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Abstract

Rent division is the well-studied problem of fairly assigning
rooms and dividing rent among a set of roommates within a
single apartment. A shortcoming of existing solutions is that
renters are assumed to be considering apartments in isolation,
whereas in reality, renters can choose among multiple apart-
ments. In this paper, we generalize the rent division problem
to the multi-apartment setting, where the goal is to both fairly
choose an apartment among a set of alternatives and fairly as-
sign rooms and rents within the chosen apartment. Our main
contribution is a generalization of envy-freeness called nego-
tiated envy-freeness. We show that a solution satisfying ne-
gotiated envy-freeness is guaranteed to exist and that it is
possible to optimize over all negotiated envy-free solutions
in polynomial time. We also define an even stronger fairness
notion called universal envy-freeness and study its existence
when values are drawn randomly.

1 Introduction
Rent division is a classic and intuitive problem within the
space of fair division, in which a number of roommates are
faced with the joint decision of how to assign rooms and split
the total rent in a shared apartment. The problem is compli-
cated by the fact that the rooms may vary widely and that
players may have very different values for different rooms;
for example, one room may have a better view, or one player
may derive higher utility from having larger closets. Prefer-
ences over prices may also be complex, but it is commonly
assumed that players’ utilities are quasi-linear: utility equals
value minus price. The goal is to find an assignment of play-
ers and prices to rooms that takes such player preferences
into account and satisfies a rigorous notion of fairness.

The gold standard for fairness in rent division is envy-
freeness, which guarantees that each player has higher utility
for their own room than for any other room, given the prices
assigned to each room. In other words, in an envy-free allo-
cation, no roommate would want to trade their room for any
other room. Along with being easily justifiable (Procaccia
2019), a solution which satisfies envy-freeness is also guar-
anteed to exist for the rent division problem (Svensson 1983)
under the assumption of quasi-linearity. Furthermore, such a
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solution can be found in polynomial time (Aragones 1995),
and it is possible to optimize linear objectives over envy-
free solutions in polynomial time as well (Gal et al. 2017).
Therefore, envy-freeness is both a compelling and computa-
tionally tractable fairness notion in the rent division setting.

The study of rent division is not driven merely by theoreti-
cal interest — it is a poster child for applications of fair divi-
sion more broadly. In particular, the not-for-profit fair divi-
sion website Spliddit (Goldman and Procaccia 2014) oper-
ated between 2014 and 2022 and offered “provably fair so-
lutions to everyday problems.” Its rent division application
implemented the algorithm of Gal et al. (2017); among the
five applications on Spliddit, it was the most popular, with
more than 30,000 instances solved (Peters, Procaccia, and
Zhu 2022).

A shortcoming of the prevalent approach to fair rent divi-
sion, however, is that it assumes that the players have already
chosen an apartment, and the only question remaining is how
to divide the rooms and rent. By contrast, groups looking for
an apartment are often not considering each potential apart-
ment separately. Rather, many groups can further optimize
by choosing among a set of available apartments which fit
their budget and location constraints. This setting gives rise
to new sources of complexity as the players are required not
only to assign rooms and prices in the chosen apartment, but
also to collectively decide on which apartment to rent. Such
a decision can be contentious. Imagine, for instance, three
players whose apartment hunting priorities are a short com-
mute, proximity to green spaces, and an exciting neighbor-
hood, respectively. Suppose further that current apartment
options include one apartment that is close to player 1’s
workplace, one which neighbors the largest park in the city,
and one in the center of Restaurant Row. The rooms in each
apartment may be asymmetric as well. Given all of these fac-
tors, how should the players decide which apartment to rent
and who gets which room?

Crucially, it does not suffice to merely compute an envy-free
solution in each individual apartment. Consider the follow-
ing example:

Example 1.1. There are two players and two apartments.
Each apartment has total rent 300 and contains two symmet-
ric rooms. The value of each player (rows) for each room
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(columns) is shown below:

r11 r12
1 200 200
2 100 100

r21 r22
1 100 100
2 200 200

In this example, the only solution which is individually
envy-free in each apartment assigns equal rent in each apart-
ment. However, the players will then disagree on which
apartment to rent, as player 1 will prefer apartment 1 while
player 2 will prefer apartment 2. It also seems intuitively un-
fair to assign equal rent in each apartment, as this would re-
sult in the two players having unequal utilities, even though
their utility functions are symmetric. Therefore, a new fair-
ness notion is needed for the multi-apartment rent division
problem.

1.1 Our Contributions
First and foremost, we present a formal model of the rent
division problem in the multi-apartment setting, and show
that new fairness notions are necessary in this model. Our
main contribution is a generalization of envy-freeness called
negotiated envy-freeness. We show that negotiated envy-
freeness satisfies several desirable properties such as Pareto
optimality and individual rationality, and reduces to envy-
freeness in the single apartment setting. We provide an intu-
itive justification for negotiated envy-freeness based on ne-
gotiating rent between players who have different favorite
apartments, and show how such negotiations allow players
to reach a consensus apartment while maintaining fair rent
burdens across players. We then show that a solution satisfy-
ing negotiated envy-freeness is guaranteed to exist and that
it is possible to optimize linear objectives over all negotiated
envy-free solutions in polynomial time, mirroring a simi-
lar result by Gal et al. (2017) for the single-apartment set-
ting. Finally, we introduce strong negotiated envy-freeness,
a variant of negotiated envy-freeness which imposes addi-
tional fairness constraints on negotiations.

We also explore universal envy-freeness, which is the most
direct generalization of envy-freeness. Unlike negotiated
envy-freeness, however, we show that a universal envy-free
solution is not guaranteed to exist (and, in fact, there are
many instances where such a solution does not exist). There-
fore, we instead study the probability of such a solution ex-
isting when players’ utilities are drawn i.i.d. from an arbi-
trary distribution with a fixed number of players. For dis-
crete distributions, we show that the probability that a uni-
versal envy-free solution exists approaches 1 as the number
of apartments approaches infinity. For continuous distribu-
tions, on the other hand, we show that the probability that a
universal envy-free solution exists does not converge to ei-
ther 0 or 1. However, if we add apartments one by one, the
probability that there exists a stopping point where a univer-
sal envy-free solution exists converges to 1, even for contin-
uous distributions.

1.2 Related Work
As mentioned earlier, our work is most closely related to the
paper of Gal et al. (2017). They study envy-free solutions for

(single-apartment) rent division under quasi-linear utilities,
and — building on earlier work by Alkan, Demange, and
Gale (1991) — single out the maximin solution (which max-
imizes the minimum utility subject to envy-freeness) as es-
pecially desirable. They also develop an algorithmic frame-
work that allows for efficient computation of the maximin
solution and a range of other objectives.

By contrast, Peters, Procaccia, and Zhu (2022) consider a
different type of objective: they seek envy-free solutions
that — rather than optimizing a welfare function — are ro-
bust to perturbations of the utilities. This objective is beyond
the scope of our work.

There are several approaches to rent division that relax the
assumption of quasi-linear utilities or provide (incompara-
ble) alternatives. One line of work allows players to ex-
press a (hard or soft) budget constraint (Procaccia, Velez,
and Yu 2018; Airiau et al. 2023; Velez 2022, 2023).
Arunachaleswaran, Barman, and Rathi (2021) develop a
fully-polynomial approximation scheme for envy-free rent
division under the assumption that each player’s utility (as a
function of price) is continuous, monotone decreasing, and
piecewise-linear. Finally, classic work by Su (1999) uses
Sperner’s Lemma to construct an algorithm for envy-free
rent division under the “miserly tenants” assumption, which
requires players to prefer a free room to any other room
(even if its rent is $1); while his approach is elegant, it
has several shortcomings, including that preference elicita-
tion requires repeated interaction with the players and that
it is infeasible to optimize over envy-free solutions. Segal-
Halevi (2022), however, shows that techniques developed
for miserly tenants extend to the quasi-linear setting. All
of these papers are orthogonal to ours, as we focus on the
(widely used in practice) quasi-linear setting and instead ex-
tend the standard rent division problem to multiple apart-
ments.

It is worth noting that even in the basic setting of a single
apartment and quasi-linear utilities, envy-freeness is incom-
patible with strategyproofness. For this reason, work on in-
centives in fair rent division is relatively limited. A notable
exception is the work of Velez (2018), who studies mecha-
nisms whose equilibria give rise to envy-free solutions.

2 Model
A multi-apartment rent division instance is composed of a
set of players [n] = {1, ..., n} and a set of apartments [m] =
{1, ...,m}, where each apartment j consists of n rooms
{rj1, ..., rjn}. For each room rjk in apartment j, player i
has a non-negative value Vi(rjk). Each apartment j also has
a total rent Rj . Unless otherwise noted, we will assume that∑

j

∑
k Vi(rjk) =

∑
j Rj for all i. In other words, we do

not assume that players have the same value for each apart-
ment, but do assume that players have the same total value
for all apartments under consideration. In our model, players
are therefore able to express preferences over apartments,
but their overall utility is still normalized as in the single
apartment setting (Gal et al. 2017). The entire instance can
be represented by a valuation matrix V ∈ Mn×m×n(R+)
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and a rent vector R ∈ Rn.

An apartment assignment Aj : [n] → [n] is a mapping of
players to rooms in apartment j, where Aj(i) is the room
assigned to player i in apartment j. An assignment A =
{A1, ..., Am} is the vector of mappings for all apartments.
An assignment for apartment j is welfare-maximizing if it
maximizes

∑n
i=1 Vi(Aj(i)) − Rj over all possible assign-

ments in j. Rent is allocated via the price matrix P ∈ Rm×n,
and we denote the price of a specific room r as P (r). We re-
quire that

∑
k∈[n] P (rjk) = Rj for any valid price matrix,

and will refer to the price vector for apartment j as Pj , where
Pj is the jth row of P . For a specific Aj , P , the quasi-linear
utility of player i is Ui(Aj , P ) = Vi(Aj(i)) − P (Aj(i)). A
solution for the multi-apartment rent division instance is a
tuple (A,P, j∗), where A and P contain all assignments and
prices and j∗ denotes the chosen apartment. We will often
refer to a partial solution (A,P ) where the apartment has
not yet been chosen.

When there is only a single apartment (m = 1), a solution
(A1, P ) is envy-free (EF) if each player prefers her room
over every other room. Formally, a solution is envy-free if
for all i, i′ ∈ [n],

Vi(A1(i))− P (A1(i)) ≥ Vi(A1(i
′))− P (A1(i

′)). (1)

In the single apartment setting, an envy-free solution al-
ways exists and can be found in polynomial time (Gal et al.
2017). The goal of this paper is to generalize the notion of
envy-freeness in Equation (1) to the multi-apartment setting
when m > 1. In the multi-apartment setting, one starting
point is to simply enforce the single apartment definition
of envy-freeness for each apartment separately, i.e. for all
i, i′ ∈ [n], j ∈ [m],

Vi(Aj(i))− P (Aj(i)) ≥ Vi(Aj(i
′))− P (Aj(i

′)). (2)

We will refer to partial solutions (A,P ) that satisfy Equation
(2) as individually envy-free. However, as we showed in the
introduction, it may be impossible for the players to agree
on the final apartment choice j∗, and therefore this does not
lead to an obviously fair solution.

3 Universal Envy-Freeness
We first consider universal envy-freeness, a natural gener-
alization of envy-freeness which captures the spirit of the
original definition. Informally, a universal envy-free assign-
ment guarantees that no player will want to switch her room
in the chosen apartment with any room in any apartment. We
formalize this definition below.

Definition 3.1. A solution (A,P, j∗) is universal envy-free
(UEF) if for all i, i′ ∈ [n] and j ∈ [m],

Vi(Aj∗(i))− P (Aj∗(i)) ≥ Vi(Aj(i
′))− P (Aj(i

′)).

Unfortunately, a universal envy-free solution does not al-
ways exist, as can be seen in Example 1.1. In that example,
the only way for both apartments to be individually envy-
free is for rent to be assigned evenly in each apartment; i.e.

that the price of each room is 150. However, if rent is as-
signed in this way, then one of the players will be envious in
the final apartment: if apartment 1 were chosen, then player
2 would rather have either room in apartment 2, while if
apartment 2 were chosen, then player 1 would rather have ei-
ther room in apartment 1. Therefore, no universal envy-free
solution exists for Example 1.1. It turns out that this is not
a knife’s edge example, and that there are many instances
which have no universal envy-free solution. For example,
there are instances with no universal envy-free solution even
when we restrict all players to have the same total value for
each apartment (

∑n
k=1 Vi(rjk) = Rj ∀i, j). We note, how-

ever, that it is easy to check whether a universal envy-free
solution exists via a simple linear program [Appendix A.4].

3.1 Probabilistic Universal Envy-Freeness
In computational fair division, when researchers were faced
with the unfortunate non-existence of envy-free allocations
of indivisible goods, they have asked whether such solu-
tions are likely to exist in random instances, at least in the
large (Dickerson et al. 2014; Manurangsi and Suksompong
2017, 2020). In this section, we adopt the same approach in
the context of universal envy-freeness.

Specifically, we assume that the valuation matrix V is drawn
randomly, where each player’s value for each room is drawn
from a distributionD supported on [0, 1]. In other words, for
any player i and room rjk in apartment j, the value of player

i for room rjk is Vi(rjk)
i.i.d.∼ D. Because each apartment

is drawn symmetrically, we will also assume for this section
only that the rent in every apartment is equal to R. Impor-
tantly, note that under this model we are no longer requiring
player utilities to be normalized to add up to the total rent.
However, as values are drawn i.i.d, every player will have
the same total value for all of the rooms in expectation.

Define Em as the event that there exists a universal envy-free
solution with m apartments when values are drawn i.i.d from
distribution D. First, we consider the simpler case when D
is a discrete distribution with a finite number of values (see
Appendix A for the proof).

Theorem 3.2. If Vi(rjk)
i.i.d.∼ D for all i, j, k where D is

a discrete distribution that takes on κ < ∞ distinct values,
then for any constant n, Pr (Em) −−−−→

m→∞
1.

The above result holds in the limit as m goes to infinity,
which is unrealistic in the real-world setting of searching
for an apartment. However, a group of roommates may con-
sider dozens of apartments in their search, in which case
limit laws such as this result can become useful approxima-
tions. We would also ideally like to generalize this result to
continuous distributions. Somewhat surprisingly, the same
result does not hold in the case of continuous distributions
supported on [0, 1]. In fact for sufficiently large m, we can
bound the probability that there exists a universal envy-free
solution away from both 0 and 1 for a fixed value of n. Note
that the lower bound is the same for any continuous distri-
bution, while the upper bound is distribution-dependent.
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Theorem 3.3. Suppose that Vi(rjk)
i.i.d.∼ D for all i, j, k

where D is a continuous distribution supported on [0, 1].
Then there exists a p0(n) > 0 such that for any m and
D, Pr (Em) ≥ p0(n). Furthermore, for any distribution D,
there exists a p1(n) < 1 such that for any m ≥ n + 1,
Pr (Em) ≤ p1(n).

Proof sketch. We provide a brief sketch of the proof of The-
orem 3.3 and defer the formal proof to Appendix A. The
structure of the proof is to construct two events F and E
(both with probabilities independent of m) such that under
event F a universal envy-free solution always exists and un-
der event E a universal envy-free solution never exists. The
key idea behind both constructed events is to consider the
highest welfare achievable by potentially non-bijective as-
signments that can assign multiple rooms within an apart-
ment to the same player. Note that these are not necessarily
valid regular assignments. We will denote the maximum to-
tal utility achievable by a potentially non-bijective assign-
ment for a given apartment j as MUW (j). Suppose the
apartments are numbered in order of MUW , and therefore
apartment 1 has the highest MUW . We define F as the
event when the potentially non-bijective assignment with the
highest total utility in apartment 1 is actually bijective, and
therefore is a valid regular assignment. Under eventF , a uni-
versal envy-free solution exists. We then show that Pr(F)
is always positive and independent of m. To show non-
existence of a universal envy-free solution, we construct the
event E with the three following conditions on the first n+1
apartments based on the MUW ordering. The event E oc-
curs when apartment n+ 1 is the unique maximum welfare
apartment, the potentially non-bijective assignment which
achieves MUW (n+1) is a bijective assignment, and for ev-
ery j ∈ [n], the potentially non-bijective assignment which
achieves MUW (j) assigns every room to player j. Con-
ditioned on event E , we show that no universal envy-free
solution exists. Once again, Pr(E) is always positive and in-
dependent of m.

Theorem 3.3 implies that simply starting with a very large
number of apartments is not sufficient for guaranteeing ex-
istence of a universal envy-free solution. However, the con-
struction of event F in Theorem 3.3 also implies the fol-
lowing. Suppose there are n players trying to find a univer-
sal envy-free solution, starting with m0 apartments. If new
apartments are added one at a time, and we check for univer-
sal envy-freeness before each new apartment is added, then
with probability 1 this process will terminate with a uni-
versal envy-free solution in a finite number of apartments.
The proof of this result leverages the fact that event F relies
only on the ordering of utilities within the apartment with
the highest value of MUW . This result is formally outlined
in Corollary 3.4 and proven in Appendix A.

Corollary 3.4. Suppose there exists an infinite sequence of
apartments with Vi(rjk) drawn i.i.d from a continuous dis-
tribution D. Then for any constant m0 > 0,

Pr (inf {m ≥ m0 : Em} <∞) = 1.

Conceptually, this corollary sends an encouraging message
to apartment hunters: perseverance will likely lead to a fair
outcome!

4 Consensus and Negotiated Envy-Freeness
As universal envy-freeness is often too strong of a require-
ment, we would like to find a weaker condition that is al-
ways feasible, but still acts as a natural extension of envy-
freeness in the single apartment setting. In this section, we
introduce a fairness condition for the multi-apartment rent
division problem that satisfies multiple desirable properties
and is always guaranteed to exist.

4.1 Definition and Motivation
First, we observe that a desirable condition in the multiple
apartment setting is for all players to agree on the chosen
apartment. In order for this to happen, every player must be
at least as happy with their assignment in the chosen apart-
ment as with their assignment in any other apartment. If this
is the case, then we say that the chosen apartment is a con-
sensus apartment.

Definition 4.1. A solution (A,P, j∗) satisfies consensus if
every player weakly prefers their assignment in j∗ to their
assignment in any other apartment j ̸= j∗. Formally, for
every player i,

Vi(Aj∗(i))− P (Aj∗(i)) ≥ max
j∈[m]

Vi(Aj(i))− P (Aj(i)).

(3)
A partial solution (A,P ) satisfies consensus if there exists
an apartment j∗ satisfying Equation (3). We will refer to
such a j∗ as a consensus apartment for (A,P ).

Given a partial solution that satisfies consensus, the set of
consensus apartments is exactly the set of apartments which
have the highest sum of player utilities. If there is more than
one consensus apartment, every player has the same utility
for their assigned room in each consensus apartment; the
next lemma, whose proof is in Appendix B, formalizes this.

Lemma 4.2. Let (A,P ) be a partial solution satisfying con-
sensus. Apartment j is a consensus apartment for (A,P ) if
and only if

n∑
i=1

Vi(Aj(i))−Rj ≥
n∑

i=1

Vi(Aj′(i))−Rj′

for all j′ ̸= j. Furthermore, if j1 and j2 are both con-
sensus apartments for (A,P ), then for all i, Ui(Aj1 , P ) =
Ui(Aj2 , P ).

Intuitively, consensus is a desirable property because a lack
of consensus would imply that the players cannot decide on
which apartment to rent. However, consensus alone is not
sufficient. In the motivating example, for instance, a possi-
ble solution that satisfies consensus is to have player 1 pay
300 for room r11 and 200 for room r21. However, this is
clearly not a fair assignment, as player 1 has −100 utility in
both apartments while player 2 has 100 utility in both apart-
ments, despite their valuations being perfectly symmetrical.
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This example can be further extended to make player 1 ar-
bitrarily unhappy in the consensus apartment. Therefore, we
need a requirement stronger than just consensus to guarantee
reasonable fairness for all players.

To prevent one player being significantly more unhappy in
every apartment as in the previous example, we can instead
try to reach consensus from a “fair” starting partial solution.
One such natural starting point is a partial solution (A,P )
which is individually envy-free. If this starting partial solu-
tion satisfies consensus, then the solution with a consensus
apartment already satisfies universal envy-freeness. How-
ever, this starting partial solution may not satisfy consensus,
as in Example 1.1. If no j∗ exists such that (A,P, j∗) satis-
fies consensus, then we would like to adjust the rents P in
a fair way such that the resulting solution (A,P ′, j∗) satis-
fies consensus. One way to do this is by negotiating a “fair”
compromise by conducting fair negotiations that change the
prices P . An example of when negotiating prices may be
useful is when apartment j is player 1’s favorite apartment
and apartment j′ is player 2’s favorite apartment. Then a ne-
gotiation between these two players and apartments could
help balance the prices and either convince player 1 to rent
apartment j′ or convince player 2 to rent apartment j, there-
fore bringing the partial solution closer to consensus.

We formalize this notion of negotiating as follows. Sup-
pose we have a partial solution (A,P ) and a negotiation
tuple τ = (δ, i1, i2, j1, j2), where δ > 0, i1, i2 ∈ [n],
j1, j2 ∈ [m]. Then a negotiation will consist of player i1
increasing their rent in apartment j1 by δ and decreasing
their rent in apartment j2 by δ, while player i2 decreases
their rent in apartment j1 by δ and increases their rent in
apartment j2 by δ. Importantly, this negotiation only af-
fects the players’ rents and does not change the assign-
ment A. Formally, the partial solution after making nego-
tiation τ is (A,P ′), where P ′(Aj1(i1)) = P (Aj1(i1)) +
δ, P ′(Aj2(i1)) = P (Aj2(i1)) − δ, P ′(Aj1(i2)) =
P (Aj1(i2)) − δ, P ′(Aj2(i2)) = P (Aj2(i2)) + δ, and for
all other (i, j) pairs, P ′(Aj(i)) = P (Aj(i)). Note that each
negotiation involves a player increasing rent in one apart-
ment by δ and decreasing rent in another apartment by δ,
which enforces that the negotiations are fair. We define the
partial solution (A,P ) as reachable by negotiation from the
partial solution (A,Q) if there exists a series of T negoti-
ations {(δt, it1, it2, jt1, jt2)}Tt=1 such that after making all T
negotiations starting from (A,Q), the resulting partial so-
lution is (A,P ). Returning to our concept of fairness, we
want to consider partial solutions (A,P ) that are reachable
by this form of fair negotiations from some individually
envy-free starting partial solution (A,Q). By construction
of negotiations, the total utility of any player across all of
their assigned rooms is the same in the final partial solution
(A,P ) as in the individually envy-free starting partial solu-
tion (A,Q).

Lemma 4.3. A partial solution (A,P ) is reachable by ne-
gotiation from an individual envy-free starting partial so-
lution (A,Q) if and only if there exists an individually
envy-free solution (A,Q) such that for every player i,

∑m
j=1 P (Aj(i)) =

∑m
j=1 Q(Aj(i)).

Proof sketch. The “only if” direction follows from the fact
that each negotiation does not change any player’s total rent
for all m of their assigned rooms. Therefore, if there exists
a sequence of negotiations that reach (A,P ) starting from
(A,Q), then every player has the same total rent for their m
assigned rooms in (A,P ) and (A,Q).

The “if” direction requires a more technical construction,
so we provide a brief proof sketch here and the formal
proof to Lemma B.1 in Appendix B.2. Suppose we start
with an assignment A and price matrices Q and P such
that

∑m
j=1 P (Aj(i)) =

∑m
j=1 Q(Aj(i)). We want to con-

struct a series of negotiations to transform Q into P . We
do this for each apartment 1 through m, one at a time.
First, we construct a series of negotiations involving only
apartments 1 and m such that the resulting price matrix
Q1 has the same prices as P for apartment 1. This is pos-
sible because the two price matrices have the same total
rent within each apartment. We repeat this process for apart-
ments j ∈ {2, ...,m − 1} by constructing negotiations be-
tween apartment j and apartment m such that the resulting
price matrix Qj has the same prices as P for apartments 1
through j. We then show that the final set of negotiations be-
tween apartment m − 1 and m results in a post-negotiation
price matrix equal to the desired price matrix P . Therefore,
(A,P ) is reachable by negotiation from (A,Q).

We now formally present the notion of fairness that comes
from starting at an individually envy-free solution and con-
ducting a sequence of negotiations until reaching consensus.

Definition 4.4. A solution (A,P, j∗) satisfies negotiated
envy-freeness if (A,P, j∗) satisfies consensus and there ex-
ists a price matrix Q such that (A,Q) is individually envy-
free and for every player i,

m∑
j=1

P (Aj(i)) =
m∑
j=1

Q(Aj(i)).

By Lemma 4.3, a solution that satisfies negotiated envy-
freeness also satisfies that (A,P ) is reachable by negotia-
tions from an individually envy-free partial solution (A,Q).

Note that the final chosen apartment and prices in a solution
satisfying negotiated envy-freeness do not have a meaning-
ful fairness interpretation in isolation; that is, without the
context of the original problem. Fundamentally, negotiated
envy-freeness should be viewed as constructing a fair com-
promise when no single solution exists that every player
prefers. The fairness of a compromise cannot (and should
not) be evaluated without considering the full context, be-
cause all players must give something up in order to reach
a compromise. For example, consider two friends A and B
committed to renting an apartment together. To convince B
to rent an apartment closer to A’s workplace, A might of-
fer the larger bedroom to B while paying equal rent, even
though A prefers the larger bedroom. To an outside ob-
server, it seems unfair that A pays equal rent but gets the
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smaller bedroom. However, in the context of the original de-
cision, this was a natural compromise. Similarly, the fairness
of the negotiated envy-free solution cannot be evaluated by
the chosen apartment only, but also needs to account for the
original set of apartments.

For the rest of this section, we will study solutions (A,P, j∗)
that satisfy negotiated envy-freeness, and argue that this is a
good generalization of single apartment envy-freeness.

4.2 Properties of Negotiated Envy-Freeness
We will first show that a solution which satisfies negoti-
ated envy-freeness also satisfies several desirable properties.
In particular, such a solution satisfies Pareto optimality and
individual rationality, and reduces to an envy-free solution
in the single-apartment setting. Proofs of the below can be
found in Appendix B.

Property 4.5 (Pareto optimality). A solution (A,P, j∗)
which satisfies negotiated envy-freeness also satisfies Pareto
optimality, in that there exists no other solution (A′, P ′, j′)
such that Ui(A

′
j′(i), P

′) ≥ Ui(Aj∗(i), P ) ∀i and the in-
equality is strict for at least one player.

Property 4.6 (Individual rationality). A solution (A,P, j∗)
which satisfies negotiated envy-freeness also satisfies indi-
vidual rationality, in that all players have non-negative util-
ity for their assigned rooms in the chosen apartment j∗.

Property 4.7 (Reduces to single-apartment setting). In
the single-apartment setting (when m = 1), a solution
(A,P, j∗) satisfies negotiated envy-freeness if and only if
(A,P, j∗) is envy-free within the single apartment.

4.3 Existence of Negotiated Envy-Freeness
We have shown that solutions which satisfy negotiated envy-
freeness have both an intuitive explanation based on fair ne-
gotiating and desirable properties including Pareto optimal-
ity and individual rationality. Crucially, and in contrast to
universal envy-freeness, it is also always possible to find a
solution which satisfies negotiated envy-freeness.

Theorem 4.8. There exists a solution which satisfies nego-
tiated envy-freeness for every multi-apartment rent division
instance.

Proof sketch. We provide a brief sketch of the proof of The-
orem 4.8 and defer the formal proof to Appendix B. To prove
this result, we will construct a solution (A,P ∗, j∗) that sat-
isfies negotiated envy-freeness for any instance of the prob-
lem. To do this, we first start with a partial solution (A,Q)
that is individually envy-free within each apartment. Such a
solution is guaranteed to exist. We then consider the solu-
tion (A,P ), where P is the price matrix that, for each apart-
ment, induces equal utilities for all players in that apartment.
(A,P ) satisfies consensus, as the apartment which gives the
highest utility for any player will be a consensus apartment.
While (A,P ) may not satisfy negotiated envy-freeness, we
can redistribute the prices evenly in (A,P ) through nego-
tiating to get a new solution (A,P ∗) that satisfies the fol-
lowing two properties. First, the utility of a given player for

each apartment in (A,P ∗) will be the same as in (A,P ),
except that the utility may be scaled up or down by the
same additive factor for all apartments. Second, we have∑m

j=1 P
∗(Aj(i)) =

∑m
j=1 Q(Aj(i)). By this construction,

we can conclude by showing that (A,P ∗) is a valid price
assignment and satisfies negotiated envy-freeness and con-
sensus.

4.4 Polynomial-Time Optimization
We have shown that there always exists a solution which
satisfies negotiated envy-freeness, and the proof provides a
constructive way to find such a solution in polynomial time.
However, there may be many solutions which satisfy nego-
tiated envy-freeness. In the single apartment setting, there
exists a polynomial-time algorithm that optimizes a linear
objective function over all envy-free solutions in polynomial
time (Gal et al. 2017). This raises the question of whether it
is also possible to find a solution that optimizes a linear ob-
jective function in polynomial time over all negotiated envy-
free solutions. As in the single-apartment setting, objective
functions of special interest include maximin, which max-
imizes the utility of the least happy player, and equitabil-
ity, which minimizes the disparity between players’ utilities.
Our main theorem of this section, Theorem 4.9, generalizes
Theorem 3.1 of Gal et al. (2017) to the multi-apartment set-
ting with negotiated envy-freeness.

Theorem 4.9. Let f1, ..., ft : Rn×m → R be linear func-
tions, where t is polynomial in n and m. Given a multi-
apartment rent division instance, a solution (A,P, j∗) that
maximizes the minimum of fq(U1(Aj∗ , P ), ..., Un(Aj∗ , P ))
over all q ∈ [t] subject to negotiated envy-freeness can be
computed in time polynomial in both n and m.

Under this formalization, the maximin objective
function can be represented by the linear func-
tions fi(U1(Aj∗ , P ), ..., Un(Aj∗ , P )) = Ui(Aj∗ , P )
for all i ∈ [n], and equitability can be repre-
sented by fi,i′(U1(Aj∗ , P ), ..., Un(Aj∗ , P )) =
Ui(Aj∗ , P )− Ui′(Aj∗ , P ) for all i, i′ ∈ [n].

While we defer the proof of Theorem 4.9 to Appendix B.8,
we will state the key lemma used in the proof (Lemma 4.10)
and the algorithm that achieves the result.

Informally, Lemma 4.10 states that the set of solutions
which satisfy negotiated envy-freeness are equivalent for all
welfare-maximizing assignments, in the sense that the same
set of player utilities can always be found for any choice of
welfare-maximizing assignment. Note that Lemma 4.10 has
a similar flavor to the 2nd Welfare Theorem (Gal et al. 2017;
Mas-Colell, Whinston, and Green 1995).

Lemma 4.10. Let A,A′ be two assignments that maximize
welfare in every apartment, and let P be a price matrix such
that (A,P, j∗) satisfies negotiated envy-freeness. Then there
exists a price matrix P ′ such that (A′, P ′, j∗) satisfies ne-
gotiated envy-freeness and Ui(Aj , P ) = Ui(A

′
j , P

′) for all
i, j.
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Algorithm 1: Optimizing an objective function subject to
Negotiated Envy-Freeness

for j ← 1 to m do
Aj ← welfare-maximizing assignment in j via max-

weight bipartite matching
end for
A← {A1, ..., Am}
Choose j∗A such that

∑n
i=1 Vi(Aj∗A

(i)) − Rj∗A
≥

maxj
∑n

i=1 Vi(Aj(i))−Rj

P ∗, Q∗ ← argmax
P,Q

Z

s.t. Z ≤ fq(U1(Aj′ , P ), ..., Un(Aj′ , P ))

Vi(Aj′(i))− P (Aj′(i)) ≥ Vi(Aj(i))− P (Aj(i))

Vi(Aj(i))−Q(Aj(i)) ≥ Vi(Aj(i
′))−Q(Aj(i

′))∑
j

P (Aj(i)) =
∑
j

Q(Aj(i))∑
i

P (Aj(i)) = Rj

return (A,P ∗, j∗)

The proof of Lemma 4.10 can be found in Appendix B.7.
The algorithm used to prove Theorem 4.9 is the following.

4.5 Strong Negotiated Envy-freeness
We have so far defined two notions of fairness for multi-
apartment rent division: universal envy-freeness and nego-
tiated envy-freeness. Universal envy-freeness is simpler to
interpret, but may not always exist. On the other hand, ne-
gotiated envy-freeness always exists, but there may be envy
in the chosen apartment. In this section, we briefly describe
an extension of negotiated envy-freeness (strong negoti-
ated envy-freeness) that provides an interpretation for envy
within the chosen apartment. Due to space constraints we
defer the formal definition and proofs to Appendix G.

The definition of strong negotiated envy-freeness is similar
to negotiated envy-freeness in that the solution (A,P, j∗)
must satisfy consensus and there must be an individually
envy-free solution (A,Q) that is reachable by negotiations.
However, strong negotiated envy-freeness has an additional
requirement that bounds the price differences between P
and Q in the consensus apartment j∗. Due to this addi-
tional requirement, any envy in the final chosen apartment
can be interpreted as being “necessary” to reach consensus.
We also show that a solution satisfying strong negotiated
envy-freeness always exists and that optimizing an objec-
tive subject to strong negotiated envy-freeness can be done
in polynomial time (as in Theorem 4.9).

5 Discussion
5.1 Limitations
Our model suffers the same limitations as that of Gal et al.
(2017), including that envy-freeness is not strategy-proof

and that the quasi-linear utility model is a strong simplify-
ing assumption. We also acknowledge that negotiated envy-
freeness, despite having a reasonable justification as reach-
able by negotiations, is less easily explainable as a fairness
notion than envy-freeness, and that envy within the consen-
sus apartment may still lead to discontent. From an applica-
tion standpoint, it may be useful to let users find a negoti-
ated envy-free solution themselves, by presenting users with
individually envy-free solutions in each apartment and en-
abling the group to negotiate amongst themselves in the way
dictated in the paper.

5.2 Extensions
We have required throughout this work that solutions to
the multi-apartment rent division problem are of the form
(A,P, j∗), where j∗ is the chosen apartment. A natural gen-
eralization would be a distributional solution of the form
(A,P,D), where D is a distribution over all m apart-
ments. We would then want to find a distributional solution
(A,P,D) such that in expectation, every player prefers their
assignment to any other player’s assignment. This notion
of distributional envy-freeness is a weaker notion of fair-
ness than universal envy-freeness, and more instances of the
problem have a distributional envy-free solution than a uni-
versal envy-free solution (including Example 1.1). See Ap-
pendix C for more details on distributional envy-freeness.

In our work, we assumed that each group of n players is de-
termined to room together in an apartment with n bedrooms.
One extension is to have various sizes of apartments and al-
low the group of players to be split into multiple smaller
apartments. This setting can be modeled as a cooperative
game with transferable utility, and a natural question is then
whether the core is always non-empty. In Appendix E, we
show that even when there are infinite copies of each apart-
ment, there still exist instances where the core is empty.

Another interesting question is how the solution changes as
additional apartments are added (e.g. appear on the market).
An additional apartment could change the set of negotiated
envy-free solutions, which could in turn change the chosen
apartment when optimizing objective functions such as max-
imin or equitability. We show in Appendix D that the max-
imin solution under negotiated envy-freeness does not sat-
isfy apartment monotonicity, in that an additional apartment
could either raise or lower the achievable maximin value
over all negotiated envy-free solutions.

In Section 3, we studied the existence of universal envy-free
solutions when the values are drawn i.i.d. at random. In Ap-
pendix F, we study the probability of the existence of a uni-
versal envy-free solution when there are two players with bi-
nary valuations. As the correlation between player values de-
creases, the probability of the existence of a universal envy-
free solution generally increases. Interestingly, however, the
increase is not monotonic. Therefore, sometimes the high-
est likelihood that there does not exist a universal envy-free
solution occurs with correlation strictly between −1 and 1,
implying that correlation between players is not strictly bet-
ter for finding a universal envy-free solution.
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