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Abstract

We initiate the study of matching roommates and rooms
wherein the preferences of agents over other agents and
rooms are complementary and represented by Leontief utili-
ties. In this setting, 2n agents must be paired up and assigned
to n rooms. Each agent has cardinal valuations over the rooms
as well as compatibility values over all other agents. Under
Leontief preferences, an agent’s utility for a matching is the
minimum of the two values. We focus on the tradeoff between
maximizing utilitarian social welfare and strategyproofness.
Our main result shows that—in a stark contrast to the additive
case—under binary Leontief utilities, there exist SP mech-
anisms that maximize the social welfare. We further devise
a SP mechanism that implements such a welfare maximiz-
ing algorithm and is parameterized by the number of agents.
Along the way, we highlight several possibility and impos-
sibility results, and give upper bounds and lower bounds for
welfare with or without strategyproofness.

Extended version — https://arxiv.org/abs/2412.13887

1 Introduction

The roommates matching problem is concerned with pairing
up 2n agents (roommates) and assigning them to n rooms.
This problem originates from the seminal paper by Gale and
Shapley—and discussed by Knuth—as a generalization of
Stable Marriage (Gale and Shapley 1962). The goal is find-
ing a stable disjoint pairing of agents such that no pair of
agents would prefer each other to their current match. This
problem has inspired a large body of work on roommate
matching (Irving 1985), 3-dimensional matching (McKay
and Manlove 2021), and coalition formation (Knuth 1976).
Even though the problem was mainly inspired by the col-
lege dormitory assignment, the majority of work on room-
mate matchings study stability where agents have prefer-
ences over other agents while being agnostic to their rooms.
3-Dimensional extensions of this problem primarily focus
on finding stable coalitions of size three and do not consider
preferences over different types of (often) complementary
entities (e.g. roommates and rooms). This is particularly an
important issue in common online marketplaces for short
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and long-term stays such as Airbnb, Roomi!, and Room-
surf?, where agents can specify their preferences over rooms
as well as roommates.

Within three-dimensional matchings (as well as hedonic

games), additivity of preferences is a common assumption.
Similarly, some recent work on matching roommates and
rooms considers additive utilities over rooms and roommates
(Chan et al. 2016; Gan, Li, and Li 2023). Additive prefer-
ences model a more substitutionary approach to aggregate
preferences. That is, receiving one undesirable match/item
can be compensated by also receiving a desirable one. While
this is plausible when partitioning agents into coalitions,
it does not always provide a sufficiently meaningful way
to compare choices, particularly when outcomes involve
complementary alternatives. When matching roommates and
rooms, for a person who values proximity to their classes,
the utility derived from living with a close friend cannot nec-
essarily substitute for being assigned a room in a remote cor-
ner of the campus.
Complementary Preferences via Leontief. A compelling
alternative model for capturing complementarity is Leontief
utilities that are common in production economics (Leontief
1965) as well as resource allocation and scheduling (Ghodsi
et al. 2011; Dolev et al. 2012). Under Leontief utilities, dif-
ferent types of items or alternatives may be complements
such as burgers and buns, pen and paper, someone’s room
and their roommate etc. This extends to many different set-
tings. In group projects, students are only able to produce
good quality work if they get along with their partners and
have some interest in their topic.

In this paper, we consider the problem of matching room-
mates and rooms where the preferences of agents over
other agents and rooms are given by cardinal values. The
two fundamental notions in game theory and social choice
are economic efficiency—measured by social welfare—and
strategyproofness—no agent can obtain a more preferred out-
come by manipulating its preferences. Prior works in this
space largely explored the objective of maximizing social
welfare—as a desirable notion for economic efficiency—under
additive utilities without considering strategyproofness.

We depart from prior works by (i) assuming that pref-

'Roomi: https://roomiapp.com/
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Leontief Additive
General Binary General Binary
SW APX-hf (Thm. 3.6) APX-h' (Thm. 3.6) NP-h* NP-h*
SP Upper Bound X (Thm. 4.1) 1 (Thm. 4.6) X (Thm. 4.1) 2/3 (Thm. 4.2)
SP (polynomial time) X (Thm. 4.1) 1/3 (Thm. 4.10) X (Thm. 4.1) 1/7 (Thm. 4.8)

Table 1: Summary of the tradeoff between social welfare (SW) and strategyproofness (SP). Here X denotes that no strategyproof
mechanism can give any non-zero approximation of SW. APX-h and NP-h denote APX and NP-hardness, resp. * denotes a
result by (Chan et al. 2016) and T indicates bounds even for binary and symmetric valuations.

erences are represented by Leontief utilities, and (ii) pri-
marily focusing on designing SP mechanisms that maxi-
mize the social welfare. Gibbard (1973) and Satterthwaite
(1975)’s seminal works showed that every strategyproof so-
cial choice function is either dictatorial or imposing (with
more than two alternatives). Similarly, the incompatibility
between strategyproofness and economic efficiency in sev-
eral object/resource allocation settings (Zhou 1990; Hylland
and Zeckhauser 1979) persisted, which motivated a variety
of approaches to bypass the negative results by, for exam-
ple, restricting the domain (e.g. preferences or outcomes) or
sacrificing/weakening the efficiency requirements.

1.1 Our Contribution

We study the problem of matching roommates and rooms
when agents have preferences over each other as well as the
rooms. These preferences are expressed in the form of non-
negative cardinal values. We also study the case when these
are restricted to binary values (0/1). From the conceptual
perspective, binary valuations represent practical applica-
tions in object or resource allocation or voting theory. They
continue to pose many technical challenges in achieving ax-
iomatic results when dealing with strategyproofness. They
are well-motivated in our setting as well. For instance, a stu-
dent may approve/disapprove a potential roommate based on
factors such as smoking habits; or she may have a value of
zero for room options without dedicated bathrooms.

Table 1 summarizes our main results under Leontief and
additive utilities with general/binary valuations. We denote
an c-approximation to the optimal social welfare as a-SW.

Social Welfare (SW). We begin by analyzing the welfare
bounds for various maximal roommate matchings and show
that a greedy approach performs the best ensuring /5-SW.
We then show that under Leontief utilities, finding a social
welfare maximizing matching is APX-hard even for binary
and symmetric valuations® and when the preference graph of
agents is a tree of maximum degree three (Theorem 3.6). We
then design an algorithm to obtain 0.559-SW for any type of
utility function (Proposition 3.8).

Strategyproof (SP) Mechanisms. When requiring strat-
egyproofness, we show that when agent valuations are un-
restricted, no SP mechanism can satisfy any approximation
of social welfare. This holds for both Leontief and additive

3Preferences are symmetric if Alice likes Bob if and only if Bob
likes Alice. It is a natural assumption between the roommates.
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utilities (Theorem 4.1). A natural next step is to see if this
continues to hold for binary valuations. For binary additive
utilities, we show that no SP mechanism can satisfy a-SW
for any o > 2/3 for binary but not (necessarily) symmetric
preferences or o > 3/4 for binary and symmetric prefer-
ences (Theorem 4.2 and Corollary 4.3).

Our main result shows that—in stark contrast with its ad-
ditive counterpart—under binary Leontief utilities, there ex-
ists an SP mechanism that maximizes social welfare (Theo-
rem 4.4). Our APX-hardness result rules out the possibility
of a polynomial time algorithm, unless P=NP. We develop a
novel SP mechanism that repeatedly reduces the welfare set
based on the agents’ preferences. However, this mechanism
runs in time O*(n?").* We improve upon this by develop-
ing an FPT algorithm® that implements our SP mechanism
while maximizing the social welfare, parameterized by the
number of agents, and runs in time O*(¢™) where ¢ > O is a
constant.

Finally, we explore various SP mechanisms to produce
approximate SW in polynomial time. In particular, we show
that the greedy mechanism is SP for binary Leontief utilities
(Theorem 4.10). We also give an SP mechanism for binary
additive utilities which is 1/7-SW in general (Theorem 4.8)
and 1/6-SW for symmetric preferences (Corollary 4.9). Due
to space constraints, omitted proofs are deferred to the ex-
tended version (Hosseini, Narang, and Roy 2024).

1.2 Related Work

Matchings have been studied in a variety of models and
with several different objectives. In the house allocation
problem each agent is matched to a house and agents
have preferences over the houses. Economic efficiency
and strategyproofness has been studied separately(Green
and Laffont 1979; Hylland and Zeckhauser 1979) and to-
gether (Krysta et al. 2019). Unlike our problem, a determin-
istic serial dictatorship mechanism easily gives better than
a 1/2-approximation for maximum size house allocation.
Thus, randomized variations of serial dictatorship have been
instrumental in achieving truthful behavior for pareto opti-
mality and envy-freeness(Krysta et al. 2019; Filos-Ratsikas,
Frederiksen, and Zhang 2014). When matching pairs of
agents and each side has preference over the other, no
SP mechanism exists that produces a stable solution (Roth

“The O* notation hides factors polynomial in input size.
SFPT parameterized by k implies it runs in time g(k)n°"
some computable function g.
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1982), although finding one stable matching is easy (Gale
and Shapley 1962).

In classical roommate matching, pair of agents are as-
signed to a room where agents have preference over other
agents, but are indifferent between rooms (Knuth 1976; Teo
and Sethuraman 1998; Aziz 2013; Irving 1985). Settings
where triples of agents, instead of pairs, need to be matched
have also been well studied (McKay and Manlove 2021;
Lam and Plaxton 2019; Bredereck et al. 2020; Chen and
Roy 2022). Maximum welfare and even achieving stabil-
ity is NP-hard in these settings (Chen and Roy 2022) where
each agent has preference over at least a subset of agents (if
not all of them). In contrast, in our setting, rooms have no
preferences/priorities over the agents.

Our setting where agents have to be matched in pairs to
rooms has been studied only very recently. Amongst this
work, Chan et al. (2016); Huzhang et al. (2017); Li et al.
(2019) all consider maximizing social welfare under differ-
ent settings. None of the work in this space considers any
incentives to manipulate and further consider settings with
only additive utilities. Leontief utilities have been widely
studied by economists and game theorists, particularly in the
context of markets and auctions. These utilities are useful
in capturing complementary preferences. Beyond auctions,
they have also been studied in settings like resource alloca-
tion (Parkes, Procaccia, and Shah 2015; Ghodsi et al. 2011,
Brandt et al. 2024) and fair division (Branzei, Hosseini, and
Miltersen 2015; Bogomolnaia and Moulin 2023). We give an
extended review of literature in the extended version (Hos-
seini, Narang, and Roy 2024).

2 Model

We study a roommate matching model where agents have
preferences over both their roommate and the room. Our
model involves a set A of 2n agents and a set R of n rooms.
Agent i € N has valuation functions v; and v;, where
v; + N\ {i} = Rx( denotes the “compatibility values”
for the other agents and v; : R — R>( denotes the values
for rooms. Under binary valuations, v; and v; values are ei-
ther 0 or 1 for each agent i. Symmetric valuations are where
v;(j) = v; (@) for each pair of agents ¢ and j.

We denote an instance of roommate matching by the tu-
ple (N, R, v, D) where v is the vector of compatibility val-
ues (v1,va,...,v2,) and ¥ is the vector of valuations for
the rooms (U1, 0a, ..., Ua,). We assume that each room is
matched to exactly two agents. Formally, for any distinct
i,j7 € Nandr € R, we call (i,4,7) a friple and we de-
fine a roommate matching as follows.

Definition 1 (Roommate Matching). A roommate matching
1 C N x N xR is such that each agent or rooma € N UR
is contained in exactly one element (triple) of .

Leontief and Additive Utilities. For the ease of presenta-
tion, we use v;(u) and U;(u), respectively, to denote the
value of agent i € N from their assigned roommate and
room under p, respectively. Given a roommate matching
u, we define the utility of an agent i € N for u to be
wi(p) = f(v;(u),v;(n)) for some computable function f
that we call a utility function. We shall use wu;(j,r) for
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1,7 € N and r € R to denote the utility of i for be-
ing matched to agent j and room 7. In this paper, the util-
ity function f will be either Leontief or additive®. Of the
two, the more well-studied one is additive utilities where
wi(pn) = (1) + v;(w). The other is the natural model of
Leontief utilities where u;(1) = min{v;(u),v;(u)} (for
example, see (Parkes, Procaccia, and Shah 2015)).
Mechanism. Given an instance (N, R, v, 7), a mechanism
M uses the valuations v and ¥ reported by the agents and im-
plements a specific algorithm to output a matching p, written
as u = M((N,R,v,0)). We distinguish between a mecha-
nism and the algorithm it deploys only when reasoning about
agents’ incentives to misreport their valuations. The aim of
all the mechanisms we explore is to match agents and rooms
in an efficient manner.’

Social Welfare. Given an instance I = (N, R,v,), the
social welfare (SW) of a matching p is defined as the sum
of the utilities of all agents, that is SW () = >, o\ ui(p).
A mechanism is social welfare maximizing if it produces a
matching with maximum social welfare. Typically, we shall
use p* to denote a maximum welfare matching. We say a
matching has welfare a-SW if its social welfare is at least
a fraction of SW(u*) for some 0 < a < 1. We consider
the problem of maximizing SW, both independently and in
conjunction with strategyproofness.

Incentives and Strategyproofness. We say an agent i € A/
misreports their valuation if their reported valuation v, (resp.
07) is not their true valuation v; (resp. v;). For a fixedi € N,
we refer to the set of compatibility valuations of all other
agents '\ {i} as v_; and the room valuations analogously
as v_;. Given a mechanism M, an agent has an incentive
to misreport if their utility u;(u) is strictly less than u; (')
where 1 and ' are the output of M for reported valua-
tions (v,v) and (v}, v_;, v}, V_;), respectively. We say that
a mechanism is strategyproof (SP) if no agent has an incen-
tive to misreport their preferences.

Definition 2 (Strategyproofness). A roommate matching
mechanism M is strategyproof, if for any instance I
(N, R,v,0) and any agent i € N, it holds that u;(p)
maxy o wi(p') for any choice of v; and v; where p
M(N7 Ra U, 717) and ,U,/ = M(N7 Ra {,U;v U—i}’ {:D;v 6—1})

Our main aim is to develop roommate matching mech-
anisms that maximize social welfare and are strategyproof
under Leontief utilities. We also contrast these results with
the case of additive utilities. When we study SP mechanisms
under binary (or symmetric) valuations, we will assume that
the mechanism is aware that valuations are binary (resp.
symmetric), so an agent can only misreport with other bi-
nary (resp. symmetric) valuation functions.

v

3 Social Welfare Guarantees

We first explore social welfare maximization alone, with-
out considering incentives to manipulate. Chan et al. (2016)
show that maximizing social welfare under additive utilities

®Some of our results hold for any polynomial-time computable
function f, as will be stated in the remarks.
"We assume complete matchings with no outside options.



Figure 1: An instance showing that a naive maximal match-
ing cannot guarantee a-SW for any o > 0 under binary
Leontief utilities. Solid black edges show an optimal match-
ing and dashed red edges show a wrong choice of triple.

is NP-hard and give a 2/3-SW algorithm. This algorithm does
not extend beyond additive utilities and can result in match-
ings that are 0-SW for Leontief utilities (see the example in
(Hosseini, Narang, and Roy 2024).) We begin by analyzing
the SW guarantees provided by maximal matchings.

3.1

Maximal matchings provide non-trivial approximations to
SW in two-dimensional settings under binary/dichotomous
preferences. Prior work in the roommate matching setting
has not considered maximal matchings at all. We now dis-
cuss different ways of building maximal roommate match-
ings and their guarantees on SW when agents have binary
values. First, observe that a maximal matching constructed
by arbitrarily choosing any triple could lead to a match-
ing with 0-SW approximation. We shall consider two ways
of generating maximal matchings: i) From the preference
graph, and ii) from a given set of triples (usually having
some specific property, e.g. non-zero SW).

Maximal Matchings

Naive Maximal Matchings. Given an instance [
(N, R,v,0) with binary valuations, the preference graph
G; = (X, E) is a directed graph with an agent vertex x;
for each agent i € N and a room vertex z,. for each room
r € R,ie., X = N UTR. There is a directed edge from an
agent vertex x; to a vertex x € X if agent ¢ has a non-zero
value for the agent/room corresponding to vertex x in I.
We can generate a naive maximal matching from the
preference graph G by arbitrarily adding edges from G
to create matching triples. If both endpoints of the edge are
agents, remove both agents’ outgoing and incoming edges
to/from other agents. Else, if exactly one endpoint is an agent
1 (the other a room), remove all outgoing edges of 7 to any
room. If selected edge is incident to an edge selected pre-
viously, match the agents and room and remove all edges
to/from the triple. Once no edges remain in GG;, complete
the remaining matched edges to triples arbitrarily.
Leontief Utilities. We first study the naive maximal match-
ing approach for Leontief and additive utility. This can be
arbitrarily bad for non-symmetric valuations under Leontief
utility (see the instance depicted in Figure 1).

Proposition 3.1. A naive maximal matching cannot achieve
better than a-SW for any o > 0 under Leontief utilities.

The naive approach can be tweaked for binary symmetric
Leontief utilities to give a constant approximation guarantee.

Proposition 3.2. There is a maximal matching algorithm
that is 1/6-SW for binary symmetric Leontief utilities .
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Figure 2: Possible triple structures in a roommate matching
problem. The first structure on the left is a triangle (T), the
next one is L-shaped (L) and gives non-zero utility to agent

1. The last three show the cases where both ¢ and j get utility
0 under Leontief.

Algorithm 1: Triangle-then-L. Maximal Matching

Input: Roommate Matching instance (N, R, v, 7)
Output: A matching p

1 Initialize matching p <— & ;

2 while there exists an unmatched triple in N'U R do

3 Let the set of unmatched triples

P={(i,j,r)i,j e N,r € R};
(i,4,r) = argmax; ;e p(ui(f,r) + u; (i, 7))
> Tie-breaking is arbitrary;
Update p < p U (4, 4,7);
Update N+~ N\ {i,j s R+ R\ {r}

N S B

Additive utilities. We find that the naive maximal match-
ing performs much better for binary additive utilities.

Proposition 3.3. A naive maximal matching is 1/a-SW un-
der binary additive utilities.

Matching with Triangles and L-Shapes. Proposition 3.1
illustrates the challenges of adopting graph-matching al-
gorithms to roommate matching instances, especially un-
der Leontief. To develop a polynomial-time algorithm that
achieves a constant approximation of welfare, we introduce
triple structures according to their contribution to welfare.
Triple Structures. Given an instance of the roommate
matching problem, a triple (4, j,7) can be represented as a
graphical structure in the preference graph. These structures
are illustrated graphically in Figure 2. A triple may form a
triangle match (T) if (i) both agents like each other and (ii)
both like the matched room. If only one edge between an
agent and a room is missing in a triangle match, that is both
agents like each other, but only one likes the room, then we
say the match is an L-shaped (L) match.

Definition 3. A matching is L/T-matching if it only consists
of L-shapes and triangles. An L/T-matching M is maximal if
it admits no additional L/T triples.

Theorem 3.4. An L/T-maximal matching guarantees
1/6-SW under binary Leontief utilities.

Triangle-then-L. Maximal Matching Our previous anal-
ysis shows that it is important to not eliminate triples with
more social welfare too early. Thus, we now propose an
algorithm based on repeatedly choosing the highest utility
triple (triangles first then Ls) produces a maximal match-
ing. This approach guarantees 1/3-SW, for unrestricted val-
uations and all utility types.

Theorem 3.5. A Triangle-then-L maximal matching is 1/3-
SW.



Remark 3.1. The approximation guarantee of the Triangle-
then-L mechanism (Algorithm 1) does not depend on how
the agents combine the values they receive from their room
and partner. Consequently, this result is applicable to any
computable utility function (e.g., submodular or monotonic).

3.2 Computational Complexity

We now show that maximizing social welfare is APX-hard,
even under binary symmetric Leontief utilities. We present
a factor preserving reduction from 3SAT. The construction
will be similar to the standard reduction from 3SAT to 3-
DIMENSIONAL MATCHING (Garey and Johnson 1979). In-
terestingly, we show that it is hard even if there are only Ls.

Theorem 3.6. Finding a maximum SW roommate matching
is APX-hard under binary Leontief utilities.

In particular, the instance creates a setting where all triples
have utility at most 1. That is a maximum welfare matching
would essentially be a maximal matching of Ls with max-
imum size. This is an important difference from the reduc-
tion in (Chan et al. 2016) which proves NP-hardness with
mixtures of Ls and Ts. In fact, our reduction shows that the
problem is NP-hard even when each agent has degree three
in the preference graph, i.e., the problem in paraNP-hard®
with respect to degree of agents.

Corollary 3.7. Maximizing SW is NP-hard under Leontief
utilities in the marriage setting even when agents’ valuations
are binary, symmetric, and each agent likes at most one room
and at most two other agents.

In light of this result, we now show an approximation
algorithm via the SET PACKING problem irrespective of
agents’ underlying utility function.

Welfare Approximation via 3-SET PACKING In
WEIGHTED 3-SET PACKING we are given a universe U
and a collection C of weighted 3-sized sets over U, and
the goal is to obtain a subset of C of pairwise disjoint sets
with maximum total weight. It is well-known that 3-SET
PACKING generalises 3-dimensional matching. We show
that our problem reduces to weighted 3-SET PACKING and
can utilize the prior works on its approximation (Thiery and
Ward 2023) and exact (Zehavi 2023) algorithms to obtain
the following results.

Proposition 3.8. There exists an approximation preserving
reduction from SW maximization in roommate matchings to
WEIGHTED 3-SET PACKING. This gives a polynomial time
algorithm that is 0.559-SW under Leontief utilities.

Corollary 3.9. There exists an algorithm to maximize the
SW under Leontief utilities for arbitrary valuations that
runs in time O*(8.097™).

4 Strategyproof Mechanisms

The algorithms given in Section 3.2 are not SP. We now
show upper and lower bounds on the approximation guar-
antees possible for SP mechanisms under both Leontief and
additive utilities.

8Unless P=NP, we cannot expect to get an algorithm that runs
in n? where d is the degree of the agents.
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Figure 3: Agent compatibility values and misreports (in red)
for the instance described in Theorem 4.1. The two colors
on the edges correspond to the two types of maximum SW
matchings for this instance.

4.1 Impossibility Results

We start by finding that strategyproofness is often incom-
patible with welfare maximization under some natural util-
ity models (e.g. general valuations, additive utilities). These
impossibilities motivate the study of SP mechanisms for re-
stricted valuations (e.g. binary valuations).

Theorem 4.1. There exists no strategyproof mechanism that
can guarantee a-SW for any 0 < o < 1, for general (un-
restricted) valuations under either Leontief or additive util-
ities.

In contrast to Theorem 4.1, under binary valuations, ap-
proximate SW mechanisms can be strategyproof. We now
provide an upper bound to these approximations for binary
additive utilities.

Theorem 4.2. There exists no strategyproof mechanism that
can guarantee a-SW for any o > 2/3, for binary valuations
under additive utilities.

Corollary 4.3. There exists no strategyproof mechanism
that can guarantee a-SW for any o > 3/4, for binary and
symmetric valuations under additive utilities.

A typical approach to finding SP mechanisms is to use
serial dictatorship where agents pick a roommate-room pair
one by one from the pool of unassigned items according to a
fixed priority ordering. In (Hosseini, Narang, and Roy 2024)
we discuss the standard serial dictatorship mechanisms and
its various extensions and show how they either fail to give
a guarantee on the SW or fail to be strategyproof.

Remark 4.1. The naive serial dictatorship mechanism is
strategyproof but cannot guarantee oa-SW for any o« > 0
under additive or Leontief utilities.

4.2 Maximum Welfare SP Mechanisms

We now consider strategyproofness under binary Leontief
utilities. In this setting, agents are constrained in how they
can change the apparent social welfare of a matching by mis-
reporting their values. Surprisingly, we show that unlike the
additive setting, for binary Leontief utilities, there exist SP
mechanisms that guarantee maximum SW. We shall design
two such mechanisms. First, in Algorithm 2 we find all max-
imum welfare matchings and then select a matching from
them in a manner that ensures strategyproofness. We then
refine this approach to Algorithm 3 which is FPT parame-
terized by the number of agents. Both these mechanism rely



Algorithm 2: Welfare Set Reduction Mechanism

Input: An instance (N, R,v,v) with binary
valuations

Output: A matching p with maximum SW

1 Initialize Sy to be the set of all roommate matchings

with maximum SW ;

2 Pick an ordering on agents o;

3 fort =11to2ndo

4 Select j to be the ith agent on o;

5 Si ¢ argmax,cg, , u;j(p) > Reduce based on

Js
6 Select p arbitrarily from Ss,,;

on the structure provided by binary Leontief utilities. We be-
gin with a simple observation that constrains the way agents
can manipulate under binary Leontief utilities.

Observation 4.2. Under binary Leontief utilities, consider
agent i € N and matchings py and po where utilities of
agent i are 1 and 0, respectively. Here, when all other agents
N\ {i} are honest, by misreporting v; or v;:

1. agent i cannot increase the apparent SW of 11 and
2. agent i cannot decrease the apparent SW of i .

While this does not guarantee that there are never any in-
centives to lie, it proves to be useful in developing SP mech-
anisms that maximize social welfare.

From Theorem 3.6, any maximum SW mechanism cannot

run in poly time even for binary valuations. Consequently,
we first consider a brute force approach where we look at
all possible matchings and choose those that maximize SW.
Tie-breaking rules are crucial to achieve strategyproofness.
We show in (Hosseini, Narang, and Roy 2024) that there ex-
ist methods of tie-breaking which give some agent an incen-
tive to lie about their preferences. A careful consideration of
tie-breaking through a priority ordering over agents recovers
strategyproofness.
Welfare Set Reduction Mechanism. Algorithm 2 proceeds
by first computing the set of all roommate matchings with
maximum SW Sj. It then fixes an arbitrary ordering of
agents 0. We use ¢ = o(j) to denote the position of the
agent j in the ordering. We sequentially define the set S; =
argmax,,cg, , u;j(u) to be the subset of S;_; containing
only those matchings that maximize agent j’s utility where
¢ = o(4). Finally, the mechanism returns a matching from
the set S,,. We first give an example of the execution.

Example. We use the instance in Theorem 4.1 (depicted
in Figure 3) to show an execution of Algorithm 2. Let the
ordering be 0 = (a1,as9,as,aq). Recall that the max SW
matchings are of type u = {(a1,az2,-), (as,aq,-)} or as
w = {(a1,a4,"), (az,as,")}. Therefore, in Sy agents are
matched either as in i or as in y' with all possible room as-
signments. Agent ay gets utility 1 only when matched to as.
Thus, a; deletes the matchings where agents are matched as
in i from Sy to construct Sy.

Agent asy gets utility 0 when matched to a1 and conse-
quently in both the matchings in Sy utility of as is 0. Thus,
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matchings discarded by a1 nothing discarded by az

So

hing discarded by a4

nothing discarded by a3

Figure 4: Algorithm 2 on the instance depicted in Figure 3.

So = S1. Analogously, as gets utility 1 from both matchings
in So, hence, Ss = Ss. Finally, by similar arguments, Sy
will contain the two matchings from S1. Consequently, the
algorithm arbitrarily picks between them. This is illustrated
in Figure 4.

Theorem 4.4. The Welfare Set Reduction mechanism (Algo-
rithm 2) returns a matching with maximum SW and is strat-
egyproof under binary Leontief utilities.

Proof Sketch. Clearly, Algorithm 2 always returns a maxi-
mum welfare roommate matching. To show that the mech-
anism is strategyproof for any agent j € N s.t. o(j) = 1,
we do a careful case analysis based on whether S;_; or S
contain a matching where j gets utility 1. We show that:

(1) if S;—; does contain one such matching then so would
S; and as a result so would S5,,.

(2) if Sy contains matching where j gets utility 1, we can
invoke Observation 4.2.2 to show that j cannot benefit by
misreporting their values. Finally,

(3) if Sy contains at least one matching where j gets utility
1 but S;_; does not, there must exist a set of agents with
higher precedence to j who eliminate each such matching.
We now can invoke Observation 4.2 to show that j (i) can-
not decrease the perceived SW of a matching in Sy and (ii)
cannot add matchings to Sy and ensure that j gets utility 1
from the matchings in Ss,,.

Remark 4.3. Observe that to show Algorithm 2 is strate-
gyproof, we need to use Observation 4.2 which holds only
for binary Leontief utilities. Thus, we can not hope to find a
strategyproof algorithm for more general valuations.

Both Observation 4.2 and the proof of Theorem 4.4 rely
on the fact that agents utilities can only be 0 or 1 and are
not contingent on the utilities being specifically Leontief.
Consequently, the following holds.

Corollary 4.5. Let f be a utility function such that for each
agent i € N, the utility u;(p) € {0,1}. Then there exists a
welfare maximizing matching p that is strategyproof under
utility function f.

Although the Welfare Set Reduction mechanism (Algo-
rithm 2) shows the existence of a SP mechanism, it is far
from being efficient. It parses the set of all maximum wel-
fare matchings which can have size up to n2". We now build
on the ideas in this mechanism to produce a strategyproof
mechanism that is parameterized by the number of agents.
Precedence-Based Search Mechanism. In Algorithm 3, we
begin by fixing an ordering o of the agents. We then iterate



Algorithm 3: Precedence-Based Search Mechanism

Input: 7 = (N, R,v,v) with binary valuations
Output: A matching p with maximum SW
1 Let o be a fixed arbitrary ordering of A/, and k < 2n;
2 while &£ > 1 do

3 Initialize T - - - T(zn) s.t. Ty is the ™ highest
k
precedence subset of N of size k under o;
4 | fort=1t (%) do
5 7+ {(i,5,r)|i #j € N,r € Rs.t.
w({j,r}) =1l ieT,u;{i,r}) =1«
j€Ti}s
6 p 4 3-SET PACKING(N U R, T);
7 If | 1| = n then Return /i;
8 | k<« k—1;

9 Return an arbitrary matching;

over the (possible) value of the maximum SW starting from
2n to 1. For each value k£ of SW, we consider the various
subsets of agents A/ of size k in the order implied by ¢.° For
each subset, we check if there exists a matching that gives
utility one to each agent in this subset and gives utility zero
to each agent not in the subset.

To this end, we construct an instance of (unweighted) 3-
set packing (U, ) for a subset T as follows. We define U/
to be N'U R. We choose 7 to be the set of triples (i, j,)
s.t. either agent gets utility 1 from the triple if and only if
they are in the subset T'. If we find a 3-set packing of size n,
we return its triples as a roommate matching. We show that
there exists a 3-set packing of size n in (I, 7) if and only if a
roommate matching exists which gives the agents in 7" utility
1 and those not in 7" utility 0. If no such packing is found for
T, we continue to the next iteration. If no set packing exists
for any choice of k£ and T', we return an arbitrary matching,
inferring that all roommate matching have SW of 0.

Theorem 4.6. There exists a strategyproof algorithm to
find a maximum SW roommate matching that runs in time
O*(c™) where ¢ > 0 is a constant.

Proof Sketch. Observe that if the algorithm returns a match-
ing in the iteration k = w, then the SW of the matching is w.
Using the fact that we started from the largest SW as value
of k and using the construction of 7, we can argue that Algo-
rithm 3 always finds a maximum welfare matching. Arguing
for strategyproofness requires an intricate analysis.

We establish strategyproofness by showing that for the
same precedence order o, Algorithm 2 and Algorithm 3 re-
turn the same matching. As the mechanism described in Al-
gorithm 2 is SP, this would imply that the mechanism in Al-
gorithm 3 is also SP. It suffices to show that the matching p
returned by Algorithm 3 is in Ss,,. We induct on the agents
based on o. For each \S; we show that the matching p is re-
turned by Algorithm 3 if and only if p € S;.

For two subsets 7" and 7" of the same size, we say that T" has
higher precedence than T, if there is an agent ¢ € T \ 7" which
has higher precedence than all agents in 7" \ 7T'.
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Let u € S;—1 and the ith agent in ¢ is j, i.e., o(j) = i.
If agent j gets utility 1 from g, then clearly p € S;. If j§
gets utility O from p, we show that any matching 11; where
j gets utility 1 is not in S;_1. That is u’ either has lower
SW or if it is of equal welfare, i’ gives utility 0 to a higher
precedence agent. Consequently, i/ would be eliminated in
Algorithm 2 before S;. Thus, the matching returned by Al-
gorithm 3, i would be in S;. Thus, by induction we can show
1 € Say,. Based on the 3-set packing algorithm use, the run-
ning time for our algorithm would be O*(13.36™) (random-
ized) or O*(27™) (deterministic).

4.3 Polynomial Time Mechanisms

We now demonstrate different polynomial time mechanisms
that are strategyproof and give non-trivial guarantees on SW.
We first attempt this via a serial dictatorship approach. While
serial dictatorship is a well used approach to achieve strat-
egyproofness, in its typical form it proves to be ineffective
in providing any meaningful guarantee on SW. We discuss
this at length in (Hosseini, Narang, and Roy 2024). How-
ever, we can adapt the L/T maximal matching approach we
discussed in a serial dictatorship fashion to get a SP mech-
anism, described in Algorithm 4 in (Hosseini, Narang, and
Roy 2024), that is 1/6-SW for binary Leontief utilities.

Theorem 4.7. There exists a strategyproof mechanism that
is 1/6-SW under binary Leontief utilities.

In fact, an analogous mechanism (Algorithm 5 (Hosseini,
Narang, and Roy 2024)) also gives a similar guarantee for
additive utilities.

Theorem 4.8. The Welfare Prioritized Serial Dictatorship
mechanism (Algorithm 5) is strategyproof under binary ad-
ditive utilities. Further, it is 1/7-SW.

For symmetric preferences, this gives a better guarantee.

Corollary 4.9. When agent preferences are symmetric Algo-
rithm 5 is 1/6-SW for instances with binary additive utilities.

Triangle-then-L. Mechanism. We find that the Triangle-
then-L mechanism provides us a SP mechanism with a better
approximation guarantee for binary Leontief utilities. Recall
that this mechanism is 1/3-SW.

Theorem 4.10. The Triangle-then-L mechanism (Algo-
rithm 1) is strategyproof under binary Leontief utilities.

5 Concluding Remarks

This paper initiates the study of strategyproofness and Leon-
tief utilities in the setting of roommate matchings. Our
work paves the way for further work on this topic. Future
directions include finding better approximation algorithms
for Leontief utilities and/or polynomial time strategyproof
mechanisms with better SW guarantees for binary valua-
tions. Another interesting direction is characterizing the set
of strategyproof mechanisms or weakening the strateyproof-
ness requirement (e.g. restricting manipulation) to improve
the welfare.
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