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Abstract

Designing expressive generative models that support exact
and efficient inference is a core question in probabilistic
ML. Probabilistic circuits (PCs) offer a framework where this
tractability-vs-expressiveness trade-off can be analyzed the-
oretically. Recently, squared PCs encoding subtractive mix-
tures via negative parameters have emerged as tractable mod-
els that can be exponentially more expressive than monotonic
PCs, i.e., PCs with positive parameters only. In this paper,
we provide a more precise theoretical characterization of the
expressiveness relationships among these models. First, we
prove that squared PCs can be less expressive than monotonic
ones. Second, we formalize a novel class of PCs — sum of
squares PCs — that can be exponentially more expressive than
both squared and monotonic PCs. Around sum of squares
PCs, we build an expressiveness hierarchy that allows us to
precisely unify and separate different tractable model classes
such as Born Machines and PSD models, and other recently
introduced tractable probabilistic models by using complex
parameters. Finally, we empirically show the effectiveness of
sum of squares circuits in performing distribution estimation.

Code — https://github.com/april-tools/sos-npcs
Extended version — https://arxiv.org/abs/2408.11778

1 Introduction

We design and learn expressive probabilistic models to com-
pactly represent the complex distribution we assume has
generated the data we deal with. At the same time, a key
requirement to effectively reason about such a distribution
is that we can perform inference exactly and efficiently,
i.e., tractably. This is especially relevant in safety-critical
real-world applications where reliable inference is required
(Ahmed et al. 2022; Marconato et al. 2024b,a).

Quantifying this trade-off between tractability and expres-
siveness can be done within the framework of probabilis-
tic circuits (PCs) (Vergari, Di Mauro, and Van den Broeck
2019), which are deep computational graphs that generalize
many tractable representations in ML and AI (Choi, Vergari,
and Van den Broeck 2020). For example, within the frame-
work of PCs, guaranteeing the tractability of certain infer-
ence scenarios, e.g., marginals, MAP inference, or comput-
ing divergences, directly translates into ensuring that these
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computational graphs have certain structural properties (Ver-
gari et al. 2021). Expressiveness, on the other hand, can be
theoretically characterized in terms of the circuit size (and
hence number of learnable parameters) (Shpilka and Yehu-
dayoff 2010). Furthermore, one can precisely characterize
that two model classes can capture the same probability dis-
tributions, if we can reduce one to the other in polytime.
Conversely, to separate two model classes in terms of ex-
pressiveness, one has to prove that a function can be exactly
captured by a circuit class but not by the other, unless this
one has exponential size (de Colnet and Mengel 2021).

To ensure that a circuit outputs non-negative values only
— the minimum requirement to model a valid density — PCs
are classically represented and learned with non-negative pa-
rameters only, i.e., they are monotonic (Shpilka and Yehu-
dayoff 2010). This prominent circuit class can only represent
mixture models whose component densities are added. To
fill this gap, Loconte et al. (2024a) introduced a special class
of non-monotonic PCs, i.e., circuits with negative parame-
ters, thus allowing to subtract mixture components as well.
Non-negativity of the circuit outputs is ensured by tractably
squaring the PCs (Vergari et al. 2021). Loconte et al. (2024a)
proved an exponential separation between monotonic and
non-monotonic squared circuits, showing that the latter can
be more expressive than the former. However, one question
remains open: can squared circuits compactly compute all
functions compactly encoded by monotonic circuits?

In this paper, we provide a negative answer, by prov-
ing another separation that goes in the opposite direction:
certain distributions that can be captured by polynomially-
sized monotonic circuits require a squared circuit of expo-
nential size. To overcome this limitation, we introduce a
larger model class that can be more expressive than both:
sum of squares PCs. While sum of squares forms are a sta-
ple in modeling non-negative polynomials (Marshall 2008),
understanding when and how they lead to compact cir-
cuit representations is still not well understood. We close
this gap by building a fine-grained expressiveness hierar-
chy around the class of squared PCs and their sums as il-
lustrated in Fig. 1. We not only precisely characterize how
other tractable models such as PSD models (Rudi and Cilib-
erto 2021), Born Machines (Glasser et al. 2019), squared
neural families (Tsuchida, Ong, and Sejdinovic 2023), and
Inception PCs (Wang and Van den Broeck 2024) belong to



CLASsSC ~ DESCRIPTION
+og Structured-decomposable circuits
+s4  Structured-decomposable monotonic circuits
iﬁ Squared circuits (Loconte et al. 2024a)
+%  Squared circuits with complex parameters
psd PSD circuits (Sladek, Trapp, and Solin 2023)
Ezmp Sum of compatible squares (Definition 4)
AZZmp Difference of two circuits in Efmp

Table 1: The notation we use to refer to classes of circuits.

this novel class of non-monotonic circuits, but also break
these newly introduced boundaries by analyzing when cer-
tain PCs cannot be encoded as sum of squares. Finally, we
settle the question on what is the role of complex param-
eters w.r.t. model expressiveness, by showing that squared
complex circuits are sum of squares.

Our theoretical contributions are summarized in Fig. 1.
We first prove that monotonic PCs can be exponentially
more expressive than squared PCs (Section 3). Then, we
introduce our sum of squares circuit class and provide two
constructions to prove it can be exponentially more expres-
sive than both monotonic and squared PCs (Section 4). We
precisely relate this new class to other tractable formalisms
in Section 5, and further extend it in Section 6. Finally, we
empirically validate the increased expressiveness of sum of
squares circuits for distribution estimation, showing they can
scale to real-world data when tensorized (Section 7).

2 From Circuits to Squared PCs

We denote sets of variables in bold uppercase, e.g., X =
{X1,...,X4} while x € dom(X) denotes an assignment
from the domain dom(X). We use [n] for the set {1,...,n}.
We start by defining circuits and their properties.

Definition 1 (Circuit (Vergari et al. 2021)). A circuit cis a
parameterized computational graph over X encoding a func-
tion ¢(X) and comprising three kinds of units: input, prod-
uct, and sum. Each product or sum unit n receives the out-
puts of other units as inputs, denoted as the set in(n). Each
unit n» encodes a function ¢,, defined as: (i) f,,(sc(n)) if n is
an input unit having scope sc(n) = {Y'}, Y € X, where f,
is a function defined over Y5 (i) [[;cin(, ¢j(sc(f)) if n is
a product unit; and (iii) Y ;cin () On,jcj(sc(d)) if n is a sum
unit, where each 0,, ; € R is a parameter of n. The scope
of a non-input unit n is the union of the scopes of its inputs,

ie., sc(n) = Ujcin(n) sc()-

W.Lo.g., we assume product units to have at most two in-
puts. For a circuit ¢, this can be enforced with just a quadratic
increase in its size, i.e., the number of edges in it, denoted as
|c| Martens and Medabalimi 2014). A probabilistic circuit
(PC) is a circuit ¢ encoding a non-negative function, i.e.,
¢(x) > 0 for any x, thus encoding a (possibly unnormal-
ized) probability distribution p(x) o ¢(x). A PC ¢ supports
the tractable marginalization of any variable subset in time
O(|e|) (Choi, Vergari, and Van den Broeck 2020) if (i) its
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Figure 1: For each circuit class C (see Table 1 for a descrip-
tion) we illustrate with a rectangle the set of functions that
can be efficiently computed by a circuit in C. The SUM,
UPS, and UTQ functions are introduced in this paper to
show exponential separation results between classes +q,
+5 and 32, . We show the overlapping of classes in terms
of expressiveness (denoted in the figure with =), and report
some open questions about this hierarchy in Section 6.

input functions f,, can be integrated efficiently and (ii) it is
smooth and decomposable, as defined next.

Definition 2 (Smoothness and decomposability (Darwiche
and Marquis 2002)). A circuit is smooth if for every sum
unit n, all its input units depend on the same variables, i.e,
Vi, j € in(n): sc(i) = sc(j). A circuit is decomposable if
the inputs of every product unit n depend on disjoint sets of
variables, i.e, Vi,j € in(n) i # j: sc(i) Nsc(j) = @.
Expressive efficiency also called succinctness, or represen-
tational power refers to the ability of a circuit class to en-
code a (possibly unnormalized) distribution in a polysize
computational graph, i.e., whose size grows polynomially
w.r.t. its input size. This is in contrast with “expressiveness”
intended as universal representation: all PCs with Boolean
(resp. Gaussian) inputs can express any Boolean (resp. con-
tinuous) distribution arbitrarily well, but in general at the
cost of an exponential size. When we say that one class is
exponentially more efficient or succinct than another we im-
ply there exist a distribution, also called separating function,
that cannot be captured by any polysize circuit belonging to
the second class. E.g., circuits satisfying fewer or different
structural properties (e.g., by relaxing decomposability in
Definition 2) can be exponentially more expressive efficient
than other circuit classes, i.e., they might tractably compute
a larger class of functions (Martens and Medabalimi 2014).
Monotonic vs non-monotonic PCs. Designing and learning
a circuit to be a PC is typically done by assuming that both
the parameters and the input functions are non-negative, re-
sulting in a monotonic PC (Shpilka and Yehudayoff 2010).
PCs relaxing this assumption — i.e., non-monotonic PCs —
have been shown to be more expressive efficient than mono-
tonic ones (Valiant 1979). However, building them in a gen-
eral and flexible way is challenging (Dennis 2016).
Squared PCs. Loconte et al. (2024a) showed one can effi-
ciently represent and learn a large class of non-monotonic
PCs by squaring circuits. Formally, given a non-monotonic
circuit ¢ whose output can also be negative, a squared PC ¢?
can be computed by multiplying ¢ with itself, i.e., ¢?(x) =



¢(x) - ¢(x). Computing the product of two circuits, can be
done efficiently if the two circuits are compatible.

Definition 3 (Compatibility (Vergari et al. 2021)). Two
smooth and decomposable circuits cj, co over variables X
are compatible if (i) the product of any pair f,,, f,, of input
functions respectively in cq, co that have the same scope can
be efficiently integrated, and (ii) any pair n,m of product
units respectively in cq, co that have the same scope decom-
pose their scope over their inputs in the same way.

Multiplying two compatible circuits c;, ca can be done
via the Multiply algorithm in time O(|cq||c2|) as described in
Vergari et al. (2021) and which we report in Appendix A.1.
To tractably square a circuit, this needs to be compatible
with itself, i.e., structured-decomposable. Another way to
understand structured-decomposability is through the notion
of the hierarchical partitioning of the circuit scope, that is in-
duced by product units, also called region graph (Mari, Ves-
sio, and Vergari 2023). For a structured-decomposable PC
with univariate inputs this partitioning forms a tree, some-
times called vtree (Pipatsrisawat and Darwiche 2008) or
pseudo-tree (Dechter and Mateescu 2007).

For a smooth and structured-decomposable c, the out-
put of Multiply(c,c) will be a PC ¢? of size O(|c|?) that
is again smooth and structured-decomposable. Therefore, it
can be renormalized to compute p(x) = c*(x)/Z, where
zZ = [ dom(X) c(x)dx is its partition function, if it has
tractable input units, e.g., indicator functions, splines or ex-
ponential families (Loconte et al. 2024a). We call PCs that
are constructed as Multiply(c, ¢), for a circuit ¢ with (poten-
tially negative) real weights, squared PCs and denote by +3
the class of all such circuits. Remark that the Multiply al-
gorithm has the property that its output Multiply(c, ¢) can
never be smaller than its input ¢, so to lower bound the size
of a squared PC 2, it suffices to bound the circuit ¢ from
which it was constructed. It has been shown that there are
non-negative functions that can be efficiently represented by
squared PCs but not by structured monotonic PCs.

Theorem 0 (Loconte et al. (2024a)). There is a class of non-
negative functions JF over d variables X that can be repre-
sented as a PC ¢? € +2 with size |¢?| € O(d?). However,
the smallest monotonic and structured PC computing any
F € F has at least size 2(4),

The class of separating functions used to show Theo-
rem O consists of uniqueness disjointness functions (UDISJ)
(De Wolf 2003) defined as embedded on a graph G =
(V, E), where V denotes its vertices and E its edges, as

UDISJ(X) = (1)

where X = {X,, | v € V'} are Boolean variables.

This expressive efficiency result theoretically justifies the
increased expressiveness of not only squared PCs, but also
other probabilistic models that can be exactly reduced to
squared PCs as shown in Loconte et al. (2024a). These
include matrix-product-states (MPSs) (Pérez-Garcia et al.
2007) — also called tensor-trains (Oseledets 2011) — which
factorize a (possibly negative) function ¢ (X) over variables

X, X,)° (1)

uveE
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X ={Xy,..., X4} with dom(X;) = [v] as

Y(x) = ZZ_FI ZZ_FI : ..Zid_lzl Aifz1,i] ()
“Ag[za,i1,09] - Ag—1[Ta—1,1d—2, la—1)Aa[Td, Ta—1]

where 7 is the rank of the factorization, A1, A; € R"*",
Aj; e RV forall j € {2,...,d — 1}, and square brack-
ets denote tensor indexing. When ¢ factorizes as in Eq. (2),
it is possible to construct a structured-decomposable circuit
¢ computing v of size |¢| € O(poly(d, r,v)) (Loconte et al.
2024a). To encode a distribution p(X), one can square v as
to recover p(x) oc 1(x)?, yielding a model called real Born
machine (BM) (Glasser et al. 2019). These models are popu-
lar in quantum physics and computing where they, however,
operate over complex tensors. In our theoretical framework,
it will be clear that complex parameters do bring an expres-
siveness advantage and why (Section 5). Before that, how-
ever, note that Theorem 0 does not say that squared PCs can
efficiently represent al/l non-negative functions that mono-
tonic PCs can compactly encode. In fact, our first theoretical
contribution is showing that they cannot: we prove an expo-
nential separation “in the other direction” next.

3 A Limitation of Squared Circuits

We show that there is a class of non-negative functions that
can be efficiently represented by structured-decomposable
monotonic circuits, whose class we denote as +q, but for
which any squared PC ¢? has exponential size. As we dis-
cussed before in Section 2, we use the property that c? is
the output of the product algorithm Multiply, and therefore
is bounded by the size of the possibly negative circuit c: by
constructing an exponential lower bound of the size of ¢, we
therefore obtain a lower bound on 2. While there could exist
an alternative algorithm to directly construct a polynomial
size ¢? that encodes our separating function, we conjecture
this is unlikely. The next theorem formalizes our finding.

Theorem 1. There is a class of non-negative functions F
over d = k(k + 1) variables that can be encoded by a PC
in 444 having size O(d). However, the smallest ¢ € +3

computing any F' € F requires |c| to be at least 20(Vd),

Appendix B.2 details our proof: we leverage a lower
bound of the square root rank of non-negative matrices
(Fawzi et al. 2014) and we build the separating function fam-
ily F starting from the sum function (SUM) defined as

SUM(X) = Z; X; (Z; 271X 5), ©)

where X = {X; | i € [M}U{Xy; | (i,5) € [k] x [K]}
are Boolean variables. Our construction starts from the ob-
servation made by Glasser et al. (2019) that non-negative
MPSs (Eq. (2)) encoding a non-negative factorization re-
quire an exponentially smaller rank r than real BMs to fac-
torize a variant of our SUM function. Our result is stronger,
as it holds for all squared structured-decomposable circuits,
which implies for all possible tree-shaped region graphs. In
fact, MPSs and BMs can only represent PCs with a certain
region graph, as all product units in them decompose their



scope by conditioning on one variable at a time (see Propo-
sition 3 in Loconte et al. (2024a)). Our finding, therefore,
generalizes to other cases of squared tensor networks over
the reals, such as tree-shaped BMs (Shi, Duan, and Vidal
2006; Cheng et al. 2019) and many more circuits with tree
region graphs (Mari, Vessio, and Vergari 2023).

With this in mind, Theorem O and Theorem 1 now tell

us that PCs in 4+ and :I:D% exhibit different limitations on
which functions they can encode. For this reason, we say that
the circuit classes +sq and &2 are incomparable in terms of
expressive efficiency (de Colnet and Mengel 2021).
How can we surpass these limitations? A closer look at
the SUM function in Eq. (3) motivates a circuit class that
can be more expressive than +.4 and :I:2 We can rewrite it
as SUM(X) = Y28 | z (207D /2X :X;.j)?, exploiting
the fact that Boolean varlables are idempotent under powers.
This new form, although semantically equivalent, highlights
that one can simply encode SUM as a monotonic structured-
decomposable circuit with a single sum unit over k2 squared
product units. Therefore, it suggests that even a sum of a few
squared PCs together allows to efficiently encode more ex-
pressive functions that cannot be compactly captured by a
single squared PC. To be more expressive than +¢4, we need
to relax monotonicity, instead. In the next section, we for-
malize this intuition by proposing a class of circuits that can
be more expressive than those introduced so far, and unifies
several other families of tractable models.

4 Sum of Compatible Squares Circuits

Our more expressive class of circuits will take the form of
a sum of squares (SOS), a well-known concept in algebraic
geometry where it is used to characterize some non-negative
polynomials (Benoist 2017). As such, we derive a special
SOS polynomial family that supports tractable inference, as
circuits can also be understood as compact representations
of polynomials whose indeterminates are the circuit input
functions (Martens and Medabalimi 2014). As we are inter-
ested in precisely tracing the boundaries of expressive effi-
ciency for circuits, we will require that our SOS forms al-
ways have polynomial size. This is in contrast with univer-
sality results for SOS and non-negative polynomials, where
the interest is to prove that a non-negative polynomial can
or cannot be written as a SOS, regardless of the model size.
E.g., see the Hilbert’s 17th problem and Marshall (2008) for
areview. To preserve tractable inference, in our class of sum
of squares circuits, we do not only require each circuit to be
structured-decomposable as to efficiently square it, but also
compatible with all the others.

Definition 4. A sum of compatible squares (SOCS) PC ¢

over variables X is a PC encoding c(x) = Y A (x)

i=1"%1

where, for all i, j € [r], ¢}, ¢ € £5 are compatible.
We denote this class of SOCS circuits as Efmp Combin-

ing many (squared) PCs in a positive sum is equivalent to
building a finite mixture (McLachlan, Lee, and Rathnayake
2019) having (squared) PCs as components. Although this
looks like a simple way to increase their expressiveness, we
now show that that the advantage is in fact exponential.
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Theorem 2. There is a class of non-negative functions F
over d variables that can be represented by a PC in X2, of
size O(dg). However, (i) the smallest PC in +¢4 computing
any F' € F has at least size 29(‘/3), and (ii) the smallest

e :i:% computing F' obtained by squaring a structured-

decomposable circuit ¢, requires |c| to be at least 22V

In fact, we prove two alternative exponential separations
between X2, and both +s4 and 3 circuit classes, repre-
sented in Egs. (4) and (5). Each combines a monotonic PC
from +4 and a squared one from 3 and thus provides a dif-
ferent insight on how to build more expressive circuits. Our
proof of Theorem 2 uses our first separating function fam-
ily F, built as a sum of UDISJ (Eq. (1)) and SUM (Eq. (3))
embedded on a graph, and defined as UPS(X

:Z1(1—Z XuX +ZQZXZ

uveEE veV

where X = X'UX"U{Z;, Z,} are Boolean variables, with
X' = {X, | ve VLX" = U, {Xo; |7 € VI
and 7, Z» are auxiliary variables. By properly setting Z; =
1,Z5 = 0 (resp. Z1 = 0,Z3 = 1) we retrieve a PC in :I:D%
(resp. +sd). See Appendix B.3 for the proof details.

Theorem B.3 details our alternative exponential separa-
tion, where we let F be the product of UDISJ times a
quadratic form that can be easily represented as a circuit in
+sd. We name it UTQ(X) and define it on a graph as

2
(1 B ZquE XuXU) (1 + ZuveE XUXU) (5)

where X = {X,, | v € V} are Boolean variables. A first
advantage of this alternative construction over Theorem 2 is
that Theorem B.3 provides the strongly exponential lower

bound 22(@ instead of the weakly exponential 2%V (Im-
pagliazzo, Paturi, and Zane 1998). Furthermore, multiplying
circuits from +44 and +32 provides a perspective to better
understand other existing tractable representations (Proposi-
tion 1) and build PCs that can compactly encode a sum of an
exponential number of squares. To this end, we generalize
this construction to a product of circuits in +s4 and Ecmp

Definition 5. A product of monotonic by SOCS (1SOCS)
PC cover variables X is a PC encoding ¢(x) = ¢;1(x)-c2(x),
where ¢; € +¢4 and co € Efmp are compatible.

1SOCS PCs can efﬁmently compute any function en-
coded by PCs in +¢4 (resp. Ecmp) by taking as a SOCS PC
(resp. structured monotonic PC) a circuit computing the con-
stant 1. As a deep PC may compactly encode a polynomial
with exponentially many terms (Martens and Medabalimi
2014) (which appears when we “unroll” such a PC (Proposi-
tion 3)), our uSOCS compactly encode a SOCS PC with an
exponential number of squares. As such, we can gracefully
scale SOCS to high-dimensional data, even multiplying a
monotonic circuit by a single square (Section 7).

2J X, 4)

5 SOCS Circuits Unify Many Model Classes
We now extend the theoretical results presented so far to
several other tractable model classes that can be reduced to
SOCS. We start by models with complex parameters.



Complex parameters have been extensively used in ML.
First, for their semantics as modeling waves, as in signal pro-
cessing and physics (Hirose and Yoshida 2012; Tygert et al.
2015), E.g., we mentioned in Section 2 that MPSs and BMs
are generally defined as encoding a factorization over the
complexes. Thus, a BM in quantum physics models the mod-
ulus squared |1(x)|?> = 1¥(x)T9(x), where (-)! denotes
the complex conjugate operation of a complex function 1),
here factorized as a complex MPS. The tensors A4, ..., Ay
shown in Eq. (2) are generalized to have complex-valued
entries (Oruds 2013). Complex BMs have been used for dis-
tribution estimation (Han et al. 2018; Cheng et al. 2019).
Secondly, there is evidence supporting using complex pa-
rameters to stabilize learning (Arjovsky, Shah, and Bengio
2015) and boost performances of ML models, PCs included
(Trouillon et al. 2016; Sun et al. 2019; Loconte et al. 2023).
Within PCs, one can back up this evidence with a precise
theoretical characterization and answer: is there any expres-
siveness advantage in modeling PCs in the complex field?
Complex squared PCs. We extend PCs in +2 and for-
mally define a complex squared PC as the one comput-
ing c?(x) = c(x)"¢(x), i.e., via the modulus square of a
structured-decomposable circuit ¢ whose parameters and in-
put functions are complex. Computing ¢? can be done ef-
ficiently in O(|c|?) via Multiply(cf, c), where the complex
conjugate c' of ¢ preserves the structural properties we need:
smoothness and structured-decomposability as shown in Yu,
Trapp, and Kersting (2023). We denote with +2 the class
of complex squared PCs computing 2. In Appendix B.5 we
show that, similarly to the reduction of real BMs to squared
PCs (Loconte et al. 2024a), complex BMs can be reduced
to complex squared PCs, thus are at least as expressive as
their real counterpart. Crucially, we prove that any complex
squared PC can be efficiently reduced to a PC in Efmp with
real parameters only. This settles the question whether com-
plex parameters bring an expressive advantage over reals
through the lens of our Theorem 2. We formalize this next.

Corollary 1. Let ¢ € £2 be a PC over variables X, where
c is a structured-decomposable circuit computing a complex
function. Then, we can efficiently represent ¢? as the sum of
two compatible PCs in &2, thus as a PC in X2

cmp*

We generalize this result to squared PCs computing the
modulus square of hypercomplex numbers, e.g., quaternions
and generalizations (Shenitzer, Kantor, and Solodovnikov
1989). These have not only been studied in physics (Baez
2001), but also in ML (Saoud and Al-Marzouqi 2020; Yu
et al. 2022). All these squared PCs are also SOCS.

Theorem 3. Let A, be an algebra of hypercomplex num-
bers of dimension 2“ (e.g., Ay = R, A, C, ...
Given a structured-decomposable circuit ¢ over X comput-
ing ¢(x) € A,,, we can efficiently represent a PC computing
c%(x) = c(x)te(x) as a PC in %2, having size O(2¢[c[?).
Appendix B.6 details our proof construction.

Squared neural families (SNEFYs) (Tsuchida, Ong, and
Sejdinovic 2023, 2024) are recent estimators generalizing
exponential families that model a distribution p(X) as

SNEFY ., (x) = Z~ " u(x) [[NN, (£(x))][3
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t: dom(X) — R’ the sufficient statistics, NN, is a
one-hidden-layer neural network with element-wise acti-
vation function o and Z the partition function. Depend-
ing on the choice of ¢, o and u, SNEFY,, , allows
tractable marginalization (Tsuchida, Ong, and Sejdinovic
2023). Next, we show that many common parameterizations
of these tractable SNEFYs fall within X2

cmp*
Proposition 1. Let SNEFY , , be a distribution over d vari-
ables X with o € {exp,cos}, u(x) = p1(z1) - pa(za),
t(x) = [t1(z1),...,ta(zq)]". Then, SNEFY, , , can be en-
coded by a PC in X2 of size O(poly(d, K)), where K
denotes the number of neural units in NN,

We prove it in Appendix B.7. Note that the product of a
factorized base measure p(x) = pi(x1)--- pa(zq) by the
squared norm of a neural network (as in Proposition 1) can
be written as the product between a fully factorized mono-
tonic PC computing y(x) and a SOCS PC. This is a special
case of our uSOCS construction (Definition 5).

In their finite-dimensional form, positive semi-definite
(PSD) kernel models (Marteau-Ferey, Bach, and Rudi
2020) are non-parametric estimators modeling p(x)
k(x)T Ak(x), where A € R™" is a PSD matrix, and
k(x) = [K(x,xM), ..., k(x,x)]T € R" is a kernel de-
fined over data points {x(")}7_, . For some choices of # (e.g.,
an RBF kernel as in Rudi and Ciliberto (2021)), PSD mod-
els support tractable marginalization. Since PSD models are
shallow, Sladek, Trapp, and Solin (2023) have recently pro-
posed to combine them with deep monotonic PCs. They do
so by parameterizing a sum unit n in a circuit to compute

cn(x) = c(x)T Ac(x), where A is a PSD matrix and ¢
is a multi-output circuit computing an r-dimensional vec-
tor ¢(x) = [c1(x),...,c.(x)] T, with {¢;}7_, being a set of

non-monotonic circuits that are compatible with each other.
From now on, we denote with psd the class of PCs comput-
ing ¢(x) T Ac(x). Next, we show that PCs in psd are equiva-
lently expressive efficient as PCs in Z?mp, as one can reduce
any PC in the foremost class into the latter and vice versa.
Proposition 2. Any PC in psd can be reduced in polynomial
time to a PC in mep. The converse result also holds.

We prove it in Appendix B.8 by generalizing the reduction
from shallow PSD kernel models shown by Loconte et al.
(2024a). Sladek, Trapp, and Solin (2023) propose an alterna-
tive construction of deep PSD models where PSD sum units
are at the inputs of a monotonic PC, instead of its output. In
this way, the number of squares they are summing over is
exponential in the circuit depth, akin to our uSOCSs.
Inception PCs have been concurrently introduced to our
SOCSs as non-monotonic PCs overcoming the limitations
of squared PCs in Wang and Van den Broeck (2024),
where an alternative version of our proof that structured-
decomposable monotonic circuits can be exponentially more
expressive than a single squared circuit with real parameters
(i.e., our Theorem 1) was provided. These results were sub-
mitted to a conference around the same time as ours. An
Inception PC encodes a distribution p over variables X as

O

p(X) o ZuEdom(U) ‘ Zwedom(W) caUg(X’ b W)



where ¢, is a structured circuit computing a complex func-
tion over a set of augmented variables X U U U W. Eq. (6)
is already written in a SOCS form. Similarly to PSD cir-
cuits with PSD inputs and our pSOCSs, summing U out-
side the square can compactly represent an exponential num-
ber of squares through parameter sharing. Differently from
our uSOCS, however, Inception PCs suffer a quadratic blow
up even to compute the unnormalized log-likelihood as they
cannot push the square outside the logarithm (see Section 7).

6 Are All Structured PCs SOCS Circuits?

Given the increased expressiveness of SOCS PCs as dis-
cussed so far, a natural question now is whether they can effi-
ciently encode any distribution computed by other tractable
PC classes. Clearly, we need to restrict our attention to
structured-decomposable circuits, as this structural property
is required for efficient squaring. This rules out from our
analysis circuits that are just decomposable or those that
encode multilinear polynomials but are not decomposable.
(Agarwal and Blaser 2024; Broadrick, Zhang, and Van den
Broeck 2024). We start by focusing on PCs in 44, and show
an upper bound on the size of SOCS PCs computing them.

Proposition 3. Every function over d Booleans computed
by a PC in +4 can be encoded by one in ¥2, | of size O(2%).

cmp

Our proof in Appendix B.9 rewrites the circuit as a shal-
low polynomial and exploits idempotency of Boolean vari-
ables w.r.t. powers. This is not surprising, as every non-
negative Boolean polynomial is known to be a SOS poly-
nomial (Barak and Steurer 2016). However, it is unknown if
there exists a sub-exponential size upper bound for a SOCS
PC computing PCs in +44, leading to our first open question.

Open Question 1. Can any function computed by a polysize
PC in 44 be also computed by a polysize PC in ¥2__?

cmp *

If we extend our analysis to PCs with non-Boolean in-
puts, we connect with another classical result in algebraic
geometry showing there are many non-negative polynomi-
als that cannot be written as SOS polynomials with real
coefficients (Blekherman 2003). E.g., Motzkin polynomial
(Motzkin 1967) is defined as the bivariate polynomial

Fpm(X1, Xo) =1+ X{X3 + X7X5 - 3X3X3 (1)

that while is non-negative over its domain R?, is also known
not to be a SOS (Marshall 2008). We generalize Motzkin
polynomial to create a class of polynomials on an arbitrary
number of variables that can be computed by PCs in 44
when equipped with polynomials as input functions but can-
not be computed by SOCS PCs with the same inputs.

Theorem 4. There exists a class of non-negative functions
F over d variables, that cannot be computed by SOCS PCs
whose input units encode polynomials. However, for any
F € F, there exists a PC in £y of size O(d?) with polyno-
mials as input units computing it.

Appendix B.10 details our proof. Note that the limitation
shown in Theorem 4 remains even if we relax the compat-
ibility assumption for our SOCS (Definition 4) and obtain
a new class of sum of structured-decomposable squares cir-
cuits. However, if we do not make any assumption on the
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functions computed by the input units of SOCS PCs, it re-
mains open to formally show whether any function com-
puted by a structured-decomposable PC can be efficiently

computed by a PC in Z?_mp, as formalized below.

Open Question 2. Can any function computed by a polysize
PC in ¢4 be also computed by a polysize PC in X2, ?

cmp *

Answering affirmatively to Open Question 2 would also
solve Open Question 1, since +¢¢ C 4. We visualize
both open questions in our expressive efficiency hierarchy
in Fig. 1. While we do not answer to Open Question 2,
the following theorem shows that a single subtraction be-
tween SOCS PCs is however sufficient to encode any func-
tion computed by a structured-decomposable circuit.

Theorem 5. Let ¢ be a structured circuit over X, where
dom(X) is finite. The (possibly negative) function computed
by ¢ can be encoded in worst-case time and space O(|c|?) as
the difference c(x) = ¢1(x) — ¢a(x) with ¢, ¢ € X2,

We prove it in Appendix B.11. We denote as AEfmp the

class of PCs obtained by subtracting two PCs in 2

cmp*
Amep C =44, Theorem 5 implies the expressive efficiency

equivalence between classes AEfmp and *4, in the case of
finite variables domain. Our result is similar to a classical re-
sult in Valiant (1979) but we consider circuits with different
properties: they show a (non-decomposable) non-monotonic
circuit is computable as the difference of monotonic ones,

we focus on structured circuits rewritten as SOCS PCs.

Since

7 Empirical Evaluation

We evaluate structured monotonic (4q), squared PCs (432,
+2), their sums and ©SOCS as the product of a monotonic
and a SOCS PC (44 -Efmp, see Definition 5) on distri-
bution estimation tasks using both continuous and discrete
real-world data. We answer to the following questions: (A)
how does a monotonic PC perform with respect to a sin-
gle squared PC with the same model size? (B) how does in-
creasing the number of squares in a SOCS PC influence its
expressiveness? (C) how do SOCS PCs perform w.r.t. mono-
tonic PCs as we scale them on high-dimensional image data?
Experimental setting. Given a training set D = {x(V}
on variables X, we are interested in estimating p(X) from
D by minimizing the parameters negative log-likelihood on
abatch B C D, ie., L := |B|llog Z — ) glogc(x), via
gradient descent. For squared PCs in £2 and +%, we can
compute Z just once per batch as done in Loconte et al.
(2024a), making training particularly efficient. We can use
the same trick for sums of +% or £2 PCs by rewriting £ as
L = [BllogZ — Y .zlog> ;_; exp(2log |c;(x)]), thus
requiring materializing the squared PCs c?,...,c? only to
compute Z. It also applies to uSOCS as the circuit prod-
uct decomposes into a sum of logs (see Appendix C.3). PCs
are compared based on the average log-likelihood on unseen
data points. Next, we briefly discuss how we build PCs, and
refer the reader to Appendix C for more details.

Building tensorized SOCS PCs. Following Mari, Vessio,
and Vergari (2023), we build tensorized PCs by parameter-
izing region graphs (Section 2) with sum and product lay-
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Figure 2: Monotonic PCs (+s4) can perform better than a
single real squared PC (£3) on average, but worse than a
single complex squared PC (:I:(%), and worse than SOCS PCs
(32 pr and 32 ) with an increasing number of squares.
For +¢4 we take mixtures of monotonic PC as components.
We show box-plots of average test log-likelihoods on mul-
tiple runs. All PCs have approximately the same number of
parameters (see main text). Details in Appendix C.2.

ers forming a CP decomposition and vectorized input lay-
ers (Loconte et al. 2024b). This construction allows us to
govern model size by selecting how many units are placed
in layers. We experiment with two types of region graphs
depending on the data: for tabular data, we follow Loconte
et al. (2024a) and use random binary trees; for images, we
use quad trees, that recursively split images into patches (see
Appendix C.2). Implementing our complex PCs can be done
by upcasting the tensor types and implementing a variant of
the log-sum-exp trick on complex numbers (Appendix C.4).
(A) We estimate the distribution of four continuous UCI
data sets: Power, Gas, Hepmass, MiniBooNE, using the
same preprocessing by Papamakarios, Pavlakou, and Mur-
ray (2017) (Table C.1). We compare structured monotonic
PCs, and squared PCs with real or complex parameters. All
PCs use Gaussian likelihoods as input units, and we ensure
they have the same number of trainable parameters up to a
+6% difference. Figs. 2 and C.1 show that a monotonic PC
achieves higher test log-likelihoods than a single squared PC
with real parameters on all data sets but Gas, thus agree-
ing with our theory stating an expressiveness limitation of
a single real squared PC (Theorem 1). Instead, complex
squared PCs consistently perform better than both a single
real squared PC and a monotonic PC, as they are SOCS
(Corollary 1). Fig. C.2 shows the training log-likelihoods.
Finally, Fig. C.3 shows that learning a single real squared
PC is typically challenging due to an unstable loss, which is
instead not observed for complex squared PCs.

(B) We now gradually increase the number of squares from
4 to 16 in SOCS PCs, while still keeping the number of pa-
rameters approximately the same. As a baseline, we build
mixtures of 4-16 structured monotonic PCs. Our compar-
isons are performed in the same setting and data sets of (A).
Fig. 2 shows that not only SOCS PCs outperform monotonic
PCs, but also that summing more than 4 squared PCs does
not bring a significant benefit on these datasets. See Fig.
C.1 for results on Power and Gas. Moreover, complex SOCS
PCs perform similarly to real SOCS PCs. This is expected as
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Figure 3: Complex squared PCs are more accurate estima-
tors on image data. We show test BPD (lower is better) w.r.t.
the number of learnable parameters of structured monotonic
PCs (+sq), squared PCs with real (+3) and complex (+2)
parameters (which are counted twice), and the product of a
monotonic PC by a complex squared PC (+sq - £2, see Def-
inition 5). We report the area between min and max BPDs
obtained from 5 independent runs with different seeds.

complex SOCS PCs belong to the class Efmp (Corollary 1).

(A, C) We estimate the probability distribution of MNIST,
FashionMNIST and CelebA images (Table C.2), and com-
pare a single structured monotonic PC, a single squared PC
with real and complex parameters and a xSOCS PC created
by multiplying a monotonic PC and squared complex one
(+sd -£2). Appendix C.2 and C.3 show our model construc-
tions. For monotonic PCs, we use Categorical distributions
as inputs, while for real (resp. complex) squared PCs we
use real (resp. complex) vector embeddings. Fig. 3 reports
the normalized negated log-likelihood as bits-per-dimension
(BPD). There, complex squared PCs better estimate the im-
age distribution than monotonic PCs and real squared PCs.
Our uSOCS fares better than a single complex squared PC
and with fewer parameters. The performance of real squared
PCs, instead, plateaus and becomes comparable to mono-
tonic PCs. Fig. C.4 shows similar trends on FashionMNIST
and the training BPDs. While both real and complex squared
PCs tend to overfit, complex squared PCs and uSOCS gen-
eralize better. Appendix C.6 compares complex squared PCs
and ©SOCS in terms of training time and space.

8 Conclusion

We unified and separated several recent tractable models
built around the circuit squaring operation. Our theoretical
characterization justifies many claims supported only by em-
pirical evidence, e.g., the use of complex parameters. Our
SOCS PCs deliver not only scalable and accurate models but
also enable further connections with the literature on SOS
polynomials. Our SOCS expressiveness results can be trans-
lated to the literature of non-linear matrix decompositions
(Lefebvre, Vandaele, and Gillis 2024; Awari et al. 2024).
As future direction, we plan to retrieve a rigorous latent
variable interpretation for SOCS (Peharz et al. 2016), thus
unlocking parameter and structure learning schemes (Gens
and Domingos 2013; Di Mauro et al. 2017). Moreover, we
plan to extend SOCS to continuous latent variables (Gala
et al. 2024a,b) and use neural networks to parameterize them
(Shao et al. 2020) as to further increase their expressiveness.
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