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Abstract

We study a model of temporal voting where there is a fixed
time horizon, and at each round the voters report their prefer-
ences over the available candidates and a single candidate is
selected. Prior work has adapted popular notions of justified
representation as well as voting rules that provide strong rep-
resentation guarantees from the multiwinner election setting
to this model. In our work, we focus on the complexity of
verifying whether a given outcome offers proportional repre-
sentation. We show that in the temporal setting verification is
strictly harder than in multiwinner voting, but identify natural
special cases that enable efficient algorithms.

1 Introduction

Consider a large corporation that has decided to improve its
public image and to give back to the society by engaging
in corporate philanthropy over the next decade. They will
commit a small fraction of their profits towards supporting
the efforts of a single charitable organization, to be selected
on an annual basis. The management of this corporation de-
cides to ask its customers, staff, and shareholders for input as
to which charity organization it should select each year. Fur-
thermore, the charity selected is of strategic importance—it
would directly impact the company’s corporate image and
hence profitability. As such, it is important for the company
to ensure that the selection is representative of what its cus-
tomers, staff, and shareholders care about and that it would
create maximum impact for the charity organization they
choose to support.

It is natural to view this problem through the lens of
multiwinner voting (Faliszewski et al. 2017; Elkind et al.
2017; Lackner and Skowron 2023): indeed, the corporation’s
goal is to select a fixed-size subset of candidates (in this
case, charities) while respecting the preferences of agents
(in this case, the customers, staff, and shareholders). In this
context, several notions of representation and fairness have
been proposed over the past decade, spanning across pro-
portional representation (Elkind et al. 2017; Aziz and Lee
2020), diversity (Bredereck et al. 2018; Celis, Huang, and
Vishnoi 2018), and excellence, amongst others (Lackner and
Skowron 2023). Perhaps the most prominent among these is
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the concept of justified representation (JR) and its variants
(such as proportional justified representation (PJR) and ex-
tended justified representation (EJR)), which aim to capture
the idea that large cohesive groups of voters should be fairly
represented in the final outcome (Aziz et al. 2017; Sanchez-
Fernandez et al. 2017; Aziz et al. 2018; Peters, Pierczynski,
and Skowron 2021; Brill and Peters 2023).

However, the existing notions of fairness do not fully cap-
ture the complexity of our setting: traditional multiwinner
voting models consider decisions made in a single round,
with the entire set of candidates to fund (or candidates) be-
ing chosen simultaneously. In contrast, in our model the de-
cisions are made over time, voters’ preferences may evolve,
and a candidate may be chosen multiple times. This calls for
adapting the JR axioms to the temporal setting.

Temporal considerations in the multiwinner voting set-
ting have been studied recently, most notably in the line
of work known as perpetual voting (Lackner 2020; Lack-
ner and Maly 2023) or temporal voting (Elkind, Neoh, and
Teh 2024; Zech et al. 2024), and have broad real-world ap-
plications (see the recent survey by Elkind et al. (2024)). In
particular, Bulteau et al. (2021) and, subsequently, Chandak
et al. (2024) defined temporal analogues of the justified rep-
resentation axioms and investigated whether existing multi-
winner rules with strong axiomatic properties can be adapted
to the temporal setting so as to satisfy the new axioms.

1.1 Our Contributions

We build upon the works of Bulteau et al. (2021) and Chan-
dak et al. (2024), and focus on the complexity of verifying
whether a given solution satisfies justified representation ax-
ioms. This task is important if, e.g., the outcome is fully or
partially determined by external considerations, so explicitly
using an algorithm to obtain an outcome with strong repre-
sentation guarantees is not feasible, but representation re-
mains an important concern. In multiwinner voting setting,
the verification problem is known to be coNP-hard for PJR
and EJR, but polynomial-time solvable for JR. We argue that
the existing complexity results do not automatically transfer
from the multiwinner setting to the temporal setting. How-
ever, we develop new proofs specifically tailored to the tem-
poral setting, and show that in temporal elections all three
properties are coNP-hard to verify, even under strong con-
straints on the structure of the input instance. Our complex-



ity result for JR shows that the temporal setting is strictly
harder than the multiwinner setting.

We complement our hardness results by fixed parameter
tractability results as well as a polynomial-time algorithm
for a natural special case of our model where candidates
may join the election over time, but never leave, and vot-
ers’ preferences over available candidates do not change.
We also develop an integer linear programming formulation
for the problem of selecting an outcome that provides EJR
and satisfies additional linear constraints on voters’ utilities,
thereby establishing that this problem is fixed-parameter
tractable with respect to the number of voters n.

Finally, we (partially) answer an open question of Chan-
dak et al. (2024), by showing that the prominent Greedy Co-
hesive Rule (Bredereck et al. 2019; Peters, Pierczynski, and
Skowron 2021) can be adapted to the temporal setting.

1.2 Related Work

Our work belongs to the stream of research on perpetual,
or temporal voting (Lackner 2020; Lackner and Maly 2023;
Elkind, Neoh, and Teh 2024). This line of work started
by considering temporal extensions of popular multiwin-
ner voting rules and simple axiomatic properties. Bulteau
et al. (2021) were the first to adapt notions of proportional
representation to the temporal setting. They consider sev-
eral temporal variants of JR and PJR, and show that a JR
outcome can be computed in polynomial time even for the
most demanding notion of JR among the ones they consider;
for PJR, they prove the existence of an outcome satisfying
the axiom, but their proof, while constructive, is based on
an exponential-time algorithm. Page et al. (2022) proposed
very similar concepts in the context of electing the execu-
tive branch. This work is extended by Chandak et al. (2024),
who also propose a temporal variant of EJR, and show that
several multiwinner voting rules that satisfy PJR/EJR in
the standard model can be extended to the temporal setting
so as to satisfy temporal variants of PJR/EJR. Bredereck
et al. (2020; 2022) look at sequential committee elections
whereby an entire committee is elected in each round, and
impose constraints on the extent a committee can change,
whilst ensuring that the candidates retain sufficient support
from the electorate. Zech et al. (2024) study a similar model,
but focus on the class of Thiele rules. Elkind et al. (2024) of-
fer a systematic review of recent work on temporal voting.

The temporal voting model captures apportionment with
approval preferences (Brill et al. 2024; Delemazure et al.
2023), by endowing the voters with preferences that do
not change over time. Other models in the social choice
literature that include temporal elements include public
decision-making (Alouf-Heffetz et al. 2022; Conitzer, Free-
man, and Shah 2017; Fain, Munagala, and Shah 2018;
Skowron and Goérecki 2022; Lackner, Maly, and Nardi
2023; Masatik, Pierczyfiski, and Skowron 2024), schedul-
ing (Elkind, Kraiczy, and Teh 2022; Patro et al. 2022), re-
source allocation over time (Bampis, Escoffier, and Mlade-
novic 2018; Allouah et al. 2023; Elkind et al. 2024), online
committee selection (Do et al. 2022), and dynamic social
choice (Parkes and Procaccia 2013; Freeman, Zahedi, and
Conitzer 2017).
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Lackner et al. (2021) propose a framework for studying
long-term participatory budgeting, and study fairness con-
siderations in that setting.

2 Preliminaries

We start by introducing the basic model of multiwinner vot-
ing with approval ballots. A multiwinner approval election
is given by a set of candidates P, a set of voters N, a list of
approval sets (s;)ien, Where s; C P for eachi € N, and
an integer k; the goal is to select a committee, i.e., a size-k
subset of P. There is a large body of research on axioms and
voting rules for this model (Lackner and Skowron 2023).

In this work, we consider temporal voting with approval
ballots, as defined by Bulteau et al. (2021) and Chandak et
al. (2024). A temporal election is a tuple (P, N, ¢, (s;)ien),
where N = {1,...,n}isasetof voters, P = {p1,...,pm}
is a set of m candidates, ¢ is the number of rounds, and,
foreachi € N,s; = (8;,1,8i2,...,5.¢), Where s;; C P
is the approval set of voter ¢ in round ¢, which consists
of candidates that ¢ approves in round t. We refer to s;
as 1’s temporal preference; for brevity, we will sometimes
omit the term “temporal”. An outcome of a temporal elec-
tion (P, N, ¥, (s;)ien) is a sequence o = (01,...,07) of
¢ candidates such that for every t € [¢] candidate o; € P
is chosen in round ¢. A candidate may be selected multi-
ple times, i.e., it may be the case that o, = oy for t # t'.
A voter i’s satisfaction from an outcome o is computed as
sat;(0) = [{t € [{] : o4 € s}

An important concern in the multiwinner setting is group
fairness, i.e., making sure that large groups of voters with
similar preferences are represented by the selected com-
mittee. The most well-studied group fairness axioms are
(in increasing order of strength) justified representation
(JR) (Aziz et al. 2017), proportional justified representation
(PJR) (Sanchez-Fernandez et al. 2017), and extended justi-
fied representation (EJR) (Aziz et al. 2017). We will now
formulate these axioms, as well as their extensions to the
temporal setting; for the latter, we follow the terminology of
Chandak et al. (2024). Definition 2.1 may appear syntacti-
cally different from the standard definitions of these notions,
but it can easily be shown to be equivalent to them; further, it
has the advantage of being easily extensible to the temporal
setting.

Definition 2.1. For a multiwinner election
(P, N, (s;)ien, k) and a group of voters N’ C N, we
define the demand of N’ as

amW(N/) — min{BmW(N/)’ ,YITIW(N/)},

A committee W C P provides justified representation (JR)
if for every N’ C N with " (N’) > 0 there isan ¢ € N’
such that |s; N W/| > 0; it provides proportional justi-
fied representation (PJR) if for every N’ C N we have
[(Uienrs;) NW| > o™ (N'), and it provides extended jus-
tified representation (EJR) if for every N’ C N there is an
i € N’ such that [s; N W| > o™ (N").

where

[V']
n

ﬁmW(N/) = | Nie N S,‘| and ’ymw(N/) = \\]{;



When extending these notions to the temporal set-
ting, Bulteau et al. (2021) consider JR and PJR (but not
EJR), each with three variants—prefixed with “static”,
“dynamic all-periods-intersection”, and “dynamic some-
periods-intersection”; where “dynamic some-periods in-
tersection” is the most demanding of these. Chandak et
al. (2024) extend this analysis to EJR, and focus on two vari-
ants of the axioms: “dynamic all-period intersection”, which
they call weak JR/PJR/EJR, and “dynamic some-period in-
tersection”, which they call JR/PJR/EJR!. In what follows,
we use the terminology of Chandak et al. (2024).

Just as in the multiwinner setting, for each group of vot-
ers N’ we determine its demand a(N"), which depends both
on the size of N’ and on the degree of agreement among
the group members. The axioms then require that the col-
lective satisfaction of group members is commensurate with
the group’s demand.

Definition 2.2. Given an election E = (P, N, ?, (8;)ien)
and a group of voters N C N, we define the agreement
of N’ as the number of rounds in which all members of N’
approve a common candidate:

BIN)=[tell: [ st # 2}

i€EN’

We define the demand of a group of voters N’ as
Nl
av) = v B
n

That is, if voters in N’ agree in 8 rounds, they can demand
a fraction of these rounds that is proportional to | N”|.

We now proceed to define temporal extensions of JR, PJR,
and EJR, starting with their stronger versions

Definition 2.3 (Justified Representation). An outcome o
provides justified representation (JR) for a temporal election
E = (P,N,?,(s;)ien) if for every group of voters N’ C N
with a(N’) > 0 we have sat;(0) > 0 for some ¢ € N'.

Definition 2.4 (Proportional Justified Representation). An
outcome o provides proportional justified representation
(PJR) for a temporal election E = (P, N, ¢, (s;);en) if for
every group of voters N’ C N it holds that |[{t € [{] : o; €
Uiens sii}l = a(N).

Definition 2.5 (Extended Justified Representation). An out-
come o provides extended justified representation (s-EJR)
for a temporal election £ = (P, N, ¢, (s;);en) if for every
group of voters N’ C N there exists a voter ¢ € N’ with
sat;(0) > a(N').

Note that EJR implies PJR, and PJR implies JR.

It is instructive to compare Definitions 2.3-2.5 to Defi-
nition 2.1. In particular, one may wonder why we did not
define the demand of a group N’ in the temporal setting
as a(N') = min{8(N'), ¢ - %}, thereby decoupling the
constraints on the size of the group and the level of agree-
ment. Note that 3(N’) < £ for all N’ C N and hence

'The conference version of their paper uses “JR/PJR/EJR” for
the weaker version and “strong JR/PJR/EJR” for the stronger ver-
sion; we use the terminology from the arXiv version of their paper.
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a(N') > a(N’) for all N'. However, the following exam-
ple shows that if we were to use this definition of demand,
even the JR axiom would be impossible to satisfy (whereas
Chandak et al. (2024) show that every temporal election ad-
mits an outcome that provides EJR); see also the discussion
in Section 5 of the paper by Chandak et al. (2024).

Example 2.6. Let N = {1,...,6}, and let 7 be the set of
all size-2 subsets of N (so |7| = 15). Consider an election
with voter set N, P = {zp}rer U {y;}j=1, .6 and £ =3,
where the voters’ approval sets have the following structure:

siip=Axp:i€T}, si2=s3={y;} forallie N.

For each group of voters N’ with | N/| = 2 we have 3(N)
1, as both voters in N’ approve x - in the first round. More-

over, 8-% = 1,so@(N') = 1. Hence, if we were to replace
a(N') with @(N’) in the definition of JR, we would have to
ensure that for every pair of voters N/ at least one voter in N’
obtains positive satisfaction. However, there is no outcome o
that accomplishes this: 01 is approved by at most two voters,
and oy and o3 are approved by at most one voter each, so for
every outcome o there are two voters whose satisfaction is
0. That is, the modified definition of JR (and hence PJR and
EJR) is unsatisfiable.

On the other hand, we have 3(N') = 3 if |N'| 1,
B(N')y = 1if |[N'| = 2and S(N') = 0if |[N’| > 3, and
hence a(N’) = 0 for all N/ C N. Thus, every outcome o
provides EJR (and hence PJR and JR).

The axioms introduced so far apply to groups of voters
with positive agreement. Bulteau et al. (2021) and Chandak
et al. (2024) also consider weaker axioms, which only apply
to groups of voters that agree in all rounds.

Definition 2.7 (Weak Justified Representation/Proportional
Justified Representation/Extended Justified Representation).
Consider an outcome o for a temporal election F
(P,N,¢,(si)icn). We say that o provides:

* weak justified representation (w-JR) if for every group of
voters N C N with S(N') = ¢, a(N") > 0 it holds that
sat;(0) > 0 for some i € N'.
weak proportional justified representation (w-PJR) if for
every group of voters N’ C N with S(N') = £ it holds
that [{t € [(] : 0y € U;cpv 50t} = a(N').
weak extended justified representation (W-EJR) if for ev-
ery group of voters N’ C N with S(N’) = ¢ there exists
avoter i € N’ with sat;(0) > a(N').

By construction, the weak JR/PJR/EJR axioms are less

demanding than their regular counterparts: e.g., if £ = 10
and all voters agree on a candidate in each of the first 9

rounds, but each voter approves a different candidate in the
last round, these axioms are not binding. Indeed, they are
somewhat easier to satisfy: e.g., Chandak et al. (2024) show

that a natural adaptation of the Method of Equal Shares (Pe-
ters and Skowron 2020) satisfies w-EJR, but not EJR. There-
fore, in our work we consider both families of axioms.

3 Hardness Proofs

In multiwinner elections, outcomes that provide EJR (and
thus JR and PJR) can be computed in polynomial time (Aziz



et al. 2018; Peters and Skowron 2020). In contrast, the prob-
lem of verifying if a given outcome provides JR/PJR/EJR
is considerably more challenging: while this problem is
polynomial-time solvable for JR, it is coNP-hard for PJR
and EJR (Aziz et al. 2017, 2018).

In this section, we show that in the temporal setting the
verification problem is coNP-hard even for (w-)JR. These
results extend to (w-)PJR and (w-)EJR.

We note that the hardness results for PJR and EJR in the
multiwinner setting do not transfer immediately to the tem-
poral setting. This is because the notion of agreement in our
model is fundamentally different from the one in the multi-
winner model: we focus on the number of rounds in which
a group of voters agrees on a candidate, whereas in the mul-
tiwinner model the cohesiveness of a group is determined
by the number of candidates the group members agree on.
Suppose that we naively transform a multiwinner instance
(P, N, (s;)ien, k), where k is the number of candidates to
be elected, into a temporal instance with & rounds where vot-
ers” approvals in each round are given by (s;);cn. Consider
a group of voters N’ that only agrees on a single candidate
in the original instance (and therefore can demand at most
one spot in the elected committee). In the temporal setting,
voters in N’ will agree on that candidate in all rounds, and
therefore if N is large, its demand can be substantial. Thus,
we have to prove hardness of verifying PIR and EJR from
scratch. Fortunately, the proofs of Theorems 3.1 and 3.2 ap-
ply to all three representation concepts that we consider.

Theorem 3.1. Foreach of X € {w-JR, w-PJR, w-EJR}, veri-
fying whether an outcome provides X is coNP-complete. The
hardness result holds for w-JR and w-PJR even if |P| = 3,
and for w-EJR even if |P| = 2.

Proof. If an outcome o does not provide w-JR, this can be
witnessed by a group of voters N’ C N with 3(N') = ¢,
a(N') > 0 such that sat;(0) = 0 for all i € N’. Hence,
our problem is in coNP. Similarly, for w-PJR (respectively,
w-EJR) it suffices to exhibit a group of voters N’ such that
B(N') = Land [{t € [{] : op € Uien'sit}| < a(N')
(respectively, B(N') = £, sat;(0) < a(N') forall i € N).

To prove coNP-hardness for w-JR, we reduce from the
NP-hard problem CLIQUE. An instance of CLIQUE is given
by a graph G = (V, E) with vertex set V and edge set E,
together with a parameter k; it is a ‘yes’-instance if there
exists a subset of vertices V' C V of size x that forms a
clique, i.e., for all v,v" € V' we have {v,v'} € E.

Given an instance (G, k) of CLIQUE with G = (V, E),
where V' = {vy,...,v,}, we construct an election with a
set of voters N = {1,...,v} U Ny, where |[Ng| = (k — 1)v,
a set of candidates P = {p1, p2, p3}, and £ = v rounds. For
each i € [v], the preferences of voter ¢ are given by:

{p=2} ift =1
sie = {p1,p2}  if {vi, v} € E;
{p1} otherwise.

For each i € Ny and each ¢t € [(] weset s, = {ps}.
We claim that a set of voters N’ C [v] satisfies 5(N') = £
if and only if the set V' = {v; : i € N’} forms a clique in G.
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Indeed, let V' be a clique in G, and consider a round ¢ € [¢].
If t € N, we have s, = {p2}, siy = {p1,p2} foralli e
N\ {t}, i.e., p2 € Nicn’S;t. On the other hand, if ¢t ¢ N,
for each i € N’ we have s;;, = {p1,p2} if {v;,v;} € F and
si1 = {p1} otherwise, so p1 € N;en’S;¢. Thus, foreacht €
[4] the set N;c s+ is non-empty. Conversely, if {v;, v;} &
E for some i,j € N',i # j, then s, ; = {p1}, whereas
S = {pz}, i.e., mi’eN’Si’,j = @ and hence ﬁ(N/) < /.
We claim that an outcome o = (ps, ..., ps) fails to pro-
vide w-JR if and only if G contains a clique of size .
Indeed, let V' be a size-x clique in G, and let N’
{i : v; € V'}. We have argued that (N') = ¢ and
hence (V') = £- 2 =1 > 0; however, sat;(0) = 0
for each ¢ € N'. For the converse direction, suppose there
exists a subset of voters N’ witnessing that o fails to pro-
vide w-JR. As sar;(0) = 0 for each ¢ € N’, we have
N' NNy = @, 1ie, N C [v]. Moreover, B(N') = ¢ and
hence the set V' = {v; : ¢ € N’} forms a clique in G. Then
a(N") > 0 can be re-written as £ - % > 1,ie., |N'| > k.
As |V’| = |N'|, the set V' is a clique of size at least  in G.
The argument extends easily to w-PIR/w-EJR: if G con-
tains a clique of size x, then, as argued above, o fails to
provide w-JR (and hence it fails to provide w-PJR/w-EJR),
whereas if there are no cliques of size « in G, there is no
group of voters N’ C N with 3(N') = ¢, a(N') > 0, so
w-PJR/w-EJR is trivially satisfied. In the full version of the
paper we provide a different proof for w-EJR, which applies
even if |P| = 2. O

For stronger versions of our axioms, we obtain a hardness
result even for |P| = 2.

Theorem 3.2. For each of X € {JR, PJR, EJR}, verifying
whether an outcome provides X is coONP-complete. The hard-
ness result holds even if | P| = 2.

4 Tractability Results for |P| = 2

The hardness results in Theorems 3.1 and 3.2 hold even if
the number of candidates |P| is small (3 for w-JR/w-PJR
and 2 for w-EJR/JR/PJR/EJR). Now, for | P| = 1 verification
is clearly easy: there is only one possible outcome, and for
any group of voters N’ this outcome provides satisfaction
of at least 3(N’) > «(N’) to all voters in N’. To complete
the complexity classification with respect to | P|, it remains
to consider the complexity of verifying w-JR/w-PJR when
|P| = 2.

Proposition 4.1. Given an election (P, N, {, (s;)icn) with
| P| = 2 and an outcome o, we can check in polynomial time
whether o provides w-JR.

Proof. Assume that P = {p,q}. Suppose that a group
of voters N’ witnesses that o fails to provide w-JR. Then
sat;(0) = 0 foreachi € N', but B(N') = /.

We say that a voter ¢ is grumpy if in each round t she
approves a single candidate, and this candidate is not o4, i.e.,
|sit| =1and o, & s; forall t € [€]. Let G be the set of all
grumpy voters, and note that 5(G) = ¢: in each round ¢, all
grumpy voters approve the (unique) candidate in P \ {o;}.



Note that N’ C G: indeed, if a voter ¢ is not grumpy,
either she approves o for some t € [{], so sat;(0) > 0, or
she has s; ; = @ for some ¢ € [¢], which is not compatible
with 3(N’) = £. Hence, to check whether o provides w-JR

it suffices to verify whether a(G) = [£ - %J =0. O

It is not clear if Proposition 4.1 can be extended to w-
PJR: to verify w-PJR, it is no longer sufficient to focus on
grumpy voters. We conjecture that verifying w-PJR remains
hard even for |P| = 2 (recall that, by Theorem 3.1, this is
the case for w-EJR).

Observe that for the election constructed in the proof of
Theorem 3.1 we have s, # @ foralli € N,¢ € [{]. In
contrast, in the election constructed in the proof of Theo-
rem 3.2 the approval sets s; ; may be empty. It turns out that
if we require that s, , # @ foralli € N, ¢ € [(] then for
|P| = 2 the problem of verifying JR becomes easy; under
this assumption, if sat;(o) = 0 for all i € N’ then all voters
in N’ are grumpy, so it suffices to check if a(G) = 0.

Proposition 4.2. Given an election (P, N, ¢, (s;)ien) with
|P| =2and s;, # @ foralli € N, t € [{] and an outcome
0, we can check in polynomial time whether o provides JR.

Again, it is not clear if Proposition 4.2 extends to (w-)PJR
and (w-)EJR; we conjecture that the answer is ‘no’.

Remark 4.3. The proofs of Propositions 4.1 and 4.2 go
through if, instead of requiring |P| = 2, we require that
in each round there are at most two candidates that receive
approvals from the voters, i.e., | U; s; ;| < 2 foreach t € [¢].

Proposition 4.2 shows that, for |P| = 2, requiring each
voter to approve at least one candidate in each round re-
duces the complexity of checking JR considerably. However,
this requirement only helps if |P| is bounded. Indeed, we
can modify the construction in the proof of Theorem 3.2 by
creating a set of additional candidates P = {p’};cn and
modifying the preferences so that whenever s; ; = & in the
original construction, we set s, = {p’}. The new candi-
dates do not change the agreement of any voter group, so
the rest of the proof goes through unchanged.

Proposition 4.4. For each of X € {JR, PJR, EJR}, verifying
whether an outcome provides X is coNP-complete, even if
sit # @ forall voters i € N and all rounds t € [(].

It remains an open question whether verifying that a given
outcome provides JR/PJR/EJR remains coNP-complete if all
approval sets are non-empty and the size of the set P is a
fixed constant greater than 2; we conjecture that this is in-
deed the case, but we were unable to prove this.

5 Parameterized Complexity

We have seen that the verification problem becomes easier
if the size of the candidate set m = |P| is very small. We
will now consider other natural parameters of our problem,
such as the number of voters n and the number of rounds ¢,
and explore the complexity of the verification problem with
respect to there parameters.

Proposition 5.1. For each X € {(w-)JR, (w-)PJR, (w-)EJR},
checking if an outcome provides X is FPT with respect to n.
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The proof of the following proposition, as well as the re-
sults in Section 6, make use of the following observation.

Observation 5.2. Let X be a multiset of real numbers, and
let r < |X| be a positive integer. Let Y and Z be two subsets
of X with |Y| = |Z| = r such that Z consists of the r
smallest elements of X (for some way of breaking ties). Then
foreach z € Z we have z < maxycy y.

Proposition 5.3. Foreach X € {(w-)JR, (w-)PJR, (w-)EJR},
checking if an outcome provides X is FPT with respect to the
combined parameter (m, {) and XP with respect to £.

Proof. Given an outcome o, we proceed as follows. For each
possible outcome o’ and each subset ' C [¢], compute the
set Noo7 = {i € N : 0} € s; forall ¢t € T'}; this set con-
sists of all voters who approve the outcome o’ in each of the
rounds in T'. We then sort the voters in N/ 7 according to
their satisfaction under o in non-decreasing order, breaking

ties lexicographically; foreachr =1, ..., |No/ 7/, let N,
denote the set that consists of the first r voters in this order.
To verify EJR, for each r = 1,...,|No 7| we determine

T

whether there is an i € N, » such that sat;(0) > | = - |T'|].
We claim that o provides EJR if and only if it passes these
checks for all possible choices of o/, T and .

Indeed, suppose o fails this check for some o', T" and 7,
and let N’ = N, . By construction, 3(N’) > |T| and
IN'| = 7,50 a(N") > [ £ -|T|],ie., N'is a witness that
EJR is violated.

Conversely, suppose that o fails EJR. Then there is a set
of voters N’ such that max;en- sat;(0) < a(N'). By defini-
tion of S(N'), there exists aset T C [¢], |T'| = B(N'), and
an outcome o’ such that for each ¢t € 7" and each i € N it
holds that o; € s;,; note that this implies N’ C Ng/ 7.
Let 7 = |N’|, and consider the set N, 7. Observe that
BIN7) > T'| = BN') and [NJ 1| = [N'| = . 5o
a(Ng, 1) > a(N'). On the other hand, by applying Obser-
vation 5.2 to the multisets { sat;(0) : i € N'} and {sat;(0) :
i € N, 7}, we conclude that for each i € N, 7, it holds
that sat;(0) < max;en sat;(0) < a(N') < a(NL 7).
That is, NG, 7 is also a witness that o fails to provide EJR.
As our algorithm checks N, 7, it will be able to detect that
o fails to provide EJR.

For PJR, instead of checking whether sat;(0) > |~ - T']
for some i € N, we check that [{t € [{] : o; €
Uienr, sit}l = [ - [T], and for JR we check whether
|7 - |T|] > 1 implies that sat;(0) > 1 for some i € Ny, 7.
For w-JR, w-PJR and w-EJR, the algorithm can be simpli-
fied: instead of iterating through all T C [¢], it suffices to
consider T' = [{]. The rest of the argument goes through
without change.

The bound on the runtime follows, as we have m?’ possi-
bilities for o’ and 2¢ possibilities for T, and we process each
pair (o', T) in polynomial time. O

Our XP result with respect to £ is tight, at least for weak
versions of the axioms: our next theorem shows that check-
ing whether an outcome provides w-JR, w-PJR, or w-EJR is
W][1]-hard with respect to £. This indicates that an FPT (in
) algorithm does not exist unless FPT = W[1].



Theorem 5.4. For each of X € {w-JR, w-PJR, w-EJR}, ver-
ifying whether an outcome provides X is W|1]-hard with re-
spect to L.

6 Monotonic Preferences

Since the problem of checking whether an outcome provides
(w-)JR, (w-)PIR, or (w-)EJR is intractable in general, it is
natural to seek a restriction on voters’ preferences that may
yield positive results. In particular, a natural restriction in
this context is monotonicity: once a voter approves a can-
didate, she continues to approve it in subsequent rounds.
Formally, we will say that an election (P, N, /¢, (s;)ien) is
monotonic if for any two rounds ¢,¢' € [{] with t < ¢/,
each p € P and each ¢ € N it holds that p € s;; implies
D € s; . Monotonic elections occur if, e.g., candidates join
the candidate pool over time, but never leave, and the vot-
ers’ preferences over the available candidates do not change.
Such preferences can also arise in settings where the candi-
dates improve over time: e.g., job candidates become more
experienced. By reversing the time line, this can also model
candidates that deteriorate over time (e.g., planning family
meals from available ingredients).

We first note that verifying weak JR/PJR/EJR in mono-
tonic elections is easy.

Theorem 6.1. Given a  monotonic  election
(P,N,¢,(si)ien) togther with an outcome o, for each
of X € {w-JR, w-PJR, w-EJR} we can decide in polynomial
time whether o provides X.

For strong notions of justified representation, we also
obtain easiness-of-verification results, though the proof re-
quires an additional level of complexity.

Theorem 6.2. Given a  monotonic  election
(P,N,?,(si)icn) together with an outcome o, for each
of X € {JR, PJR, EJR} we can decide in polynomial time
whether o provides X.

7 Finding EJR Outcomes

So far, we focused on checking whether an outcome pro-
vides a representation guarantee. We will now switch gears,
and explore the problem of finding a fair outcome.

7.1 Greedy Cohesive Rule Provides EJR

Chandak et al. (2024) show that every temporal election ad-
mits an outcome that provides EJR, by adapting the PAV
rule (Thiele 1895) and its local search variant 1s-PAV (Aziz
et al. 2018) from the multiwinner setting to the temporal
setting; the local search-based approach results in a rule
that is polynomial-time computable. However, they leave
it as an open question whether another prominent voting
rule, namely, the Greedy Cohesive Rule (GCR) (Bredereck
et al. 2019; Peters, Pierczyniski, and Skowron 2021) can be
adapted to the temporal setting so as to provide EJR.

Bulteau et al. (2021) describe an algorithm that is similar
in spirit to GCR and constructs a PJR outcome; however,
unlike GCR, the algorithm of Bulteau et al. (2021) proceeds
in two stages. We will now describe a two-stage procedure
that is inspired by the algorithm of Bulteau et al. (but differs
from it) and always finds EJR outcomes.
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Algorithm 1: 2-Stage Greedy Cohesive Rule.

1 Input: Set of voters N = {1,...,n}, set of
candidates P = {py, ..., pm}, number of rounds ¢,
voters’” approval sets (S1,...,S,);
0 < (plu s 7]91);
T «+ [4];
V:={VCN:5V)>0}
Vvt =g;
while V # & do
Select a set V' € argmaxy ¢y (V') with ties
broken arbitrarily;
Vvt Vhu{v}
for V' € Vdo
if V NV’ # & then
L V<=V \{V'}

NS N R W

e

10
11

Sort V*as Vq,...,Vysothat B(V;) < --- < B(V,);
fork=1,...,qdo
Let 7" be a subset of {t € T : Nyev, Si¢ # D} of
size a(Vy);
T« T\T,
fort € T' do
LPickp € Niev, i, and set oy < p;

12
13
14

15
16
17

return outcome o;

Theorem 7.1. Algorithm I always outputs an outcome that
provides EJR, and runs in time O(2" - poly(n, m, {)).

Proof. The bound on the running time of the algorithm fol-
lows from the fact that the size of V is O(2"), and the
amount of computation performed for each subset in V is
polynomial in the input size. We now focus on correctness.
Note that all sets in VT are pairwise disjoint: for each
k € [q], when we place V} in VT, we remove all sets that
intersect V. from )V, and therefore no such set can be added
to VT at a future iteration. We will use this observation to ar-
gue that, while processing the sets in V', for each set V;, we
consider there exist «(V};) rounds in which all members of
Vi, agree on at least one candidate. Suppose for a contradic-
tion that this is not the case, and let k € [g] be the first index
such that there are fewer than «(V};) slots available out of the
B(V}) rounds voters in V}, agree on. This means that strictly
more than 5(Vj;) —a(V};) of these slots have been taken up in

previous iterations, and hence Zle a(Vy) > B(Vi). Since
B(Vi) > B(V,.) for all r < k, the inequality implies
k
il
ARACEDMUCEEIE

k
”
Z; |

- (1)

d -
P (Vi) = ;
and hence Zle |V.| > n, a contradiction with the fact the
groups Vi, ..., Vi_1, Vj are pairwise disjoint, and |V'| = n.
We conclude that for each V' € V7 it holds that sat; (o) >
a(V) for each i € V. Hence, no set in V* can be a wit-
ness that EJR is violated. Further, each set V € 2N \ V has
B(V) = 0 and hence (V) = 0, so it cannot witness that
EJR is violated either. It remains to consider sets in V \ V7.

\%




Fix a set V' € V \ VT, and suppose that it was deleted
from ) when some V was placed in V¥ (and hence o(V') <
a(V)). Moreover, when processing V', the algorithm en-
sured that the satisfaction of each voter 7 € V is at least
a(V) = LWJ As V NV’ # o, this means that the
satisfaction of some voter i € V' is at least (V) > a(V").
Thus, V' cannot be a witness that EJR is violated. O

We note that for monotonic elections Algorithm 1 can be
modified to run in polynomial time. Indeed, the proof of
Theorem 6.2 shows that, when verifying representation ax-
ioms, it suffices to consider sets of the form IV, (defined in
the proof; see the full version of the paper for details). If we
modify Algorithm 1 so that initially it only places sets of this
form in V, it will only have to consider O(m¢n) sets, each of
them in polynomial time; on the other hand, by Theorem 6.2
its output would still provide EJR.

While GCR runs in exponential time, it is a simple
rule that can often be used to prove existence of fair out-
comes; e.g., in the multiwinner setting, its outputs satisfy
the stronger FJR axiom (Peters, Pierczyriski, and Skowron
2021), which is not satisfied by PAV or the Method of Equal
Shares (MES). While FIR seems difficult to define for the
temporal setting, this remains an interesting direction for fu-
ture work, and GCR may prove to be a relevant tool. More-
over, one may want to combine JR-like guarantees with ad-
ditional welfare, coverage, or diversity guarantees; the as-
sociated problems are likely to be NP-hard, so GCR may
be a useful starting point for an approximation or a fixed-
parameter algorithm (that may be more practical than the
ILP approach). Finally, compared to PAV and MES, GCR
may be easier to adapt to general monotone valuations (this
is indeed the case in the multiwinner setting).

7.2 An ILP For Finding EJR OQutcomes

We will now describe an algorithm for finding EJR out-
comes that is based on integer linear programming (ILP).
While this algorithm does not run in polynomial time, it is
very flexible: e.g., we can easily modify it so as to find an
EJR outcome that maximizes the utilitarian social welfare,
or provides satisfaction guarantees to individual voters.

Theorem 7.2. There exists an integer linear program (ILP)
whose solutions correspond to outcomes that provide EJR;
the number of variables and the number of constraints of
this ILP are bounded by a function of the number of voters
n.

The following corollary illustrates the power of the ILP-
based approach.

Corollary 7.3. There is an FPT algorithm with respect
to the number of voters that, given an election F
(P,N,?¢,(si)icn) and a set of integers 41, ..., 0, decides
whether there exists an EJR outcome of F that guarantees
satisfaction J; to voter i for each i € N, and, if yes, finds an
outcome that maximizes the utilitarian social welfare among
all outcomes with this property.

Proof. The ILP in the proof of Theorem 7.2 contains an ex-
pression encoding each voter’s satisfaction. We can modify

13811

this ILP by adding constraints saying that the satisfaction of
voter 7 is at least §;, and adding a goal function that maxi-
mizes the sum of voters’ satisfactions. The resulting ILP ad-
mits an algorithm that is FPT with respect to n by the classic
result of Lenstra (1983). L]

We note that, while Chandak et al. (2024) show that Is-
PAV rule can find EJR outcomes in polynomial time, their
approach cannot handle additional constraints on voters’
welfare; hence Corollary 7.3 is not implied by their result.

7.3 An Impossibility Result for EJR in the
(Semi-)Online Setting

In their analysis, Chandak et al. (2024) distinguish among
(1) the online setting, where the number of rounds / is
not known, voters’ preferences are revealed round-by-round,
and o is selected as soon as all (s; +);e v are revealed, (2) the
semi-online setting, where ¢ is known, but preferences are
revealed round-by-round and an outcome for a round needs
to be chosen as soon as the preferences for that round have
been revealed, and (3) the offline setting, where we select the
entire outcome o given full access to (s;);en. The PAV rule
and its local search variant, the GCR rule and the ILP ap-
proach only work in the offline setting. In contrast, Chandak
et al. (2024) show that a variant of MES satisfies w-EJR in
the semi-online setting, but not in the online setting. They
left open the existence of rules satisfying EJR in the semi-
online setting. Here, we resolve this open question and show
that no rule can satisfy EJR in the semi-online setting (and
hence in the online setting).

Proposition 7.4. No rule satisfies EJR in the semi-online
setting.

8 Conclusion

We have explored the complexity of verifying whether a
given outcome of a temporal election satisfies one of the six
representation axioms considered by Chandak et al. (2024).
We have obtained coNP-hardness results even for very re-
stricted special cases of this problem: e.g., for strong ver-
sions of the axioms verification remains hard even if there
are just two candidates. We complement these hardness re-
sults with parameterized complexity results and a positive
result for a structured setting, where candidates join the pool
over time and never leave. We also describe an ILP that can
be used to find outcomes that provide EJR and satisfy ad-
ditional constraints. Finally, we answer an open question
of Chandak et al. (2024), by showing that a variant of the
Greedy Cohesive Rule provides EJR.

Possible directions for future work (in addition to open
problems listed in Section 4) include considering stronger
variants of proportionality, such as FJR (Peters, Pierczynski,
and Skowron 2021) or core stability (Aziz et al. 2017), ex-
ploring other domain restrictions, and extending the tempo-
ral framework to the broader setting of participatory bud-
geting (Aziz and Lee 2021; Lackner, Maly, and Rey 2021;
Peters, Pierczynski, and Skowron 2021).
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