y; o', 2,¢) £ P(Yy <y 2 Yo,y < Yo, |C = c).

(3)

First, the controlled direct PNS (CD-PNS) provides a

measure of the necessity and sufficiency of z w.r.t. 2’ to pro-

duce Y > y given C = ¢ when the mediator is fixed to a

value M = m. CD-PNS can be used to answer the causal

question (Q1). CD-PNS consists of two counterfactual con-
ditions:

(A1). “had the treatment and the mediator been (z', m),
the outcome wouldbe Y < y” (Yo m < y); and

(A2). “had the treatment and the mediator been (x:,m), the
outcome wouldbe y = Y” (y X Y, ).

Conditions (A1) and (A2) have different values of treatment
and the same values of mediator. The relative values of the
potential outcomes Y, ,,, are shown in Figure 2 (b). For com-
parison, Figure 2 (a) shows the situation for T-PNS.
Second, ND-PNS has three counterfactual conditions:

(B1). “had the treatment been x', the outcome would be
Y < y” (Yx’ = Ym’,MT/ < y),
(B2). “had the treatment been x' but the mediator was kept
at the same value M, when the treatment is x, the outcome
wouldbe Y < y” (Yy p, < y), and

(B3). “had the treatment been x, the outcome would be
Yy = Y” (y = Yz = Ya:,]\/[l.):

The relative values of the potential outcomes are shown in
Figure 2 (c). Conditions (B1) and (B3) mean Y, <y XY,
which is the same condition in T-PNS and represents that
the treatment x is necessary and sufficient w.r.t. 2’ to pro-
voke the event y =< Y given C' = ¢. Conditions (B2) and
(B3) mean Y, p, <y = Y, a,, wWhich represents the ne-
cessity and sufficiency of x w.r.t. 2’ to produce Y > y given
C = c when keeping the values of the mediator by the same
as M. In other words, they mean that the treatment would
be necessary and sufficient even if there were no influences
via the mediator. Therefore, ND-PNS can answer the causal
question (Q2).
Third, NI-PNS has three counterfactual conditions:
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Y, Y,

H

(a) Order of potential outcomes in T-PNS.
Yx’,m Yy Y:r:,m

(b) Order of potential outcomes in CD-PNS.
Yx’ Yy Y:c

Yo m,

(c) Order of potential outcomes in ND-PNS.
Yo ) Ya

Yo M,

(d) Order of potential outcomes in NI-PNS.

Figure 2: Order of potential outcomes in each PNS.

(C1). “had the treatment been x', the outcome would be
Y < y” (Yx’ = Yt/7Mwl < y),
(C2). “had the treatment been ' but the mediator was kept

at the same value M, when the treatment is x, the outcome
wouldbey <Y ” (y = Yy a1, ), and

(C3). “had the treatment been x, the outcome would be
) j Y” (y j Y’I‘ = Y.’I,',Mm)s

The relative values of the potential outcomes are shown in
Figure 2 (d). Conditions (C1) and (C3) mean Y,y <y X Y,,
which is the same condition in T-PNS and states that the
treatment x is necessary and sufficient w.r.t. 2’ to provoke
the event y < Y given C' = c. Conditions (C1) and (C2)
mean Y/ pr , <y =X Yy u,, Which represents the necessity
and sufficiency of M, w.r.t. M, to produce Y > y given
C = c when setting the treatment to 2. In other words, they
mean that the treatment would be necessary and sufficient
if the influence is only via the mediator. Therefore, NI-PNS
can answer the causal question (Q3).
Then, the following proposition holds.

Proposition 2. We have

T-PNS(y; 2', x, c)

9
= ND-PNS(y; ', z, ¢) + NI-PNS(y; ', z, ¢). ©)

Eq. (9) states that the total PNS can be decomposed into a
summation of the natural direct and natural indirect PNS, a
desired property of causal mediation analysis.

Remark 1. Researchers have considered the propor-
tion of direct or indirect influence in the total influence,
which captures how important each pathway is in ex-
plaining the total influence (VanderWeele 2013). How-
ever, the proportions of direct and indirect effects in the
total effects under linear SCM M’ or the proportions
of NDE and NIE in TE may not always make sense
since these quantities may take negative values. In con-
trast, the proportions of ND-PNS and NI-PNS in T-PNS
are given by ND-PNS(y;z’,z,c)/T-PNS(y;2’,z,c)
P<Yw’7ﬂ1w < y|Yx’ < ) = Ya:7 c =
and NI-PNS(y; 2/, z,¢)/T-PNS(y; 2/, z, ¢) P(y

IS



Yo m,|Yer <y 2 Yy, C = ¢), respectively, which do not
take negative values. Additionally, the sum of the propor-
tions of ND-PNS and NI-PNS is always equal to 1.

Remark 2. Rubinstein, Cuellar, and Malinsky (2024) de-
fined, for binary treatment, outcome, and mediator, the to-
tal mediated PoC by &(c) =& P(Yy = 0Y; = 1,M; =
1,C = c), the direct mediated PoC by ¢(c) = P(Y1,am, =
0,Y0,nm, = 0|Y1 0, =1, M1 = 1,C = ¢), and the indirect
mediated PoC by (:(C) £ ]P(YLMO = 1, YO,MO = O‘YLMl =
1,M; = 1,C = c¢). While we focus on the necessity and
sufficiency of the treatment to provoke an event, their def-
initions of mediated PoC differ from ours and are aimed at
answering different questions. For example, their total medi-
ated PoC is motivated by the question: “Given that subjects
would experience events Y = 1 and M = 1 had they taken
a treatment X = 1, what is the probability that they would
not have experienced the event ¥ = 1 in the absence of
the treatment?”. We note that their mediated PoC satisfy the
property 6(c) = ¥(c) + ((c). We provide a detailed compar-
ison in Appendix E in (Kawakami and Tian 2024).

Identification of CD-PNS, ND-PNS, and NI-PNS

Next, we provide identification theorems for the direct and
indirect PNSs we have introduced.

Assumptions The identification of PoC relies on mono-
tonicity assumptions in the literature (Tian and Pearl 2000).
We will make similar assumptions, specifically similar to
those in (Kawakami, Kuroki, and Tian 2024).

Assumption 2. Potential outcome Yy ,, has conditional
PDF py, . |c=cforeachx € Qx, m € Qu, and ¢ € Qc,
and its support {y € Qy : py, jc=c(y) # 0} is the same
foreachx € Qx, m € Qpy, and ¢ € Q¢.

Assumption 3. Potential outcome Y,/ s, has conditional
PDF py,, . |c=cfor each 7',x € Qx and c € Q¢, and its

support {y € Qy : py, . |c=c(y) # 0} is the same for
eachx',x € Qx and c € Q¢.

Assumptions 2 and 3 are reasonable for continuous vari-
ables. For example, potential outcomes Y, ,,,, Y, ps, often
has [—o0, oc] support, such as in linear SCM M.

We assume the following monotonicity condition for
identifying CD-PNS:

Assumption 4 (Monotonicity over fy). The function
fy(x,m, e, Uy) is either monotonic increasing on Uy for
allz € Qx, m € Quy, and ¢ € Q¢, or monotonic decreas-
ing on Uy forall x € Qx, m € Qu, and ¢ € Q¢, almost
surely w.rt. Py, .

Alternatively, one may assume monotonicity over potential
outcomes:

Assumption 4’ (Conditional monotonicity over Yy ,,,) The
potential outcomes Yy, , satisfy: for any x’',x € Qx, m €
Qua, y € Qy, and ¢ € Qg, either P(Yy , < y =
Yom|C=¢)=00rP(Yym <y XYy n|C=c)=0.

Assumptions 4 and 4’ are equivalent under Assumption 2
(a straightforward extension of Theorem 4.1 in (Kawakami,
Kuroki, and Tian 2024)). We note that the widely used
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linear SCM M7 satisfies Assumption 4. Furthermore, an-
other popular model, a nonlinear SCM with normal distri-
bution M?¥, consisting of Y := fy (X, M,C) + Uy and
M = fu(X,C) + Uy, where Uy ~ N(uy,0?) and
Unt ~ N (uar, 03;), also satisfies Assumptions 2-4.

Let the compound function fy o fys represent (fy o
fI\/I)(x/7 x,C, U) = fY(I/7 fM(xv C, UM)7 c, UY) for all
2',x € Qx and ¢ € Q¢, where U = (Uy,Uyps). We as-
sume the following for identifying ND-PNS and NI-PNS:
Assumption 5 (Monotonicity over fy o fas). The function
(fy o fur) (2!, x,¢,U) is either monotonic increasing on U
forall x',x € Qx and c € Q¢, or monotonic decreasing on
U forall z',x € Qx and c € Qc¢, almost surely w.r.t. Pg.
Or, alternatively,

Assumption 5’ (Conditional monotonicity over Y, ar, ) The
potential outcomes Yy pp, satisfy: for any z, ', 2" 2" €
Qx, y € Qy, and ¢ € Qg, either P(Yy p, < y =
Yo a,,|C =¢) = 0o0r P(Yom pr,, <y X Yo n,|C =
c)=0.

Similarly, Assumptions 5 and 5’ are equivalent under As-
sumption 3. We note that both the linear SCM M?¥ and the
nonlinear SCM with normal distribution M?” satisfy As-
sumption 5 with U = Uy + Uyy.

Lemmas. Then, we obtain the following results.
Lemma 1. Under SCM M, and Assumptions 2 and 4,
CD-PNS(y; z’, x,m, ¢)

= max {P(Yz,,m <y|C = ¢) =~ P(Yym < y|C = c),o}.
(10)
Lemma 2. Under SCM M, and Assumptions 3 and 5,
ND-PNS(y; z’, x, ¢)

= max { min{P(Yy < y|C =¢),P(Yy a, < y|C =0)}

— P(Y, <4|C = 0),0},
1D
NI-PNS(y; 2, z, ¢) = max {]P’(Yz/ <ylC =¢)

— max{P(Y < y|C = ¢),P(Yar ar, < 4IC = ©)},0}.
(12)
The lemmas mean that, under monotonicity, CD-PNS, ND-

PNS, and NI-PNS can be computed from the CDF of certain
counterfactual outcomes.

Identification theorems. The CDF of the counterfactual
outcomes P(Y; rs,, < y|C = c) is identifiable under the
sequential ignorability Assumption 1 by Proposition 1 as
P(Yz,m,, < y|lC = c) = p(y;2', z, c), where we donote

plalsae) 2 [ B <yX =o' M = C =0
Qnr

X p(M =m|X =2z,C = c)dm.
(13)
Then, we obtain the following identification theorems by
combining Lemmas 1 and 2 and Proposition 1:



Theorem 1 (Identification of CD-PNS). Under SCM M,
and Assumptions 1, 2, and 4, CD-PNS is identifiable by

CD-PNS(y; 2’ z,m,c) =
min {]P’(Y <yl X =2',M=m,C =c)

—PY <ylX=2z,M=m,C= c),O}.
(14)
Theorem 2 (Identification of ND-PNS and NI-PNS). Under

SCM M, and Assumptions 1, 3, and 5, ND-PNS and NI-PNS
are identifiable by

ND-PNS(y; 2’, x, c)
= max { min{P(Y < y|X =2',C =¢),

ply; 2’ z,0)} —P(Y <yl X =2,C = C),O},
(15)
NI-PNS(y; 2, z,c) = max {IP’(Y <ylX=2,C=c)

—max{P(Y < y|X = 2,C = o), p(y;2/,2,)},0}.
(16)

As a consequence, under SCM M and Assumptions 1, 3,
and 5, the proportions of ND-PNS and NI-PNS in T-PNS
are also identifiable.

Direct and Indirect PNS with Evidence

In this section, we define CD-PNS, ND-PNS, and NI-PNS
with evidence and provide corresponding identification the-
orems. Specifically, we consider two types of evidence:

E2X=a2"M=m"Y €Iy), (17)
£ A (X =a"Y € Ty), (18)

where Zy is a half-open interval [y, y*) or a closed interval
[y, y*] w.r.t. <. PNS with evidence allows us to examine
PNS for a specific subpopulation characterized by the evi-
dence.

The main distinction between the evidence £ or £’ and
the subject’s covariates C' in the definition of CD-PNS, ND-
PNS, and NI-PNS (Def. 3) is that C' in the SCM M are
pre-treatment variables but £ are post-treatment variables.
Conditioning on post-treatment variables differs from tradi-
tional conditioning on pre-treatment variables and has been
discussed in the context of PN or PS (Pearl 1999) and the
posterior causal effects (Lu et al. 2022; Li et al. 2023). They
have applications in various fields, such as attribution of risk
factors in public health and epidemiology, medical diagnosis
of diseases, root-cause diagnosis in equipment and produc-
tion processes, and reference measures for penalties in law.

A

Definitions of CD-PNS, ND-PNS, and NI-PNS with
Evidence

First, we define CD-PNS with evidence £, and T-PNS, ND-
PNS, and NI-PNS with evidence £’ !

"Kawakami, Kuroki, and Tian (2024) have studied T-PNS with
evidence (X = z*,Y = y*), which is a special case of £’.
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Definition 4 (CD-PNS, T-PNS, ND-PNS, and NI-PNS with
evidence). CD-PNS with evidence £, and T-PNS, ND-PNS,
and NI-PNS with evidence &' are defined by

CD-PNS(y; 2’,2,m, &, c)

19
2PV <y = YemlE,C =c), (19)
T-PNS(y; 2,2, &', ¢) 2 P(Yer <y 2 Y,|E,C = ¢),
(20)
ND-PNS(y; 2’ x, &, c) on
= P(le <y = chvyw’,]\/fw =< y|5/,c = C),

NI-PNS(y; 2,2, &', ¢

(y ) o

EP(Yy <y =2Ye,y 2 Yy, [E,C =c).

CD-PNS with evidence can answer questions: “What is the
probability that the situation in the question (Q1) holds for
the subjects, when, in reality, their treatment is z*, their me-
diator is m™, their outcome is in Zy-, and their covariates is
c?” ND-PNS and NI-PNS with evidence can answer ques-
tions: “What is the probability that the situation in the ques-
tions (Q2) and (Q3) hold, when, in reality, their treatment
is x*, their outcome is in Zy, and their covariates is ¢?”
CD-PNS, ND-PNS, and NI-PNS with evidence can retro-
spectively answer questions for the specific subpopulation
characterized by the evidence.
The following desired decomposition property holds:

Proposition 3.
T-PNS(y; 2", z, &', ¢)

= ND-PNS(y; 2/, z,&’, ¢) + NI-PNS(y; 2, z, &', ¢).
(23)

Remark 3. We do not use mediator information in evi-
dence for T-PNS, ND-PNS, and NI-PNS because a more
strict assumption is required for identification to exploit me-
diator information. In Appendix C in (Kawakami and Tian
2024), we provide an identification theorem (Theorem 4’) of
T-PNS, ND-PNS, and NI-PNS with evidence &’ (X =
x*, M € Iy,Y € ZIy) with an additional assumption,
where 7, is a half-open interval [m!, m*) w.r.t. the total
order on €.

ND-PN, NI-PN, ND-PS, and NI-PS. So far, we have fo-
cused our attention on PNS in the PoC family. It turns out
that PN and PS, the other two members of the PoC family
defined in Def. 1, can be computed as special cases of T-PNS
with evidence. Specifically, PN is equivalent to T-PNS with
the evidence &’ = (y < Y, X = ), and PS is equivalent to
T-PNS with the evidence &’ = (Y < y, X = z’) as follows.

Proposition 4. We have the following:

PN(y;2',2,¢) =P(Yy <y XY,y XY, X =2,C = ¢),
(24)

PS(y;2',x,¢) =P(Yy <y Y, |Y <y, X =2',C =c).
(25)
Then, direct and indirect PN and PS can be naturally de-

fined by extending the definitions of ND-PNS and NI-PNS
with evidence in Def. 4.



Definition 5 (ND-PN, NI-PN, ND-PS, and NI-PS). The nat-
ural direct PN (ND-PN), natural indirect PN (NI-PN), natu-
ral direct PS (ND-PS), and natural indirect PS (NI-PS) are
defined by

ND-PN(y; 2’, z, c)

26
SP(Ye <y, You, <yly Y, X =2,C =0¢), (20
NI-PN(y; 2’, z, c
- (y ) @7
:]P)(Yx’ < y7yjyx’,Mz|yjY7X:x7C:c)a
ND-PS(y; 2, z,c
) (y ) / 28)
:P(y = Y,’th’,]V[T < y|Y < y7X =T aC = C)v
NI-PS(y; 2, z,c
(y ) 29

SEP(y XY,y XYoo |Y <y, X =2',C=c).

ND-PN, NI-PN, ND-PS, and NI-PS provide a measure
of the necessity or the sufficiency of the treatment for the
outcome through direct or indirect pathways. We have the
desirable decomposition property that PN(y;z’,z,¢) =
ND-PN(y; 2/, z, ¢) + NI-PN(y; 2/, z, ¢) and
PS(y; ', x,c) = ND-PS(y; 2, 2, ¢) + NI-PS(y; 2/, z, ¢).

Identification of CD-PNS, T-PNS, ND-PNS, and
NI-PNS with Evidence

We obtain the following two identification theorems under
the same assumptions for Theorems 1 or 2.

Theorem 3 (Identification of CD-PNS with evidence &).
Let Ty be a half-open interval [y, y*) in evidence E. Under
SCM M, and Assumptions 1, 2, and 4, for each x’, x € Qx,
m € Qu, y € Qy, and ¢ € Q¢, we have

A). FPY < y*X =2 M =m*,C =¢) #P(Y <
Y| X =%, M =m*,C = c), then

CD-PNS(y; 2’ z,m, &, c) = max {a/3,0}, (30)
where
a:min{IE”(Y—<y|X:x’,M:m7C:c),
PY <y X =z"M=m",C = c)}
—maX{P(Y<y|X:x,M:m,C’:c),
P(YY <y'|[X =2*, M =m*,C = c)},
(€29

=P(Y <y*|X =2*, M =m*,C =
B=PY <y"X == m c) )

—P(Y <yl | X =2*, M =m*,C =c).

B). IFP(Y <

| X
YX =" M

m*,

M=m*C=c) =PY <

yu
= c), then

= x*
C:
CD-PNS(y; ', z,m,E,c) = ]I(IP’(Y <ylX =2",C=c)
<PY <y |X =2, M =m*,C =c)

<P(Y, < y|C = c)>.
(33)
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Theorem 4 (Identification of T-PNS, ND-PNS, and NI-PNS
with evidence £'). Let Iy be a half-open interval [y, y*) in
evidence £'. Under SCM M, and Assumptions 1, 3, and 5,
foreachx',z € Qx, y € Qy, and c € Q¢, we have

A). IFPYY < y"|X = 25,C = ¢) # P(Y < ¢|X =
x*,C = c), then

T-PNS(y; 2, %, &', ¢) = max {7 /4,0}, (34)
ND-PNS(y; 2', 2, €, ¢) = max {7” /5,0}, (35)
NI-PNS(y; 2,2, ¢) = max {7/ /5,0},  (36)
where
7T = min {IP’(Y <y|X =2",C=c),
PY <y¥|X =2",C=c)} 37

—max{P(Y < y|X =z,C = ¢),
P(Y < y|X =a",C =)},

7P = min {IP’(Y <yl X =2',C =c¢),
PY <y*|X =2*,C =c),p(y;2',z,c)}
—max{P(Y < y|X =z,C =¢),
P(Y < y'|X =2*,C = c)},
(38)
7! = min {]P’(Y <ylX =2,C=c),
PY <y¥|X =2*,C=c¢)}
—max{P(Y < y|X =z,C = ¢),
P(Y < ¢'|X =2*,C = C),p(y;x’w,C)},

(39)
d=PY <y X =2*,C=c
Y <y l ) “0)
-PY <y | X =2",C=c).
B). IfFPY < y*|X = 2*,C = ¢) = P(Y < ¢/|X =

x*,C = ¢), then

T-PNS(y; 2", 2,E',¢) = ]I(]P’(Y <ylX=2",C=c) <

)

B(Y < y/[X =27,C =) <P(Y <y X =,C =)
(41)
]I(IF’(Y <ylX=a/,C=c) <

ND-PNS(y; 2,2, &, c) =
B(Y <y/|X =2",C =) < B(Y <y|X =2,C =),

Py, w ) S PY <yl|X =a",C = 0)),
(42)
NI-PNS(y; o', 2, & ¢) = ]I(IP(Y <ylX =2',C=¢) <
P(Y <y |X =2*,C=¢c) <P(Y <y|X =2,C =c),
P(Y <y |X =2%,C =¢) < p(y;x',x,c)).
(43)



Remark 4. When Zy is a closed intervel [y!,y"] in ev-
idence £ or &', the identification results are obtained by
changing “Y < y*” to “Y < y*” in Theorems 3 and 4.

Remark 5. When Zy is a point ' = 3, the identifica-
tion of T-PNS with evidence (X = 2*,Y = ') in Theorem
4 reduces to Theorem 5.1 in (Kawakami, Kuroki, and Tian
2024). Thus, T-PNS identification in Theorem 4 is an exten-
sion of Theorem 5.1 in (Kawakami, Kuroki, and Tian 2024).

Simulated Experiments
Estimation from Finite Sample Size

We perform numerical experiments to illustrate the proper-
ties of the estimators from finite sample size. Theoretically,
the estimators in this paper are consistent and it is expected
that the estimates are reliable when the sample size is large.

Estimation methods. All identification theorems
in the paper compute all quantities through condi-
tional CDFs. Using dataset {z;,m;,y;}Y,, we esti-
mate the conditional CDFs by the empirical condi-
tional CDFs, ie., P(Y < y|X x, M m)

SN My <y = @,mg = m) /S Wy = 2,my = m),

P(M m|X x)
SN I(my = mx; = 2) /S, I(x; = 2), and, in ad-
dition, p(y;2',z) = > ca., P(Y < y|X = 2/,M =
x). We conduct the bootstrapping

mP(M = m|X

(Efron 1979) to reveal the distribution of the estimators, and
provide the means and 95% confidential intervals (CI) for
each estimator.

Setting. We assume the following SCM:

X := Bern(0.5), M := Bern(n(X)),

Y := Bern(m(X + M)), (44)

where 7(z) = exp(1+0.52)/(1 +exp(1l + 0.52)). Bern(z)
represents a Bernoulli distribution with probability z. X, M,
and Y are all binary variables. We simulate 1000 times with
the sample size N = 100, 1000, 10000, respectively, and
assess the means and 95% confidential intervals (CIs) of the
estimators.

Results. The ground truths of T-PNS, ND-PNS, and NI-
PNS are 0.074, 0.066, and 0.008. When N = 100, the esti-
mates are

T-PNS: 0.083 (CI: [0.000, 0.228]),
ND-PNS: 0.074 (CI: [0.000, 0.220]),
NI-PNS: 0.009 (CI: [0.000, 0.046]).

When N = 1000, the estimates are

T-PNS: 0.075 (CI: [0.029, 0.125]),
ND-PNS: 0.068 (CI: [0.021, 0.116]),
NI-PNS: 0.007 (CI: [0.000, 0.017]).

When N = 10000, the estimates are
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T-PNS: 0.074 (CI: [0.060, 0.088]),
ND-PNS: 0.067 (CI: [0.052, 0.082]),
NI-PNS: 0.008 (CT: [0.005, 0.011]).

When the sample size is small (N = 100), the estimators
have relatively wide 95% CIs. When the sample size is large
enough (N = 1000 or N = 10000), the estimators are close
to the ground truths and have relatively narrow 95% CIs. We
perform additional experiments for T-PN, ND-PN, NI-PN,
T-PS, ND-PS, and NI-PS and the results are presented in
Appendix F in (Kawakami and Tian 2024).

Illustration of the Proposed Measures

To illustrate the behavior of the proposed direct and indirect
PoC measures, we simulate data from an SCM and plot the
measures against the covariate. The results are discussed in
Appendix F in (Kawakami and Tian 2024).

Application to a Real-world Dataset

We show an application to a real-world psychology dataset.

Dataset. We take up a dataset from the Job Search Inter-
vention Study (JOBS II) (Vinokur and Schul 1997). This
dataset is open through the R package “mediation” (https:
/[cran.r-project.org/web/packages/mediation/index.html).
JOBS II was a randomized job training intervention for
unemployed subjects aiming at increasing the prospect
of reemployment and improving their mental health. In
the experiment, the unemployed workers were randomly
assigned to treatment and control groups. Those in the
treatment group participated in job-skills workshops, and
they learned job-search skills and coping strategies for
dealing with setbacks in the job-search process. Those in
the control group received a booklet of job-search tips. In
follow-up interviews, a measure of depressive symptoms
based on the Hopkins Symptom Checklist was assessed.
The sample size is 899 with no missing values.

Variables. Let the randomly assigned interventions be
treatment variable (X) (treat), which takes O for the con-
trol group and 1 for the treatment group. We choose the mea-
sure of depressive symptoms based on the Hopkins Symp-
tom Checklist (depress2) as the outcome (Y). We con-
sider job-search self-efficacy (M) (job_seek) as a dis-
crete mediating variable. We set C' = (). We let the threshold
of the depression be y = 3 in all the definitions of PoC vari-
ants, and let ' = 0 and x = 1. We assume Assumptions
1-3. These are reasonable because the interventions are ran-
domly assigned, and the linear model used in the previous
study (Vinokur and Schul 1997) satisfies these assumptions.
On this dataset, it is reasonable that X = 0 increases the
depression compared to X = 1 and we assume 4’ and 5’
for monotonic increasing. Assumption 4’ for monotonic in-
creasing represents P(Y1,,, > y > Yp.,|C = ¢) = 0,
which means that there do not exist subjects whose poten-
tial depression score when setting the value of job-search
self-efficiency by m and receiving no intervention is un-
der the given threshold y, and whose potential depression
score when setting the value of job-search self-efficiency by



m and receiving an intervention is over the given threshold
y. This seems reasonable. Assumption 5’ for monotonic in-
creasing represents P(Y1 ar, > v = Yia,|C = ¢) = 0,
]P)(Yl,]\ll -y = YO,M1|C = C) =0, ]P(Yl,Ml -y =
Yor,|C =¢) =0,PY1,m, = Y = Your,|C = ¢) =0,
and P(Yopr, = y = You,|C = ¢) = 0. For example,
P(Yia, > y = Y1,0,|C = ¢) = 0 means that there do
not exist subjects whose potential depression score when re-
ceiving an intervention and keeping the value of job-search
self-efficiency by M is under the given threshold y, and
whose potential depression score when receiving an inter-
vention and keeping the value of job-search self-efficiency
by M; is over the given threshold y. This also seems reason-
able.

Results. The estimated T-PNS is 23.840% (CI:
[19.021%,29.254%]). Then, we consider the following
three questions:

(QY’). Would the intervention be necessary and sufficient to
cure the depression had the job-search self-efficacy been
fixed to a value (m = 5)?

(Q2%). Would the intervention still be necessary and
sufficient to cure the depression had there been no influence
via the job-search self-efficacy?

(Q3’). Would the intervention still be necessary and
sufficient to cure the depression had the influence only
existed via the job-search self-efficacy?

We evaluate CD-PNS (m = 5), ND-PNS, and NI-PNS spec-
ified in Def. 3 and obtain the following results:

CD-PNS: 7.484% (CI: [0.000%,41.676%]),
ND-PNS: 0.000% (CI: [0.000%,0.000%]),
NI-PNS: 23.840% (CT: [19.021%,29.254%]).

CD-PNS, ND-PNS, and NI-PNS answer the questions
(Q1°), (Q2°), and (Q3’), respectively. CD-PNS is less than
T-PNS. T-PNS is equal to NI-PNS, and this means that the
necessity and sufficiency of the treatment is entirely due to
the indirect influence via the mediator. The proportions of
ND-PNS and NI-PNS in T-PNS are 0 and 1.

While Vinokur and Schul (1997) reported both direct and
indirect effects as statistically significant, our results decom-
pose the total influence entirely into the indirect. However,
this does not contradict the observation that treatment has a
direct effect on the outcome. Our results imply that the treat-
ment would be necessary and sufficient at the same level of
T-PNS had the influence only existed via the mediator, and
the treatment would not be necessary and sufficient had there
been no influence via the mediator. Our results do not imply
that the treatment has no direct effect on outcome.

Next, we study PoC for a specific subpopulation described
by evidence. We evaluate T-PNS, CD-PNS (m = 5), ND-
PNS, and NI-PNS with evidence specified in Def. 4. We con-
sider the evidence of z* = 0, Zy = [y, y") where ' = 1.5
and y* = 2.5 for ND-PNS and NI-PNS, and additionally
m* = 5 for CD-PNS. We obtain:

T-PNS with evidence: 57.899%(CI: [39.130%,76.190%)),
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CD-PNS with evidence: 0.000%(CI: [0.000%,0.000%])?,
ND-PNS with evidence: 0.000%(CI: [0.000%,0.000%]),
NI-PNS with evidence: 57.899%(CI: [39.130%,76.190%]).

CD-PNS, ND-PNS, and NI-PNS can answer the questions
(Q1°), (Q2’), and (Q3’), respectively, for the subpopulation
specified by the evidence. CD-PNS is 0, and the proportions
of ND-PNS and NI-PNS in T-PNS are 0 and 1. T-PNS and
NI-PNS for this subpopulation are larger than those of the
whole population.

Conclusion

We consider mediation analysis for PoC and introduce new
direct and indirect variants of PoC to represent the neces-
sity and sufficiency of the treatment to produce an outcome
event directly or through a mediator. We provide identifica-
tion theorems for each type of PoC we introduce. The results
expand the family of PoC and provide tools for researchers
to answer more sophisticated causal questions. In addition,
we show in Appendix D in (Kawakami and Tian 2024) how
these direct and indirect variants of PoC look like for bi-
nary treatment, outcome, and mediator variables. In settings
where the identification assumptions (sequential ignorabil-
ity, monotonicity) do not hold, bounding (Tian and Pearl
2000; Dawid, Musio, and Murtas 2017; Dawid, Humphreys,
and Musio 2024; Li and Pearl 2024a) or sensitivity analysis
(Imai, Keele, and Tingley 2010; Imai, Keele, and Yamamoto
2010; VanderWeele 2016) is desired. Also, researchers are
often interested in path-specific effects, of which direct and
indirect effects are special instances (Daniel et al. 2015; Xia
and Chan 2022; Zhou and Yamamoto 2023). Extending our
results to these cases will be interesting future work.
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