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Abstract

We study temporal fair division, whereby a set of agents are
allocated a (possibly different) set of goods on each day for
a period of days. We study this setting, as well as a number
of its special cases formed by the restrictions to two agents,
same goods on each day, identical preferences, or combina-
tions thereof, and chart out the landscape of achieving two
types of fairness guarantees simultaneously: fairness on each
day (per day) and fairness over time (up to each day, or the
weaker version, overall).
In the most general setting, we prove that there always exists
an allocation that is stochastically-dominant envy-free up to
one good (SD-EF1) per day and proportional up to one good
(PROP1) overall, and when all the agents have identical pref-
erences, we show that SD-EF1 per day and SD-EF1 overall
can be guaranteed. For the case of two agents, we prove that
SD-EF1 per day and EF1 up to each day can be guaranteed
using an envy balancing technique. We provide counterex-
amples for other combinations that establish our results as
among the best guarantees possible, but also leave open some
tantalizing questions.

1 Introduction
How to divide a set of goods amongst a set of agents fairly
has been an enigma for centuries. There has been remarkable
progress on this question in the last decade (Amanatidis et al.
2022). In the most prominent model, there is a set of n agents
N , each having an (additive) valuation over a set of goods
M . The goal is to find an allocation A = (A1, . . . , An)
which partitions M into pairwise-disjoint bundles, one al-
located to each agent i ∈ N .

This one-shot model fails to capture numerous real-world
fair division scenarios in which goods are divided over time,
e.g., food bank deliveries (Lee et al. 2019), resource allo-
cation in data centers (Ghodsi et al. 2013), allocation of
advertising slots (Mehta et al. 2007), nurse shift schedul-
ing (Miller, Pierskalla, and Rath 1976), and organ trans-
plants (Bertsimas, Farias, and Trichakis 2013). Compared
to the one-shot setting, fair division of goods over time has
received relatively little attention.

Inspired by this, there has been a flurry of recent works
that consider online fair division, where agents or goods ar-
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rive over time and the principal needs to make allocations in
an online fashion in the absence of any information regard-
ing future arrivals (Kash, Procaccia, and Shah 2014; Benadè
et al. 2024). The limits of feasible fairness guarantees have
been explored under various adversary models (Zeng and
Psomas 2020; Benadè et al. 2024).

However, in practice it is rarely the case that we have
absolutely no information about the future. Significantly
better guarantees have been established when even par-
tial information about the future is available, either in the
form of distributional knowledge (Bogomolnaia, Moulin,
and Sandomirskiy 2022) or machine-generated predic-
tions (Gkatzelis, Psomas, and Tan 2021; Banerjee et al.
2022, 2023). But this work has left a very basic question
wide open: How fair can we be if we had full information
about the future?

To address this, we introduce the model of temporal fair
division, where a set of agents N are allocated a set of goods
Mt on day t, over a period of days t ∈ {1, . . . , k}, and
the agents’ valuations over the whole set of goods M =
∪kt=1Mt are available upfront. At first glance, it may seem
that this is just a traditional fair division problem where
the set of goods M needs to be divided amongst the set of
agents N . The twist, however, is that in temporal fair divi-
sion, agents anticipate fairness to prevail not solely at the
end of the entire time horizon, but also at or within vari-
ous interim time intervals. For example, the principal may
be confident, based on their knowledge of the future, the al-
location will eventually turn out to be fair, but that may not
be assurance enough to the agents.

This leads us to seek temporal fairness notions in our tem-
poral fair division setting. Specifically, we take prominent
fairness notions from one-shot fair division, and seek them
on three temporal scales:

(1) Per day: The allocation of the set of goods Mt on each
day t should be fair.

(2a) Overall: The allocation of the whole set of goods M in
the end should be fair.

(2b) Up to each day: The allocation of the set of goods
∪tr=1Mr up to each day t should be fair.

Clearly, up to each day fairness (2b) is stronger than over-
all fairness (2a). Solely achieving per day fairness (1) or
overall fairness (2a) can be reduced to one-shot fair division.
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Figure 1: Hierarchy of temporal fairness notions.

Hence, we seek per day and overall fairness simultaneously
(1+2a), or per day and up to each day fairness simultane-
ously (1+2b), or solely up to each day fairness (2b). Our
main research question is to...

...explore the limits of temporal fairness that can be
guaranteed in temporal fair division.

Our Results & Techniques
We chart out the landscape of the aforementioned temporal
fair division model in a general setting, with n agents hav-
ing additive, heterogeneous preferences. Further, we identify
three relevant restrictions where we can circumvent some of
the impossibilities of the general setting, and achieve very
strong results. Those are: (1) when there are only two agents;
(2) when all agents have the same ordering over the goods;
and (3) when an identical set of goods arrives each day.

In these settings, we seek the fairness guarantees of EF1,
SD-EF1, PROP1, and SD-PROP1 at the temporal scales of
per day, overall, and up to each day. The various temporal
fairness definitions are depicted in Figure 1, with arrows in-
dicating logical implications. We discover several surprising
results, and develop novel algorithmic tools along the way,
which may be of independent interest.

In Section 3, we present an algorithm for finding tempo-
rally fair allocations in our most general setting. Specifically,
we show how to obtain an allocation that is PROP1 overall,
and SD-EF1 per day in polynomial time (Theorem 1).

In Sections 4 to 6, we look at the restricted settings of
two agents, identical orderings, and identical days, respec-
tively. In these settings, we provide algorithms that give very
strong fairness guarantees that are impossible in the general
case (Theorems 3, 7 and 9), while also showing which fair-
ness desiderata are still too strong even after applying these
restrictions (Theorems 4, 5 and 8). In these restricted set-
tings, we provide a near complete picture of what is possi-
ble, while leaving open some interesting questions, partic-
ularly surrounding the powerful notion of “up to each day”
fairness.

Most of our results, along with several open questions, are
summarized in Table 1.

Related Work
Our temporal fair division model is related to (but separate
from) several fair division models studied in the literature.
We include the most relevant ones here, and include a more

in-depth look at the literature in the full version of this paper
1.

Repeated fair division. The repeated fair division model
of Igarashi et al. (2024), which is the case of identical days
in our more general model, is the most closely related to
our work. Some of their results are for two agents (still with
identical days). As will be seen in Section 4, this is where
the strongest guarantees from Figure 1 of SD-EF1 per day
and SD-EF1 up to each day can be achieved simultaneously.
This result is the only overlap between our works, and we
present it again because we obtain a shorter proof with a
much simpler algorithm. The rest of their results with two or
more than two agents seek exact fairness guarantees, such as
(exact) envy-freeness overall, in limited cases such as when
the number of days is a multiple of the number of agents.

Online fair division. In the online fair division model,
goods arrive one by one and must be irrevocably allocated
to an agent upon arrival with no knowledge of agent prefer-
ences over the goods to arrive later. Typically, one seeks to
maintain a certain level of fairness. Clearly, any online fair
division algorithm can be simulated in our temporal fair di-
vision model to achieve the same guarantee up to each day.
One online fair division paper of particular note to this re-
search is He et al. (2019). This paper introduced the “In-
formed Model” of online fair division, where irrevocable
allocation decisions must be made as goods arrive one at
a time in adversarial order, but the allocation algorithm is
given all goods and the order they will arrive in advance.
The main goal in the informed model is to achieve an allo-
cation that remains EF1 after each good is allocated. Clearly,
this is equivalent to achieving EF1 up to each day in Tempo-
ral Fair Division when each day only contains a single good.
He et al. concludes that it is impossible to allocate the goods
in such a way that EF1 is always maintained. By corollary,
EF1 up to each day is also infeasible.

Constrained fair division. Seeking fair allocations over
a set of goods that remain fair when only looking at the
goods from a single “day” can also be modeled as a con-
straint on the space of feasible allocations, and the question
becomes whether there is a constrained allocation that still
achieves the desired fairness guarantee. This model of con-
strained fair division has also been studied in the literature.
Biswas and Barman (2018) study a model with cardinality
constraints. Cardinality constraints (partition matroid con-
straints) have been generalized to matroid constraints, and
the existence of an EF1 allocation subject to matroid feasi-
bility constraints is a major open question (Biswas and Bar-
man 2018; Dror, Feldman, and Segal-Halevi 2023). Finally,
the bihierarchy framework of Budish et al. (2013) can also
be viewed as a method for finding a constrained allocation,
which we use in some of our results. Although, our most in-
teresting results deal with sets of constraints that go beyond
bihierarchies.

Temporal fairness in social choice. While we look at
temporal fairness applied to the allocation of indivisible re-
sources, the idea of temporal fairness has been explored in

1Full version: https://arxiv.org/abs/2410.23416
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Up to each day Overall
SD-EF1 EF1 SD-EF1 SD-PROP1 EF1 PROP1

General Setting
SD-EF1 Per Day X X X ? ? ✓ (Thm 1)
EF1 Per Day X X X ? ? ✓
∅ X X (He et al. 2019) ✓ (Aziz 2020) ✓ ✓ ✓
Two Agents
SD-EF1 Per Day X ✓(Thm 3) X ? ✓ ✓
EF1 Per Day X ✓ X (Thm 5) ? ✓ ✓
∅ X (Thm 4) ✓ ✓ ✓ ✓ ✓
Identical Orderings
SD-EF1 Per Day X ? ✓(Thm 7) ✓ ✓ ✓
EF1 Per Day X ? ✓ ✓ ✓ ✓
∅ X (Thm 8) ? ✓ ✓ ✓ ✓
Identical Days
SD-EF1 Per Day X ? ? ✓ (Thm 9) ? ✓
EF1 Per Day X ? ? ✓ ? ✓
∅ X (Thm 8) ? ✓ ✓ ✓ ✓

Table 1: Possibilities, impossibilities, and open questions in temporal fair division. ✓indicates a possibility result. X indicates
an impossibility. ? indicates an open question. Green highlights indicate the main results of this paper; non-highlighted cells
are either open, already known, or implied by other results.

other areas of social choice theory. See the work of Elkind,
Obraztsova, and Teh (2024) for a detailed look at tempo-
ral multi-winner voting, and for a synopsis of other papers
that look at fairness over time. Also, Alamdari et al. (2024)
present a model of temporal fairness for a very general deci-
sion making setting.

2 Preliminaries
Model
For any r ∈ N, define [r] ≜ {1, 2, . . . , r}. A multiset is a set
that allows repetitions.

Agents, goods, and valuations. Let N = [n] be a set of
agents who are allocated a set of goods on each day over
k consecutive days. For t ∈ [k], denote by Mt the set of
goods to be allocated on day t, M t = ∪r∈[t]Mr the set
of goods up to day t, and M = Mk = ∪t∈[k]Mt the set
of all goods. We can view (M1, . . . ,Mk) as a partition of
M . Each agent i ∈ N has an additive valuation function
vi : 2M → R⩾0, where vi({g}) (henceforth, with a slight
abuse of notation, written as vi(g)) is her utility for receiving
good g ∈ M and vi(S) =

∑
g∈S vi(g) for all S ⊆ M . Col-

lectively, (N, (M1, . . . ,Mk), {vi}i∈N ) form an instance of
temporal fair division. An instance with k = 1 is a (regular)
fair division instance, so a temporal fair division instance
can be viewed as a sequence of fair division instances in
which the same agents participate. We will always assume
that an algorithm to solve a temporal fair division problem
is given the entire instance as input, i.e. it knows the entire
set of goods and what day those goods will arrive upfront.

Preferences. Define ≽i (resp.,≻i) as the weak (resp., strict)
ordering over the goods in M induced by vi, where, for all
g, g′ ∈M , g ≽i g

′ if and only if vi(g) ⩾ vi(g
′) and g ≻i g

′

if and only if vi(g) > vi(g
′). For all S ⊆ M and all r ∈ N,

define Ti(S, r) to be the r most preferred goods among the
goods in S according to the ordering ≽i; all ties are broken
consistently across i, S, and r.2

Allocations. An allocation A = (A1, . . . , An) is a par-
tition of M into n pairwise-disjoint bundles, where Ai is
the bundle allocated to agent i. For S ⊆ M , let AS =
(AS,1, . . . , AS,n) be the allocation of the goods in S that is
induced by A (i.e., for each good g ∈ M and agent i ∈ N ,
g ∈ AS,i if and only if g ∈ S and g ∈ Ai). For t ∈ [k],
we refer to AMt

as the allocation on day t and AMt
as the

allocation up to day t.

Restrictions. We study three restrictions of this general
setup (and their combinations).

1. Two agents: |N | = 2.
2. Identical valuations/orderings: Under identical valua-

tions, vi = v for all agents i ∈ N . Under identical order-
ings, ≽i=≽ for all agents i ∈ N . Here, we simply write
v, ≽, and T (S, r), skipping the agent in the subscript.
For this case, our results deal with desiderata which de-
pend only on the orderings; thus, no distinction between

2That is, we use an arbitrary global ordering over M as the
tiebreaker to convert the weak ordering ≽i of every agent i ∈ N
into her strict ordering over M , and compute all Ti(S, r)-s accord-
ing to these strict orderings. Our negative results do not depend on
this tie-breaking and positive results hold regardless of it.
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valuations and orderings is necessary.3

3. Identical days: Informally, copies of the same goods are
allocated on each day. Formally, for all days t, t′ ∈ [k],
there is a bijection f : Mt → Mt′ such that vi(g) =
vi(f(g)) for all agents i ∈ N and goods g ∈Mt.

Fairness Desiderata
We first introduce the main desiderata we will be studying.
Later, we will introduce their temporal extensions. Other
notions referred to in specific sections will be introduced
therein.
Definition 1 (Envy-Freeness Up to One Good (EF1)). An
allocation A of a set of goods S is envy-free up to one good
(EF1) if for all i, j ∈ N with Aj ̸= ∅, there exists a g ∈
Aj such that vi(Ai) ⩾ vi(Aj \ {g}), i.e., no agent envies
another agent if some good from the latter agent’s bundle is
removed.

In addition to EF1, we will also introduce a weaker notion
of measuring fairness that does not require directly compar-
ing one agent’s bundle to another’s.
Definition 2 (Proportionality Up to One Good (PROP1)).
An allocation A of a set of goods S is proportional up to
one good (PROP1) if for all i ∈ N with Ai ̸= S, there exists
a good g ∈ S \Ai, such that vi(Ai ∪ {g}) ⩾ 1

nvi(S).
It is well known that EF1 is a stronger notion than PROP1

(Conitzer, Freeman, and Shah 2017).
Given a set of goods S and a good g ∈ S, define

an agent i’s top-set with respect to S as Hi(S, g) =
{g′ ∈ S : g′ ≽i g}. When given only a weak ordering ≽i

over a set of goods S, we can compare two bundles X,Y ⊆
S using the stochastic dominance (SD) relation: X ≽SD

i Y
if for all g ∈ S, |X ∩Hi(S, g)| ⩾ |Y ∩Hi(S, g)|. That
is, X has at least as many goods weakly preferred to any
good as Y has. It is known that X ≽SD

i Y if and only if
vi(X) ⩾ vi(Y ) for all (additive) valuations vi over S that
would induce ≽i. Hence, using the SD comparison in the
EF1 definition yields its stronger counterpart, which has also
been studied extensively (Aziz et al. 2015; Freeman, Micha,
and Shah 2021; Aziz et al. 2023).
Definition 3 (SD-EF1). An allocation A of a set of goods
S is stochastically-dominant envy-free up to one good (SD-
EF1) if for all i, j ∈ N with Aj ̸= ∅, there exists a g ∈ Aj

such that Ai ≽SD
i Aj \ {g}.

We also introduce a stochastic dominance extension of
PROP1.
Definition 4 (SD-PROP1). An allocation A of a set of goods
S is stochastically-dominant proportional up to one good
(SD-PROP1) if, for all i ∈ N with Ai ̸= S, there exists a
g ∈ S\Ai such that |(Ai∪{g})∩Hi(S, g

′)| ⩾ ⌈|Hi(S,g
′)|/n⌉

for all g′ ∈ S.
Informally, Ai, after adding at most one good to it, must

contain at least ⌈k/n⌉ goods among the k most preferred
goods of agent i in S, for each k ∈ [|S|].

3In other words, our positive results hold even under identical
orderings (weaker restriction), while our negative results hold even
under identical valuations (stronger restriction).

Just as EF1 implies PROP1, we have that SD-EF1 im-
plies SD-PROP1, and similarly to SD-EF1, if an allocation
A is SD-PROP1 for certain orderings {≽i}i∈N , then A will
be PROP1 for any additive valuation functions that induce
{≽i}i∈N . Both these facts are proven in the full version.

Temporal Fairness
In a temporal fair division instance given by a set of goods
M partitioned as (M1, . . . ,Mk) across k days, we can ask
for fairness to hold at different levels of granularity, yielding
various temporal extensions of the fairness desiderata intro-
duced above. These extensions also apply to any other type
of desiderata (e.g., efficiency).

Definition 5 (Per Day Fairness). For desideratum X , al-
location A satisfies X per day if AMt satisfies X for all
t ∈ [k].

Definition 6 (Overall Fairness). For desideratum X , allo-
cation A satisfies X overall if AM = A satisfies X .

Definition 7 (Up To Each Day Fairness). For desideratum
X , allocation A satisfies X up to each day if AMt

satisfies
X for all t ∈ [k].

Note that ‘up to each day’ is a strengthening of ‘overall’,
while ‘per day’ is incomparable to those two. Plugging in
our fairness desiderata into these three temporal extensions
gives us the hierarchy of fairness guarantees depicted in Fig-
ure 1. Because SD-EF1 is achievable for (regular) fair divi-
sion (e.g., via a simple round-robin procedure (Caragiannis
et al. 2019)), SD-EF1 per day and SD-EF1 overall are both
individually achievable, implying the same for EF1, PROP1,
and SD-PROP1.

3 General Preferences
In this section, we present temporal fair division results in
the most general setting: an arbitrary set of goods arrive each
day, and each agent has arbitrary additive preferences over
them. Let us present our main result for this general setting.

Theorem 1. For any temporal fair division instance, an al-
location that is SD-EF1 per day and PROP1 overall exists
and can be computed in polynomial time.

We find such an allocation using Algorithm 1. The deriva-
tion of Theorem 1 can be divided into three conceptual steps.

Identical ordering transformation. Algorithm 1 begins
by creating an auxiliary temporal fair division instance as
follows. For each day t, it creates a new instance for that
day with a set of goods M ′

t and valuations v′ such that
agents have identical orderings but with the same set of
utility values as they had previously. More formally, let
M ′

t = {g′t,1, . . . , g′t,|Mt|}. Then, for each agent i ∈ N ,
v′i(g

′
t,1) ⩾ v′i(g

′
t,2) . . . ⩾ v′i(g

′
t,|M ′

t|
) (common ordering)

and there exists a bijection oi,t between Mt and M ′
t such

that vi(g) = v′i(oi,t(g)) for all g ∈ Mt (same utility val-
ues). This technique has been used previously for designing
algorithms to achieve (approximate) maximin share fairness
(MMS) (Bouveret and Lemaı̂tre 2014), but we use it with a
novel and nontrivial analysis to ensure PROP1.
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Algorithm 1: SD-EF1 per day + PROP1 Overall
1: // Identical Ordering Transformation
2: v′i = ∅ for all i ∈ N
3: for t ∈ [k] do
4: M ′

t ← {g′t,1, . . . , g′t,|Mt|}
5: for i ∈ N do
6: oi,t be the goods Mt in non-increasing order of vi
7: v′i(g

′
t,j)← vi(oi,t(j)) for all j ∈ [|Mt|]

8: // Invoking EF1 with Cardinality Constraints algorithm of
Biswas and Barman (2018)

9: for t ∈ [k] do
10: Partition M ′

t into groups of size n (last one may be
smaller than n) as follows: Ct,1 ← {g′t,1, . . . , g′t,n},
Ct,2 ← {g′t,n+1, . . . , g

′
t,2n}, . . ., Ct,⌈|M ′

t|/n⌉ ←
{g′t,(⌈|M ′

t|/n⌉−1)n+1, . . . g
′
t,|M ′

t|
}

11: A′ ← BiswasBarmanCC(
⋃

t∈[k]

⋃
j∈[⌈|M ′

t|/n⌉]
Ct,j , v

′)

12: // Final Allocation with Daily Picking Sequences based on A′

13: A← ∅
14: for t ∈ [k] do
15: for j ∈ [|Mt|] do
16: i← Agent allocated g′t,j in A′

17: g ← i’s favourite unallocated good from Mt

18: Ai ← Ai ∪ {g}
19: return A

Connection to cardinality constraints. Algorithm 1 in-
vokes a key subroutine due to Biswas and Barman (2018)
that returns an EF1 allocation subject to cardinality con-
straints summarized below.
Theorem 2 (Theorem 1 of (Biswas and Barman 2018)).
Given p disjoint sets of goods C1, . . . , Cp and n agents
with heterogeneous additive valuations, there always exists
an EF1 allocation A such that ⌊|Cℓ|/n⌋ ⩽ |Ai ∩ Cℓ| ⩽
⌈|Cℓ|/n⌉ for every agent i ∈ N and ℓ ∈ [p], and such an
allocation can be computed in polynomial time.

Algorithm 1 invokes the algorithm of Theorem 2 on the
following instance. Fix a day t. Recall that agents have iden-
tical ranked preferences for M ′

t given as g′t,1 ≽ . . . ≽
g′t,|M ′

t|
. Divide M ′

t into groups of size n in the decreas-
ing order of value, breaking ties arbitrarily and letting the
last group have possibly fewer than n goods: that is, let
Ct,1 = {g′t,1, . . . , g′t,n}, Ct,2 = {g′t,n+1, . . . , g

′
t,2n}, and

so on. By Theorem 2, we find an allocation A′ that is an
EF1 allocation for

⋃
t∈[k] M

′
t and v′, and that each agent is

allocated at most one good from Ct,j for all t and j.

Final Allocation. Algorithm 1 then takes the allocation A′

and, for each day M ′
t = {g′t,1, . . . , g′t,|M ′

t|
}, allocates Mt

through a “serial dictatorship” with the picking sequence de-
rived from A′. First, the agent that is allocated g′t,1 in A′ will
pick their most favourite good from Mt (the original set of
goods for day t); next, the owner of g′t,2 picks their most
favourite good among the remaining goods of Mt; and so
on. We now prove that the resulting allocation A is SD-EF1
per day and PROP1 overall.

Lemma 1. Algorithm 1 returns an allocation that is SD-EF1
per day.

Proof sketch. In the picking sequence for each day t, due to
partitioning of the goods Ct,1, . . . , Ct,⌈|M ′

t|/n⌉ and the prop-
erty that A′ satisfies the “at most one per group” require-
ment, each agent appears exactly once in the first n posi-
tions, once in the next n positions, and so on. Additionally,
each agent appears at most once among the last |Mt| mod n
positions. Such a picking order is known as “recursively-
balanced”, and is known to yield SD-EF1 (Aziz 2020). A
detailed proof appears in the full version.

To prove that A is PROP1 overall, we use the following
technical lemma, the proof of which appears in the full ver-
sion.
Lemma 2. Let V be a multiset of m real values, and A =
{a1, . . . , ak} and A′ = {a′1, . . . , a′k} be two subsets of V
with equal size such that aj ⩾ a′j for all j ∈ [k]. Let g =
max{x : x ∈ V \A} and g′ = max{x : x ∈ V \A′}. Then,
there exists a bijection z from A∪{g} to A′∪{g′} such that
x ⩾ z(x) for all x ∈ A ∪ {g}.
Lemma 3. Algorithm 1 returns an allocation that is PROP1
overall.

Proof. Fix an agent i ∈ N . Take a day t ∈ [k]. Rename
the goods so that A′

i ∩ M ′
t = {g′1, . . . , g′|A′

i∩M ′
t|
} are the

goods that i is allocated in A′ in a non-increasing order of
v′i. Similarly, let Ai∩Mt = {g1, . . . , g|Ai∩Mt|} be the goods
i picks according to the picking sequence in order. That is,
g1 is the good picked corresponding to g′1, g2 corresponding
to g′2, and so on.

Towards invoking Lemma 2, a helpful observation is that
vi(gj) ⩾ v′i(g

′
j) for all j ∈ [|Ai ∩Mt|]. Suppose g′j is the

r-th preferred good among M ′
t . Since Mt and M ′

t share the
same multiset of utility values for i, and gj is the top pick of
i when r − 1 goods are picked, gj is at least as good as i’s
r-th most preferred good among Mt (and hence, M ′

t). This
argument, combined across all days, implies existence of a
bijection zi : Ai → A′

i such that vi(g) ⩾ v′i(zi(g)) for all
g ∈ Ai.

By invoking Lemma 2 with A ← Ai and A′ ← A′
i over

the multiset V being i’s utility values, we have that
vi(Ai) + max

g/∈Ai

vi(g) ⩾ v′i(A
′
i) + max

g/∈A′
i

v′i(g)

Every EF1 allocation is also PROP1 (Conitzer, Freeman,
and Shah 2017), therefore, since A′ is EF1 (Theorem 2), we
have that

v′i(A
′
i) + max

g/∈A′
i

v′i(g) ⩾
1

n
v′i(M

′) =
1

n
vi(M),

the last equality being true from the way we constructed
M ′. Combining the two inequalities above, we get vi(Ai)+
maxg/∈Ai

vi(g) ⩾ 1
nvi(M). Thus, A is PROP1.

It is worth noting that PROP1 is not a monotonic property,
i.e., if vi(Ai) ⩾ vi(A

′
i) and A′

i is PROP1, it is possible that
Ai is not PROP1 (as the best good for i in M \ Ai could
be worth less than the best good in M \A′

i). This is why we
needed to use a more involved argument in Lemmas 2 and 3.
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4 Two Agents
In this section, we consider temporal fair division with two
agents. We provide a complete picture of temporal fairness
notions that can be guaranteed in this case. We establish a
strong positive result, then show that it is the best possible
by producing counterexamples for stronger desiderata.

Possibilities
Our main goal in this section is to show that SD-EF1 per
day and EF1 up to each day can be achieved for two agents.
We begin by introducing an envy-balancing lemma, a pow-
erful tool for finding temporal allocations to two agents. We
later use this lemma to derive not only the aforementioned
guarantee, but also other appealing guarantees.

Definition 8 (Cancelling Allocations). We say that alloca-
tions B and B′ of a set of goods S to two agents cancel
out if vi(Bi) + vi(B

′
i) ⩾ vi(B3−i) + vi(B

′
3−i), ∀i ∈ [2].

In words, they cancel out if hypothetically allocating two
copies of each good in S, one according to B and the other
according to B′, achieves (exact) envy-freeness.

Lemma 4 (Envy-Balancing Lemma). Suppose that for each
day t ∈ [k], we are given two EF1 allocations Bt and B′

t of
the set of goods Mt that cancel out. Then, we can compute,
in polynomial time, an allocation A of the set of all goods
M = ∪t∈[k]Mt that is EF1 up to each day and AMt ∈
{Bt, B

′
t} for each day t ∈ [k].

Note that the lemma achieves EF1 up to each day while
not only retaining the EF1 per day property of the input allo-
cations, but in fact by using exactly one of the two input al-
locations on each day. Thus, if the per day allocations given
as input satisfy properties stronger than EF1, those proper-
ties are also retained per day; this is important as we will use
this lemma to derive such stronger per day guarantees.

We include the proof of the lemma in the full version. At
a high level, it works by realizing that when two allocations
cancel out, we know that both agents have at least one of the
two allocations where they feel no envy (they like the bun-
dle they were given more than the bundle given to the other
agent). With this in mind, we can carefully choose which al-
location to assign on each day, in such a way that whenever
an agent is feeling too much envy, we can give them their
preferred allocation on that day, always keeping envy levels
“balanced” after each time-step.

For readers familiar with the “informed” model of online
fair division from He et al. (2019), this can be seen as a gen-
eralization of their two agent algorithm. While they achieve
EF1 up to each day while allocating a single good during
each time step, we provide a similar guarantee while al-
locating batches of goods and simultaneously maintaining
fairness over the batches.

We are now ready to show that the pair of allocations re-
quired by the envy-balancing lemma — both satisfying EF1
and cancelling each other out — exists and can be com-
puted in polynomial time. In fact, we find a single parti-
tion (Bt,1, Bt,2) of the goods in Mt such that both Bt =
(Bt,1, Bt,2) and B′

t = (Bt,2, Bt,1) satisfy the stronger prop-
erty of SD-EF1.

Lemma 5. Given the preferences of two agents over a
set of goods Mt, one can efficiently compute a partition
(Bt,1, Bt,2) of Mt such that both Bt = (Bt,1, Bt,2) and
B′

t = (Bt,2, Bt,1) are SD-EF1 allocations.
We can plug these allocations into the envy-balancing

lemma (Lemma 4) to get our desired main result.
Theorem 3. For temporal fair division with n = 2 agents,
an allocation that is SD-EF1 per day and EF1 up to each
day exists and can be computed in polynomial time.

We include both the proofs for Lemma 5 and Theorem 3
in the full version. For the interested reader, we also include
some notes on the connection between Lemma 5 and the
well-known Bihierarchy Theorem from Budish et al. (2013),
as well as how to achieve other fairness notions per day
while using the envy-balancing lemma, such as EFX and
EF1+PO.

Impossibilities
We have shown that when there are only two agents, the
strong guarantee of EF1 up to each day can be obtained
along with the guarantee of SD-EF1 per day. However, one
wonders if even stronger guarantees are possible, such as
strengthening EF1 up to each day to SD-EF1 up to each day.
We find that not only is this strengthening impossible, but
even if we relax SD-EF1 up to each day to SD-EF1 overall,
it is impossible to achieve alongside EF1 per day. Together,
these two impossibility results prove that our guarantee of
SD-EF1 per day and EF1 up to each day from Theorem 3
is the strongest possible in the hierarchy shown in Figure 1.
We include the counterexamples proving both these claims
in the full version.
Theorem 4. For temporal fair division with n = 2 agents,
SD-EF1 up to each day cannot be guaranteed.
Theorem 5. For temporal fair division with n = 2 agents,
EF1 per day and SD-EF1 overall cannot be guaranteed si-
multaneously.

Two Agents and Further Restrictions
As the final part of this section, we note that when further re-
strictions are placed on two-agent instances, we receive even
stronger results. Particularly, in the full verion, we prove and
provide a discussion of the following theorem.
Theorem 6. For temporal fair division with n = 2 agents
and identical days, an allocation that is SD-EF1 per day,
SD-EF1 up to each day, and SD-EF up to each even day
exists and can be computed in polynomial time.

5 Identical Orderings
We next look at instances where agents have identical or-
derings over all goods in M . Not only are results in this
setting practically useful, as there many real life scenarios
where participants agree on the ordinal ranking of goods,
but results under identical orderings are also very techni-
cally useful. As can be seen from our main result in Sec-
tion 3, reducing a general setting to one where agents have
similar orderings over the goods can lead to fairness guaran-
tees in the original setting. We will show in future sections
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that the possibility results we develop here can be applied
as black-boxes to achieve strong results in scenarios where
agents have heterogeneous orderings.

Possibilities. Our main result for the case of identical or-
derings is the following theorem:
Theorem 7. For temporal fair division with identical or-
derings, an allocation that is SD-EF1 per day and SD-EF1
overall exists and can be computed in polynomial time.

We provide a detailed proof of Theorem 7 in the full ver-
sion. Intuitively, we accomplish this by creating two parti-
tions over the set of goods M , labeled P1 and P2, which are
defined below.

P1 =

{
T (Mt, nr) \ T (Mt, n(r − 1)) : r ∈

[⌈ |Mt|
n

⌉]
, t ∈ [k]

}
,

P2 =

{
T (M,nr) \ T (M,n(r − 1)) : r ∈

[⌈ |M |
n

⌉]}
.

In words, P2 splits the entire set of goods M into the agents’
most preferred n goods, their next most preferred n goods,
etc. P1 does a similar partitioning over M , but does the parti-
tioning separately for each day. It is known that when agents
have identical orderings, guaranteeing that each agent re-
ceives 1 good from their n favourite goods, 1 good from
their next n favourite goods, etc. will guarantee an SD-EF1
allocation. We prove that it is possible to construct an allo-
cation where each agent gets exactly 1 good from each set
in P1 and from each set in P2, thereby ensuring SD-EF1 per
day and overall.

To an initiated reader, the problem of finding an allocation
that meets the above constraints may be immediately remi-
niscent of the bihierarchy framework of Budish et al. (2013).
We require that from each set of (at most) n goods out of
a family of sets, each agent receives (at most) one good.
The sets produced by each desideratum are mutually non-
overlapping, forming a “hierarchy”, but the sets produced
by one desideratum can be overlapping with those produced
by the other, resulting in two different hierarchies. However,
the problem is that with n > 2 agents, we have a third set
of constraints: each good must be assigned to (exactly) one
agent. This forms a third hierarchy (which cannot be assimi-
lated into either of the two previous hierarchies), preventing
one from applying the bihierarchy framework.

Impossibilities. In the case of 2 agents, imposing the addi-
tional restriction of identical days allowed for very strong re-
sults, making it possible to satisfy SD-EF1 per day and SD-
EF1 up to each day. This is unfortunately not the case when
the identical days restriction is imposed in addition to iden-
tical preferences. We show via a fascinating counterexample
in the full version that even when an instance has identical
preferences and identical days, it is not always possible to
even achieve SD-EF1 up to each day by itself.
Theorem 8. For temporal fair division with identical days
and identical preferences, SD-EF1 up to each day cannot be
guaranteed.

6 Identical Days
In Section 3, we showed that in the general model, we can
achieve SD-EF1 per day and PROP1 overall. In this section,

we will show if we assume the additional restriction that the
sets of goods which arrive on each day are identical, then a
slightly stronger guarantee can be achieved overall.
Theorem 9. For any temporal fair division instance with
identical days, it is possible to find an allocation that is SD-
EF1 per day and SD-PROP1 overall in polynomial time.

To achieve these guarantees, we use an algorithm that is
almost identical to Algorithm 1, the algorithm which was
used to achieve SD-EF1 per day and PROP1 overall in the
general case, but with one major change.

Algorithm 1 first finds an EF1 overall allocation in a re-
duced version of the problem where agents have identical
orderings over all the goods on each day, and uses that to
construct an allocation in the original instance that is PROP1
overall. The key insight that can be leveraged to get stronger
guarantees in this less general setting is that when we have
identical days, we know that the output of the “Identical Or-
dering Transformation” from Algorithm 1 will result in an
instance where all agents have identical orderings over the
entire set of goods M , not just over the goods from each
individual day. This stronger guarantee from the Identical
Ordering Transformation allows us to use Theorem 7 to find
an SD-EF1 per day and SD-EF1 overall allocation over the
reduced instance (rather than the algorithm of Biswas and
Barman (2018) which only guarantees EF1 overall). We can
then use this allocation as the basis for the picking order that
Algorithm 1 uses to construct the final allocation over the
original instance. We include a detailed proof of Theorem 9
in the full version, including why an SD-EF1 allocation over
the identical orderings instance will lead to a SD-PROP1 al-
location in the original instance.

7 Discussion
In this work, we are able to find possibility and impossi-
bility results that give a picture of what can be achieved in
the temporal fair division model. This picture is quite clear
when focusing on special cases such as two agents or identi-
cal orderings. However, we still leave many questions open
for future work. All of the entries in Table 1 marked by a
“?” remain open. The most interesting question in the gen-
eral setting is:

Open Question: In temporal fair division, does an
allocation that is SD-EF1 (or EF1) per day and EF1
overall always exist?

Other interesting open questions include the existence of
EF1 up to each day under identical orderings or identical
days, and the existence of (SD-)EF1 per day and (SD-)EF1
overall under identical days.

Finally, it would be an interesting further direction to take
a more abstract view of the temporal fair division model.
We explore this in the full version of this paper, introducing
a generalized model of temporal fair division, where a fair
allocation must be found simultaneously over a set of goods,
and over each set in a collection of subsets of those goods.
It would be very interesting to explore this interpretation of
our model further.
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