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Abstract

An important—but very demanding—property in collective
decision-making is strategyproofness, which requires that vot-
ers cannot benefit from submitting insincere preferences. Gib-
bard (1977) has shown that only rather unattractive rules are
strategyproof, even when allowing for randomization. How-
ever, Gibbard’s theorem is based on a rather strong interpre-
tation of strategyproofness, which deems a manipulation suc-
cessful if it increases the voter’s expected utility for at least one
utility function consistent with his ordinal preferences. In this
paper, we study weak strategyproofness, which deems a ma-
nipulation successful if it increases the voter’s expected utility
for all utility functions consistent with his ordinal preferences.
We show how to systematically design attractive, weakly strat-
egyproof social decision schemes (SDSs) and explore their
limitations for both strict and weak preferences. In particular,
for strict preferences, we show that there are weakly strate-
gyproof SDSs that are either ex post efficient or Condorcet-
consistent, while neither even-chance SDSs nor pairwise SDSs
satisfy both properties and weak strategyproofness at the same
time. By contrast, for the case of weak preferences, we discuss
two sweeping impossibility results that preclude the existence
of appealing weakly strategyproof SDSs.

1 Introduction

Any mechanism that relies on the private information of
agents should incentivize agents to report their private in-
formation truthfully. However, designing mechanisms that
satisfy this property—known as strategyproofness—is a chal-
lenging task in many domains of economic interest. This is
particularly true for the field of social choice, which stud-
ies voting rules that aggregate the voters’ preferences into a
collective decision: a seminal result by Gibbard (1973) and
Satterthwaite (1975) shows that voters can benefit by lying
about their true preferences in any reasonable determinis-
tic voting rule. Early hopes that more positive results can
be achieved for randomized voting rules were shattered by
Gibbard (1977). Gibbard considered social decision schemes
(SDSs), which return a probability distribution for each pro-
file of individual preferences, and the final winner will be
chosen by chance according to this distribution.

In particular, Gibbard (1977) has shown that the only strat-
egyproof and ex post efficient SDSs are random dictatorships,
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which choose each voter with a fixed probability and imple-
ment this voter’s favorite alternative as the winner of the
election. While this result allows for more rules than the
Gibbard-Satterthwaite theorem, random dictatorships suffer
from a large variance and fail to identify good compromise
alternatives. The latter observation is related to the fact that
random dictatorships violate Condorcet-consistency, i.e., they
may fail to select an alternative that beats all other alternatives
in a pairwise majority comparison.

Like all results on strategyproof SDSs, Gibbard’s random
dictatorship theorem crucially hinges on the exact definition
of strategyproofness, which, in turn, depends on the assump-
tions of the voters’ preferences over lotteries. Gibbard (1977)
postulates that a voter prefers one lottery to another if the
former yields at least as much expected utility as the latter for
every utility function that is consistent with his true prefer-
ences. Then, an SDS is called strategyproof if voters always
prefer the outcome when voting truthfully to every outcome
they could obtain by lying about their true preferences. This
strategyproofness notion, which we will call strong strate-
gyproofness, is predominant in the literature (e.g., Barbera
1979; Procaccia 2010; Brandt, Lederer, and Romen 2024) be-
cause it guarantees that voters cannot manipulate regardless
of their exact utility functions. However, as demonstrated by
the random dictatorship theorem, strong strategyproofness
mainly leads to negative results.

In this paper, we will thus study a weaker notion of strate-
gyproofness, first considered by Postlewaite and Schmeidler
(1986) and later popularized by Bogomolnaia and Moulin
(2001) in the context of random assignment. To this end, we
observe that the preferences over lotteries defined by Gib-
bard (1977) are incomplete, i.e., there are lotteries such that
a voter prefers neither of them to the other. Hence, there are
two ways to define strategyproofness, depending on how we
interpret incomparable lotteries. Strong strategyproofness, as
defined by Gibbard (1977), views a deviation to an incompa-
rable lottery as a successful manipulation. By contrast, we
only consider deviations to comparable lotteries as successful.
The resulting strategyproofness notion is called weak strate-
gyproofness and requires that voters cannot obtain a strictly
preferred lottery by lying about their true preferences.

Our contribution. We improve our understanding of weak
strategyproofness by contributing various positive and nega-



tive results. A summary of these results is given in Table 1.

In our first theorem, we introduce the large class of score-
based SDSs and show that all SDSs within this class are
weakly strategyproof. This result allows, e.g., to construct
appealing weakly strategyproof SDSs that satisfy Condorcet-
consistency or ex post efficiency, or that approximate deter-
ministic voting rules arbitrarily close. Both of these objec-
tives are impossible to achieve for strong strategyproofness
(Procaccia 2010; Brandt, Lederer, and Romen 2024). Sec-
ondly, we present characterizations of weakly strategyproof
tops-only SDSs, which only have access to the voters’ fa-
vorite alternatives. In this context, we also cover the design
of weakly strategyproof even-chance SDSs, which always
return a uniform lottery over some subset of alternatives. It
has often been argued that such SDSs are more acceptable be-
cause uniform lotteries are easier to grasp cognitively and to
implement in practice (e.g., Fishburn 1972; Gérdenfors 1979;
Brandt, Saile, and Stricker 2022). However, no attractive
even-chance SDS satisfies strong strategyproofness.

We also analyze the limitations of weakly strategyproof
SDSs. In particular, for strict preferences, we show that no
weakly strategyproof, even-chance SDS simultaneously satis-
fies ex post efficiency and Condorcet-consistency, and that no
weakly strategyproof, pairwise, and neutral SDS (which can
only access the pairwise majority comparisons between alter-
natives) satisfies ex post efficiency. These results indicate that
Condorcet-consistency and ex post efficiency may be incom-
patible for all weakly strategyproof SDSs. However, such a
result seems very difficult to obtain as, for every € > 0, there
are weakly strategyproof and Condorcet-consistent SDSs that
assign at most € probability to Pareto-dominated alternatives.

Finally, we also consider weakly strategyproof SDSs for
weak preferences. In this setting, we provide the first easily
verifiable proof of an important impossibility theorem by
Brandl et al. (2018), showing that no weakly strategyproof
SDS simultaneously satisfies anonymity, neutrality, and ex
ante efficiency. When restricting attention to even-chance
SDSs, we strengthen this result by proving that all weakly
strategyproof and ex post efficient SDSs always randomize
over the favorite alternatives of at most two fixed voters.
These results show that, if we allow weak preferences, even
mild forms of strategyproofness preclude attractive SDSs.

Related work. Studying weaker forms of strategyproofness
is an active area in social choice theory (e.g., Bogomolnaia
and Moulin 2001; Balbuzanov 2016; Aziz et al. 2018; Brandl
et al. 2018; Lederer 2021; Mennle and Seuken 2021). Un-
fortunately, in the realm of voting, this approach mainly led
to strengthened impossibility results: for instance, Lederer
(2021) studies a strategyproofness notion that lies logically
between weak and strong strategyproofness and shows that
it is still incompatible with Condorcet-consistency. Despite
these negative results, weak strategyproofness has received
little attention in social choice theory. In particular, only few
SDSs, such as the Condorcet rule (Postlewaite and Schmei-
dler 1986) or the egalitarian simultaneous reservation rule by
Aziz and Stursberg (2014), are known to be weakly strate-
gyproof. In more recent works, weak strategyproofness was
used to prove impossibility theorems for the case of weak
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preferences (Aziz et al. 2018; Brandl, Brandt, and Suksom-
pong 2016; Brandl et al. 2018). This approach culminated
in a sweeping impossibility theorem for weak preferences:
no weakly strategyproof SDS satisfies anonymity, neutrality,
and ex ante efficiency (Brandl et al. 2018).

Some of our results can also be compared to results for
set-valued voting rules (which return sets of winning alter-
natives instead of lotteries). In particular, even-chance SDSs
can be interpreted as set-valued voting rules and weak strat-
egyproofness then translates to a strategyproofness notion
called even-chance strategyproofness (e.g., Girdenfors 1979;
Brandt, Saile, and Stricker 2022). This strategyproofness no-
tion is slightly stronger than commonly considered set-valued
strategyproofness notions such as Fishburn-strategyproofness
(Fishburn 1972) or Kelly-strategyproofness (Kelly 1977), and
our paper is thus related to recent work on set-valued vot-
ing rules (e.g., Botan and Endriss 2021; Brandt, Saile, and
Stricker 2022; Brandt and Lederer 2023).

2 Preliminaries

Let N = {1,...,n} denote a set of n voters and let A =
{a1,...,an} denote a set of m > 2 alternatives. Every voter
i € N reports a (weak) preference relation 7;, which is a
complete and transitive binary relation on A. The strict part of
~; is denoted by =; (i.e., x =; y iff z 7—; y and not y 7=; x)
and the indifference part by ~; (i.e., x ~; yiff x 7Z; y
and y =; ). A preference relation »; is called strict if its
irreflexive part coincides with ;. We represent preference
relations by comma-separated lists, where brackets indicate
that a voter is indifferent between some alternatives. For
instance, a, {b, ¢} denotes that the considered voter prefers
a to both b and ¢ and is indifferent between the latter two
alternatives. We denote the set of all strict preference relations
by L and the set of all weak preference relations by R.

A (weak) preference profile R = (721, ..., 7, ) is a vector
that specifies the preference relations -; of all voters i € N.
A preference profile is strict if the preference relations of
all voters are strict. The set of all strict preference profiles
is given by £V, and the set of all weak preference profiles
is RY. We represent preference profiles as collections of
preference relations, where the set of voters that report a
preference relation is stated directly before the preference
relation. For instance, {1, 2,3} : a, b, c means that voters 1,
2, and 3 prefer a to b to c. To improve readability, we omit
curly brackets for singleton sets.

The main objects of study in this paper are social decision
schemes, which intuitively are voting rules that may use
chance to determine the winner of an election. To formalize
this, we define lotteries as probability distributions over the
alternatives, i.e., a lottery p is a function of the type A —
[0,1] such that ) __,p(z) = 1. Moreover, by A(A) we
denote the set of all lotteries over A. Then, a social decision
scheme (SDS) on a domain D € {£N  R¥} is a function that
maps every preference profile R € D to a lottery p € A(A).
We denote by f(R, x) the probability that the SDS f assigns
to alternative z in the profile R and extend this notion to sets
of alternatives X by defining f(R, X) = > .y f(R,z).

We will sometimes restrict our attention to even-chance
SDSs. These SDSs pick a set of alternatives and random-



ize uniformly over these alternatives. Formally, an SDS f is
even-chance if it chooses for every profile R a non-empty
set of alternatives X such that f(R,z) = ﬁ ifx € X and
f(R,z) = 0 otherwise. Even-chance lotteries are appealing
because of their simplicity and because non-uniform random-
ization may be difficult to implement in the real world. On
top of that, even-chance SDSs can naturally be interpreted as
set-valued voting rules, which have been studied before.

2.1 Strategyproofness

The central axiom for our analysis is strategyproofness which
demands that voters cannot benefit by lying about their true
preferences. To define this axiom for SDSs, we need to spec-
ify how voters compare lotteries over the alternatives. We
assume for this that voters have utility functions u; : A — R
and aim to maximize their expected utility. However, the ex-
act utility functions are not known as voters only reveal their
ordinal preferences over alternatives. We will thus quantify
over all utility functions u, that are consistent with the voter’s
preference relation —;, i.e., that satisfy that u;(z) > u;(y)
if and only if z 7; y for all z,y € A. A voter then prefers
lottery p to lottery ¢, denoted by p ~—; g, if p guarantees
him at least as much expected utility as g for every utility
function u; that is consistent with his preference relation, i.e.,
if E[u;(p)] > E[u;(q)] for all consistent utility functions u;.
Alternatively, this lottery extension can also be defined based
on stochastic dominance. To state this definition, we let the
upper contour set U(7Z;,x) = {y € A: y 77; x} of x denote
the set of alternatives that voter ¢ weakly prefers to z. It then
holds that p -; ¢ if and only if p(U(7;, z)) > ¢(U(Z:, x))
for all z € A (see, e.g., Sen 2011; Brandl et al. 2018).

Importantly, the voters’ preferences over lotteries, as de-
fined above, are incomplete, i.e., there are lotteries p and ¢
and a preference relation -; such that neither p =, ¢ nor
q i p. For example, for the preference relation a, b, ¢, the
lotteries p and ¢ defined by p(a) = p(b) = p(c) = 1/3 and
q(b) = 1 are incomparable as neither of them stochastically
dominates the other. Consequently, there are two ways to
define strategyproofness depending on how we handle incom-
parable lotteries. The approach suggested by Gibbard (1977)
counts a deviation to an incomparable lottery as a success-
ful manipulation and strategyproofness hence prohibits such
deviations. This results in strong strategyproofness, which re-
quires of an SDS f that f(R) z; f(R’) for all profiles R, R’
and voters i € N such that 27; = =" forall j € N\ {i}. By
contrast, we will not count the deviation to an incomparable
lottery as a successful manipulation. This leads to a weaker
form of strategyproofness: an SDS f is weakly strategyproof
if f(R) %: f(R) for all profiles R, R' and voters i € N
such that 7-; = 7, forall j € N\ {i}.

2.2 Further Axioms
We conclude this section by stating four standard axioms.

Anonymity. Anonymity is a basic fairness property that
states that the identities of the voters should not matter. For-
mally, an SDS f is anonymous if f(R) = f(w(R)) for all
permutations m : N — N and profiles R, where the profile
R’ = w(R) is given by ?;;(i) = 2=, for all voters i € N.
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Neutrality. Similar to anonymity, neutrality is a fairness
property that requires that alternatives are treated equally. In
more detail, an SDS f is neutral if f(7(R),7(z)) = f(R,x)
for all permutations 7 : A — A and profiles R. This time,
the profile R’ = 7(R) is defined by 7(x) =} 7(y) if and only
ifx =, yforallz,y € Aandi € N.

Ex post efficiency. Ex post efficiency postulates that alter-
natives should have no chance of being selected if there is
another alternative that makes at least one voter better off
without making any other voter worse off. To this end, we
say an alternative x Pareto-dominates another alternative y
in a profile R if x 7Z; y for all voters i € N and x >; y for
some 7 € N. Conversely, an alternative is Pareto-optimal in
a profile R if it is not Pareto-dominated by any other alterna-
tive. Finally, an SDS f is ex post efficient if f(R,x) = 0 for
all profiles R and Pareto-dominated alternative x.

Condorcet-consistency. Condorcet-consistency demands
that a Condorcet winner, an alternative that beats every other
alternative in a pairwise majority comparison, should be se-
lected with probability 1 whenever it exists. To formalize this,
we define the majority relation 7 5; of a profile Rby x s y
ifandonly if [{i € N: z =; y}| > |[{t € N: y =; «}| for
all z,y € A. Moreover, s denotes the strict part of 25, and
~ ) its indifferent part. Then, an alternative x is a Condorcet
winner in a profile R if x =7 y forally € A\ {z}, and an
SDS f is Condorcet-consistent if f(R,x) = 1 whenever x is
the Condorcet winner in R.

3 Results

We are now ready to state our results. We first present the-
orems that allow the design attractive weakly strategyproof
SDSs (Section 3.1), and then discuss the limitations of weakly
strategyproof SDSs (Sections 3.2 and 3.3). Due to space con-
straints, we defer most of the proofs to an extended version
of this paper (Brandt and Lederer 2024).

3.1 Possibility Theorems for Strict Preferences

In this section, we will show how to design weakly strate-
gyproof SDSs when voters have strict preferences. In more
detail, we will first present a large class of weakly strate-
gyproof SDSs (cf. Theorem 1) and then give two character-
izations of weakly strategyproof SDSs that only depend on
the voters’ favorite alternatives (cf. Theorem 2).

We first introduce the class of score-based SDSs and show
that all these SDSs are weakly strategyproof. For this, let
R¥Y* be the profile derived from another profile R by only
changing voter i’s preferences from z >=; ytoy >; " z.In
particular, this requires that there is no z € A with z >;
z =; y. Next, a function s : LV x A — Rso U {oo} is a
score function if it satisfies for all profiles R € LN, distinct
alternatives x,y, z € A, and voters ¢ € N that

* s(R,x) = oo implies s(R,y) # oo (at most one infinity),

* 5(R,z) = s(R*Y®, 2) (localizedness),

» s(R,y) < s(R“¥* y) (monotonicity), and

s s(R,y) = s(R"¥*,y) implies s(R,z) = s(R*¥*, x) un-
less s(R,y) = oo, or s(R,z) = oo and s(R,y) > 0
(balancedness).



We note that a score function can assign a score of infinity
to at most one alternative. We thus assume the usual arith-
metic rules for infinity: for all x € R, it holds that co > z,
00+ x = o0, % = 0, and % = 1. Finally, an SDS f on
LN is score-based if there is a score function s such that

> yeas(y) > 0and f(R,2) = % for all alter-
Yye 7

natives « € A and profiles R € L.

We will next discuss several examples of score-based SDSs
to illustrate this class and its versatility. To this end, we first
consider two classical score functions, namely the Copeland
score function s¢(R,z) = [{y € A\{z}: 2 =n y}| +
1{y € A\ {z}:  ~p y}| and the plurality score func-
tion sp(R,x) = |{i € N: Yy € A\ {z}: = >; y}|. Both of
these functions are indeed score functions according to our
definition and the corresponding SDSs are thus score-based.
Moreover, for every strictly monotonically increasing func-
tion g : R>g — Rx, it holds that s%,(R, z) = g(sc(R, x))
and s%(R,x) = g(sp(R,z)) are also score functions. For
example, this means that the SDSs defined by the functions
sk, and s%, which take the k-th power of s¢(R,z) and
sp(R,x), are score-based. Even SDSs that seem rather unre-
lated to score functions belong to our class. For instance, the
Condorcet rule (which chooses the Condorcet winner with
probability 1 whenever it exists and randomizes uniformly
over all alternatives otherwise) is the score-based SDS de-
fined by the score function s with s(R,z) = oo if z is the
Condorcet winner in R and s(R, x) = 1 otherwise. Similarly,

the function s]ZiCW, which assigns a score of infinity to the

Condorcet winner and otherwise coincides with skc, satisfies
all our conditions and is thus a score function.

We will now prove that all score-based SDSs are weakly
strategyproof.

Theorem 1. Every score-based SDS on LN satisfies weak
strategyproofness.

Proof sketch. Let f be a score-based SDS and let s be its
score function. Moreover, we consider two profiles R, R’ €
LN and avoter i € N such that 77; = = forall j € N'\ {i}
and f(R) # f(R’). To simplify this proof sketch, we addi-
tionally assume that 0 < s(R,z) < oo and s(R',z) < o0

for all x € A, and that 77; = x1, %2, ..., ZT,. Next, we de-
fine staml(]%) = D eca s(}?7 x) and consider three cases.
First, if stota1(R) < Stotar(R'), we use the monotonicity
and localizedness of s to show that s(R,x1) > s(R’,x1) by
transforming R to R’ with a swap sequence that never re-
inforces z1. Since Siotai(R) < Stotar(R'), it follows that

f(R,x) = ffif}% ssi(ui:i;ﬁ)) f(R',z1) and thus

FRY #i f(R). If sgotai(R) > Stotar(R'), we can use
a similar argument by showing that the score of voter ¢’s
least preferred alternative x,,, weakly increases when going
from R to R’'. Finally, if s;ota(R) = Stota(R'), we let
denote the alternative such that s(R,x¢) = s(R’',zy) for
all £ < h and s(R,xzp) # s(R',xp). Then, we prove that
s(R,xzp) > s(R', xp,), which shows that f (R, U(zZ;, xp)) >
f(R,U(zi,zp)) and thus f(R') %; f(R). Finally, slightly
more involved arguments extend this analysis to the case that
Stotal(R) = ooor Stotal(R/) = 0. O
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Theorem 1 has a number of important consequences.
Firstly, this result implies that the score-based SDSs defined
by s% and skc are weakly strategyproof. Since all these rules
fail strong strategyproofness when k # 1, this demonstrates
that the space of weakly strategyproof SDSs is significantly
richer than the one of strongly strategyproof SDSs. Secondly,
we note that the score-based SDSs defined by s% and s, ap-
proximate the Plurality rule and Copeland rule (which simply
choose the alternatives with maximal Plurality and Copeland
score, respectively) arbitrarily closely by increasing the expo-
nent k. This stands in sharp contrast to a result by Procaccia
(2010) who has shown that strongly strategyproof SDSs are
poor approximations of common deterministic voting rules.
Thirdly, Theorem I implies that there are interesting weakly
strategyproof SDSs that are ex post efficient or Condorcet-
consistent. For instance, all score-based SDSs defined by
a score-function s%(R,z) = g(sp(R,z)) are ex post effi-
cient when g satisfies that g(0) = 0 and g(z) > g(y) for all
x,y € Ny with x > y, and the Condorcet rule as well as the

score-based SDS defined by skdcw are Condorcet-consistent.
This stands again in contrast to results for strong strate-
gyproofness because Brandt, Lederer, and Romen (2024)
have shown that all strongly strategyproof SDSs can put at
most probability 2/m on Condorcet winners, and that all
strongly strategyproof SDSs that assign at most a probabil-
ity of less than 1/m to Pareto-dominated alternatives have a
random dictatorship component.

A natural follow-up question for Theorem 1 is whether the
class of score-based SDSs is equivalent to the set of weakly
strategyproof SDSs. This is not the case since the omninomi-
nation rule f O which randomizes uniformly over the set of
top-ranked alternatives OMNI(R)={x € A: sp(R,z) > 0},
is weakly strategyproof but not score-based. In particular,
every score function that induces this SDS fails balancedness
or localizedness, so it cannot be score-based.

To give some characterizations for weakly strategyproof
SDSs, we will next focus on the class of tops-only SDSs,
which only depend on the voters’ favorite alternatives. More
formally, let T;(R) = {v € A: x ZZ; yforally € A} de-
note the set of voter 7’s favorite alternatives and note that
|T;(R)| = 1if R is strict. Then, an SDS f is tops-only if
f(R) = f(R') for all preference profiles R and R’ such that
T;(R) = T;(R') for all i € N. We will now provide two
characterizations of weak strategyproofness for tops-only
SDSs on £V: firstly, we will show that, for tops-only SDSs,
weak strategyproofness is equivalent to a monotonicity prop-
erty. Furthermore, we will characterize the class of weakly
strategyproof SDSs that are tops-only, even-chance, anony-
mous, and neutral as parameterized omninomination rules.
These SDSs are defined by two parameters ¢; > 5 and 0

and coincide with f© except for two special cases: (i) if a
single alternative is top-ranked by at least #; voters, then
this alternative is assigned probability 1, and (i) if no such
alternative exists and more that 6, alternatives are top-ranked
in total, then we randomize uniformly over all alternatives.
More formally, an SDS f is a parameterized omninomination
rule if there are two parameters 6; € {[*],... ., n+ 1}
and 65 € {0,...,m — 1} such that



* f(R,z) = 1 for all profiles R and alternatives z € A
such that sp (R, x) > 04,

s f(R) fO(R) for all profiles R such that
maxzea sp(R,x) < 01 and |OMNI(R)| < 05,

* f(R,z) = L for all profiles R and alternatives = € A
such that max,e4 sp(R,x) < 01 and |OMNI(R)| > 0.

Theorem 2. Let f denote a tops-only SDS on LN .

1) fis weakly strategyproof if and only if f(R) = f(R’) or
f(R, T;(R)) > f(R',T;(R)) for all profiles R, R’ € LN
and voters i € N such that 7Z; = ) forall j € N\ {i}.

2) f is weakly strategyproof, even-chance, anonymous, and
neutral if and only if it is a parameterized omninomination
rule.

Proof. We will only prove the first claim here and defer the
proof of the second part of the theorem to the full version.
Thus, let f denote a tops-only SDS. We first show the direc-
tion from right to left and hence suppose that f satisfies the
given condition. Now, let R and R’ denote two preference
profiles and i a voter such that Z; = 2’ forall j € N \ {i}.
Moreover, let x denote voter i’s favorlte alternatlve in Randy
his favorite alternative in R'. If f(R) = f(R’), voter i clearly
cannot manipulate by deviating from R to R’. Hence, we sup-
pose that f(R) # f(R’), which requires that z # y due to
tops-onlyness. In turn, the condition of our theorem implies
that f(R',z) < f(R,z)if f(R) # f(R') and x # y. This
implies that f(R') #; f(R), so f is weakly strategyproof.

Next, we will show that f fails weak strategyproofness
if it fails the condition in the theorem. To this end, assume
there are profiles R and R/, a voter ¢, and an alternative x
such that zZ; = ) forall j € N\ {i}, Ti(R) = {=z},
f(R) # f(R),and f(R,x) < f(R',x). We define Z+ =
{z € A\{z}: f(R',2) > f(R,z)}and Z— = {z € A\
{z}: f(R',z) < f(R,z)} and observe that Z~ # () since
f(R) # f(R'). Moreover, we consider the profile R* derived
from R by a551gn1ng voter ¢ a strict preference relation 7=}
withz =% 2t =F 2z~ forall 2t € Z* and 2~ € Z~ By
tops-onlyness, f (R) = f(R*). On the other hand, it holds
by construction that f(R’) # f(R*) and f(R' Uzt y) >
F(R*U(zr,y)) forally € A, so f(R') =F f(R") andf
fails weak strategyproofness.

Remark 1. The second claim of Theorem 2 can be used
to characterize the SDS that assigns probability 1 to an al-
ternative if it is top-ranked by a strict majority of voters and
randomizes uniformly over OMNI(R) if no such alterna-
tive exists: among all SDSs that are tops-only, even-chance,
weakly strategyproof, anonymous, and neutral, it is the one
that uses the least amount of randomization.

Remark 2. Every strongly strategyproof SDS is score-
based. This follows from a result by Gibbard (1977), which
states that an SDS is strongly strategyproof if and only if
the SDS itself is localized and monotonic. In our termi-
nology, this means that an SDS is strongly strategyproof
if and only if it is defined by score function s : £V x
A — R>q that satisfies monotonicity, localizedness, and
that s(R,z) — s(R%¥®,z2) = s(R*¥* y) — s(R,y) for all
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x,y € Aand R € LY. By replacing the last constraint by
balancedness (and even allowing at most one alternative with
s(R, x) = 00), we derive significantly more flexibility in the
design of weakly strategyproof SDSs.

3.2 Impossibility Theorems for Strict Preferences

We will now turn to the limitations of weakly strategyproof
SDSs for the case that voters report strict preferences. To
this end, we observe that, while our results in Section 3.1
allow to construct weakly strategyproof SDSs that are arbi-
trarily close to simultaneously satisfying ex post efficiency
and Condorcet -consistency (e.g., the score-based rule defined
by s % for very large k), we were not able to construct a
weakly strategyproof SDS that satisfies both axioms at the
same time. As it turns out, constructing such an SDS may
be impossible. In more detail, we subsequently prove that
no even-chance SDS (cf. Theorem 3) and no neutral and
pairwise SDSs (cf. Theorem 4) simultaneously satisfies weak
strategyproofness, Condorcet-consistency, and ex post effi-
ciency. This shows that the most common approaches for
designing Condorcet-consistent SDSs do not allow to simul-
taneously satisfy weak strategyproofness, ex post efficiency,
and Condorcet-consistency.
Let us first consider even-chance SDSs.

Theorem 3. Assume that m > 5 and n > 5 is odd. No
even-chance SDS on LV satisfies weak strategyproofness,
Condorcet-consistency, and ex post efficiency.

Proof Sketch. For the proof of this result, we first show two
auxiliary claims: assuming that the number of voters n is odd,
we prove (i) that every weakly strategyproof and Condorcet-
consistent even-chance SDS assigns probability 1 to an al-
ternative x if and only if x is the Condorcet winner, and (i)
that such SDSs can never randomize over exactly two alterna-
tives. We then consider the following two preference profiles;
additional alternatives are bottom-ranked by all voters.

R': 1:b,e,d,c,a 2:a,b,c,e,d 3:e,d,c,a,b
{4,...,”7”}:b,c,a,e,d {%%,...,n}:e,d,a,b,c
RY: 1:be,d,c,a 2:a,b,c,e,d 3:d,a,e,b,c
{4,...,’%3}:6,c,a,e,d {%%,...,n}:e,d,a,b,c

For these profiles, we show based on our auxiliary claims
that every even-chance SDS that is weakly strategyproof,
Condorcet-consistent, and ex post efficient uniformly ran-
domizes over {a, b, ¢, e} for R' and over {a,b,d, e} for R'.
This means that voter 3 can manipulate by deviating from R*
to kY, contradicting weak strategyproofness. O

Let us now turn to pairwise and neutral SDSs. An SDS
is pairwise if f(R) = f(R’) for all profiles R, R’ such that
Hie N:xz > y}|—|{t e N:y>= a} =|{i €
N:z >l y}|—{i € N :y >, a}| forall z,y € A. In
other words, an SDS is pairwise if it only depends on the
weighted majority relation. There are many important pair-
wise SDSs (see, e.g., Brandt et al. 2016, Chapter 3 and 4)
and most Condorcet-consistent voting rules are pairwise.
Hence, showing that all pairwise, neutral, and weakly strate-
gyproof SDSs fail ex post efficiency can be seen as evidence



that no SDS simultaneously satisfies weak strategyproofness,
Condorcet-consistency, and ex post efficiency. We need to
slightly extend the domain of SDSs for the following result:
L* = NN is finite and non-empty LN contains all strict prefer-
ence profiles for every finite and non-empty electorate. This
is required because pairwiseness establishes relationships
between profiles with different numbers of voters.

Theorem 4. Assume that m > 5. No pairwise, neutral, and
weakly strategyproof SDS on L* satisfies ex post efficiency.

Proof Sketch. For this proof sketch, we focus on the case
that there are m = 5 alternatives. Moreover, we will only
consider profiles with n = 3 voters; this suffices as we work
in £*. Nevertheless, the impossibility theorem can be ex-
tended to all odd values n > 3 by adding voters with inverse
preferences as pairwiseness requires that the outcome does
not change when adding such voters. Now, assume for con-
tradiction that there is an SDS f that satisfies all axioms of
our theorem. First, we show that f is invariant under weak-
ening alternatives that obtain probability 0, i.e., if R’ arises
from a profile R by only weakening an alternative x with
f(R,x) = 0, then f(R) = f(R'). Next, we focus on the
profiles R and R’.

R: l:a,b,e,cd 2:b,c,e,a,d 3:e,c,a,b,d
R l:a,b,e,c,d 2:b,c,a,e,d 3:e,c,a,b,d
In particular, we show that f(R,a) = f(R,b) =
f(R.e) = 5 and f(R',a) = f(R,b) = f(R',c) = 3

by analyzing several auxiliary profiles. However, this means
that voter 2 can manipulate by deviating from R to R’ as
f(R) =2 f(R), so f fails weak strategyproofness. O

Remark 3. All axioms except of the even-chance condi-
tion are required for Theorem 3: the omninomination rule
fO satisfies ex post efficiency and weak strategyproofness,
the Condorcet rule satisfies Condorcet-consistency and weak
strategyproofness, and uniformly randomizing over known
majoritarian choice sets such as the uncovered set satisfies
ex post efficiency and Condorcet-consistency. Moreover, the
bounds on n and m are tight: if n < 4, the SDS that chooses
the Condorcet winner with probability 1 if there is one and
otherwise randomizes uniformly over the top-ranked alter-
natives satisfies all given axioms; if m < 4, the SDS that
chooses the Condorcet winner with probability 1 if there is
one, randomizes uniformly over the top-ranked alternative
if there are two that are first-ranked by exactly half of the
voters, and otherwise randomizes uniformly over the set of ex
post efficient alternatives meets all conditions of Theorem 3.
Finally, we conjecture that the even-chance assumption is not
required for the impossibility.

Remark 4. Just like numerous other results on Condorcet-
consistency (e.g., Botan and Endriss 2021; Brandt, Lederer,
and Suksompong 2023), we cannot prove Theorem 3 for even
n. However, we show in the full version that there is no even-
chance SDS that satisfies weak strategyproofness, ex post
efficiency, and strong Condorcet-consistency. The last con-
dition requires that an alternative is chosen with probability
1 if and only if it is the Condorcet winner, and it is typically
satisfied by all strategyproof, Condorcet-consistent SDSs.

13672

Remark 5. The main result of Brandt and Lederer (2023)
implies that, under mild additional assumptions, no pairwise
set-valued voting rule satisfies Condorcet-consistency, ex post
efficiency, and a strategyproofness notion called Fishburn-
strategyproofness. When interpreting even-chance SDSs as
set-valued voting rules, Theorem 3 extends this observation
to all set-valued voting rules at the expense of using a slightly
stronger notion of strategyproofness.

3.3 Impossibility Theorems for Weak Preferences

In this section, we prove two impossibility theorems for
weakly strategyproof SDSs on R firstly, we present a sim-
plified proof of the main result of Brandl et al. (2018) (cf.
Theorem 5) in the full version; secondly, we prove an even
more severe impossibility for even-chance SDSs (cf. Theo-
rem 6). These results show that there are no attractive weakly
strategyproof SDSs when voters have weak preferences.

We start by revisiting the impossibility theorem by Brandl
etal. (2018). It shows that no anonymous, neutral, and weakly
strategyproof SDS is ex ante efficient. The last condition, also
known as SD-efficiency, is a strengthening of ex post effi-
ciency focusing on lotteries rather than individual alternatives.
In more detail, a lottery p ex ante dominates a lottery g in
a profile Rif p =—; g forall i € N and p >; ¢ for some
1 € N. Conversely, a lottery is ex ante efficient if it is not
ex ante dominated by any lottery, and an SDS f is ex ante
efficient if f(R) is ex ante efficient for every profile R. Ex
ante efficiency ensures that there is no lottery that weakly
increases the expected utility of all voters and strictly for at
least one voter. Hence, the impossibility theorem by Brandl
et al. (2018) shows that no weakly strategyproof SDS on RY
satisfies mild efficiency constraints.

Theorem 5 (Brandl et al. (2018)). Assume n > 4 and m > 4.
No anonymous and neutral SDS on RY satisfies ex ante
efficiency and weak strategyproofness.

Brandl et al. (2018) have shown this result by a computer-
generated proof, which reasons over 47 (canonical) prefer-
ence profiles. As it is very difficult for humans to verify the
correctness of this 14-page proof, Brandl et al. had the proof
checked by the interactive theorem prover Isabelle/HOL. By
contrast, we give a rather simple proof of this result in the full
version (Brandt and Lederer 2024), which argues over only
13 profiles (10 canonical profiles) and takes less than two
pages. Its correctness can easily be verified by the avid reader.

Theorem 5 crucially relies on ex ante efficiency. Indeed, if
ex ante efficiency is replaced with ex post efficiency, random
serial dictatorship satisfies all the axioms (Aziz et al. 2018).
This SDS randomly chooses an order over the voters and
each voter in the sequence then acts as dictator, breaking the
ties left by the previous dictators. This leads to the question
whether there are also reasonable even-chance SDSs on RY
that satisfy weak strategyproofness and ex post efficiency.
Unfortunately, it turns out that this is not the case: every such
SDS can only randomize over the top-ranked alternatives of at
most two voters. To make this formal, we say an SDS f is dic-
tatorial if there is a voter ¢ € N such that f(R,T;(R)) =1
for all profiles R, and bidictatorial if there are two distinct
voters ¢, j € N such that f(R,T;(R) UT;(R)) = 1 for all



Strict preferences

Weak preferences

ex post efficiency @ Various tops-only SDSs (Thm 1,2) @ Random serial dictatorship (Aziz et al. 2018)
© No pairwise SDS* (Thm 4) © No ex ante efficient SDSs* (Brandl et al. 2018)
© Only (bi)dictatorial even-chance SDSs (Thm 6)
Condorcet-consistency @ Variants of Copeland’s rule (Thm 1) & No SDS (Brandt 2015)
ex post efficiency and @ Approximately ex post efficient and © No SDS (Brandt 2015)
Condorcet-consistency Condorcet-consistent SDSs (Thm 1)
© No even-chance SDS (Thm 3)

Table 1: Summary of our results. Each cell states which weakly strategyproof SDSs satisfy which axioms for strict preferences
(left column) and weak preferences (right column). Results marked by a @& symbol are possibility theorems, whereas the &
symbol indicates impossibility theorems. Results with an asterisk (*) additionally need anonymity and/or neutrality.

profiles R. Clearly, dictatorial and bidictatorial SDSs are
undesirable as at most two voters can influence which alter-
natives are returned with positive probability.

Theorem 6. Assume m > 3 and n > 3. Every ex post
efficient and weakly strategyproof even-chance SDS on RN
is dictatorial or bidictatorial.

Proof Sketch. Let f denote an even-chance SDS that is ex
post efficient and weakly strategyproof. The proof of this
theorem is focusing on the decisive groups and weak dictators
of f. To this end, we say that a voter ¢ is a weak dictator for
fif f(R,T;(R)) > 0 for all profiles R and a group of voters
G C N is decisive for f if f(R,T;(R)) = 1 for all voters
¢ € G and profiles R such that all voters in G report the same
preference relation in R. First, a result of Brandt, Bullinger,
and Lederer (2022) implies that if a voter ¢ is not a weak
dictator for f, then N \ {i} is decisive for f. We next show
that there are at least one and at most two weak dictators i, j
for f, so we get for every voter h ¢ {4, ;} that N \ {h} is
decisive. The last insight for our proof is a contraction lemma
stating that if there are two decisive groups G and G’ for f
such that |G| = |G| and |GNG'| = |G| — 1, then GN G’ is
also decisive for f. By applying this to our decisive groups,
we infer that the set of weak dictators is decisive. Based on
this observation, we finally show that f is (bi)dictatorial. [

Remark 6. All axioms are required for Theorem 6. Every
constant even-chance SDS only fails ex post efficiency, the
SDS that randomizes uniformly over the Pareto-optimal al-
ternatives is ex post efficient and not (bi)dictatorial. Finally,
random serial dictatorship satisfies all axioms but it is not
even-chance nor (bi)dictatorial.

Remark 7. Theorem 6 has interesting connections to
known results. Firstly, based on much stronger strategyproof-
ness notions, Feldman (1980) and Barbera, Dutta, and Sen
(2001) show that all strategyproof and ex post efficient even-
chance SDSs are dictatorial or bidictatorial when the voters’
preferences are strict. For instance, Feldman (1980) uses
strong strategyproofness and his result is thus a corollary of
the theorem by Gibbard (1977). Theorem 6 demonstrates
that a much weaker strategyproofness notion still allows to
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deduce the same result when allowing for weak preferences.
Secondly, Theorem 6 is related to a result by Brandt, Saile,
and Stricker (2022) who show that no set-valued voting rule
on RY satisfies anonymity, ex post efficiency, and a strat-
egyproofness notion due to Fishburn (1972). When inter-
preting even-chance SDSs as set-valued voting rules, weak
strategyproofness is only slightly stronger than Fishburn-
strategyproofness, but it yields the much more restrictive
conclusion of (bi)dictatorial rules. Moreover, Theorem 6 is
stronger than Corollary 2 of Brandt, Saile, and Stricker.

4 Conclusion

In this paper, we study randomized voting rules, so-called
social decision schemes (SDSs), with respect to weak strat-
egyproofness. This strategyproofness notion only deems a
manipulation successful if it increases the voter’s expected
utility for all utility functions consistent with his ordinal pref-
erences. We show that weak strategyproofness allows for
some positive results. For example, in contrast to results on
strong strategyproofness (Brandt, Lederer, and Romen 2024),
there are Condorcet-consistent weakly strategyproof SDSs
that are approximately ex post efficient. We also explore the
limitations of weak strategyproofness and show, e.g., that
no even-chance SDS simultaneously satisfies weak strate-
gyproofness, Condorcet-consistency, and ex post efficiency
when preferences are strict. Moreover, we prove much more
severe impossibility theorems for weak preferences, high-
lighting a sharp contrast between strict and weak preferences.
We refer to Table 1 for a complete overview of our results.
Our work points to a number of interesting and challenging
open questions: firstly, based on our results in Section 3.2, we
conjecture that no weakly strategyproof SDS satisfies both
Condorcet-consistency and ex post efficiency. If this conjec-
ture was true, this result would effectively unify several re-
sults analyzing the existence of strategyproof and Condorcet-
consistent SDSs (e.g., Lederer 2021; Brandt, Lederer, and
Suksompong 2023; Brandt and Lederer 2023). Secondly, our
negative results for the case of weak preferences lead to the
question of whether all weakly strategyproof and ex post
efficient SDSs on the domain of weak preferences only ran-
domize over the top-ranked alternatives of the voters.
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