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Abstract

Traditional multi-agent path finding (MAPF) methods try to
compute entire collision free start-goal paths, with several al-
gorithms offering completeness guarantees. However, com-
puting partial paths offers significant advantages including

faster planning, adaptability to changes, and enabling decen-
tralized planning. Methods that compute partial paths em-
ploy a “windowed” approach and only try to find collision
free paths for a limited timestep horizon. While this improves

flexibility, this adaptation introduces incompleteness; all ex-
isting windowed approaches can become stuck in deadlock
or livelock. Our main contribution is to introduce our frame-
work, WinC-MAPEF, for Windowed MAPF that enables com-
pleteness. Our framework leverages heuristic update insights
from single-agent real-time heuristic search algorithms and
agent independence ideas from MAPF algorithms. We also
develop Single-Step Conflict Based Search (SS-CBS), an in-
stantiation of this framework using a novel modification to
CBS. We show how SS-CBS, which only plans a single step
and updates heuristics, can effectively solve tough scenarios
where existing windowed approaches fail.

Extended version — https://arxiv.org/abs/2410.01798

1 Introduction

A core problem for multi-agent systems is to figure out how
agents should move from their current locations to their goal
locations. Without careful consideration, agents can collide,
get stuck in deadlock, or take inefficient paths which take
longer to traverse. This Multi-Agent Path Finding (MAPF)
problem is particularly tough in congestion or when the
number of agents becomes very large (e.g. 100s).

Full horizon MAPF methods attempt to find entire paths
for each agent from their start to their goal. Many such
MAPF methods additionally have theoretical completeness
guarantees, i.e., they will find a solution if one exists given
enough time and compute. However, planning partial paths
has multiple advantages including decreasing planning time,
adaptability to changes, and enabling decentralized plan-
ning. This is particularly useful in scenarios where planning
a full horizon path may be tough (e.g. too many collisions to
resolve) and planning a partial path is more feasible.

Therefore existing windowed methods define a time win-
dow W and plan paths for each agent to the goal such that
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Table 1: Success rates of different optimal approaches: win-
dowed CBS (wCBS) and full horizon CBS with all optimiza-
tions enabled (CBS+). Horizon denotes window size. We
test on small congested scenarios (number of agents written
below each map) across 20 seeds and a 1 minute timeout.
wCBS and CBS+ fail due to deadlock or timeout while SS-
CBS, with a single-step planning horizon, is able to solve
these scenarios using our WinC-MAPF framework which
maintains completeness guarantees.

the first W timesteps account for inter-agent coordination
and avoids collisions. This window W is typically much
shorter than the entire solution path, e.g. W = 5 is common
when the entire solution path spans 50 to 500 timesteps. As a
result, windowed methods are significantly faster than those
that compute the entire path.

A key issue with windowed approaches is that their my-
opic planning results in deadlock or livelock. Table 1 shows
examples where windowed MAPF solvers fail in congestion
if their window is too small. More broadly, all existing win-
dowed MAPF solvers regardless of window size lack theo-
retical completeness, and several windowed works have ex-
plicitly cited deadlock as a key issue in their experiments
(Silver 2005; Li et al. 2020; Okumura et al. 2022; Jiang
et al. 2024). Interestingly, no previous work has addressed
completeness in windowed MAPF solvers.

Our first main contribution is the introduction of the
Windowed Complete MAPF framework, WinC-MAPEF, de-
signed to create Windowed MAPF solvers that guarantee
completeness. WinC-MAPF is a general framework that
leverages concepts from single-agent real-time heuristic
search and the semi-independent structure of MAPF. First,
we view Windowed MAPF in its joint configuration and
show how we can apply real-time heuristic updates on the
joint configuration to enable completeness. However, due



to the large joint configuration space in a MAPF problem,
naively applying heuristic updates is impractical. Thus, sec-
ond, we leverage the semi-independent structure of MAPF
problems to focus heuristic updates on disjoint agent groups
simultaneously, resulting in efficient performance. An im-
portant module in the WinC-MAPF framework is an Action
Generator (AG) that computes the next set of actions the
agents need to execute. To guarantee completeness, the AG
must (1) find the optimal windowed action that incorporates
heuristic updates, and (2) identify disjoint agent groups. Our
framework and proof encourage future research on the de-
velopment of windowed AGs that satisfy these properties.

As a starting point, our second main contribution is devel-
oping Single-Step Conflict-Based Search (SS-CBS), a CBS-
based AG that follows the WinC-MAPF framework and
plans only for a single timestep (W = 1). Conflict-Based
Search (Sharon et al. 2015) can be easily modified to be
windowed by only considering conflicts within the window,
but we show how naively integrating heuristic updates can
fail. Thus, SS-CBS introduces a novel ‘“heuristic conflict”
and constraint to address this issue. We empirically demon-
strate how SS-CBS, with single step planning, outperforms
windowed CBS with larger windows across both small and
large instances.

2 Related Work
2.1 Problem Formulation

Multi-Agent Path Finding (MAPF) is the problem of finding
collision-free paths for a group of N agents ¢ =1,..., N,
that takes each agent from its start location s} to its goal

location sgoa' In traditional 2D MAPEF, the environment is
dlscretlzed into grid cells, and time is broken down into dis-
crete timesteps. Agents are allowed to move in any cardi-
nal direction or wait in the same cell. A valid solution is a
set of agent paths IT = {my, ..., 7y } where m;[0] = s§to",
mi|[T;] = sf °al where T is the maximum timestep of the path
for agent 7. Critically, agents must avoid vertex collisions
(when 7;[t] = m;%,[t]) and edge collisions (when m;[t] =
7i[t + 1] A m;[t + 1] = m;[t]) for all timestep ¢. The typical
objective in optimal MAPF is to find a solution II that min-

imizes (I = Y7, m| = 37, 0k st 57 ). This
work solves standard MAPF which has c¢(st, s:*') = 1 un-
less the agent is resting at its goal (where ¢(s5, $2*') = 0).

Windowed MAPF Instead of resolving all collisions at
once, windowed planners iteratively plan a smaller collision-
free path and execute, in essence breaking the problem into
smaller more feasible chunks. For example, a recent MAPF
competition, League of Robot Runners (Chan et al. 2024),
required planning for hundreds of agents within 1 second
and thus utilized windowed planning interleaved with exe-
cution.

Windowed MAPF methods plan partial paths that only
reason about collisions for timesteps ¢ < W where W
is a hyper-parameter window size. Thus after the first W
timesteps, the remaining path 7;[W]...m;[T;] is the agent’s
optimal path to the goal (in the absence of other agents)
as it does not need to avoid collisions with other agents.

Mathematically then, the cost of 7; is thal cst, sty +
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c* (8], s7°") where ¢*(s;", s7°"") is the optimal cost to the
goal. We note that all performant 2D MAPF methods com-
pute a backward dijkstra’s for each agent where h(s)
goal) Thus instead of fully planning 70°7%, we can

0w and min-
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w

c*(s, s
equivalently plan just the Wlndowed horizon 7;

imize |T1| = Ez 1(Zt 0 C( gv ;HI) + hi(s;
2.2 MAPF Methods

There exist many different types of heuristic search solvers
for MAPF. One old approach is Prioritized Planning (Erd-
mann and Lozano-Perez 1987) which assigns priorities to
agents and plans them sequentially with later agents avoid-
ing earlier agents. PIBT (Okumura et al. 2022) is a recent
popular method that allows agents to “inherit” other agents’
priorities. Conflict Based Search (Sharon et al. 2015) is
another popular method that decoupled the planning prob-
lem into two stages. A high-level search resolves collisions
between agents by applying constraints while a low-level
search finds paths for individual agents that satisfy con-
straints. There are many extensions to CBS that improve the
searches as well as the applied constraints (Barer et al. 2014;
Li, Ruml, and Koenig 2021; Li et al. 2021b).

When faced with shorter planning times, methods typ-
ically simplify the planning problem to just find partial
collision-free paths. Windowed Hierarchical Cooperative
A* (Silver 2005) is a windowed variant of Hierarchical Co-
operative A* which is essentially a prioritized planner using
a backward Dijkstra’s heuristic. Silver notes that this is not
complete due to their use of priorities. Rolling Horizon Con-
flict Resolution (RHCR) applies a rolling horizon for life-
long MAPF planning and replans paths at repeated intervals
(Li et al. 2020). RHCR faces deadlock and attempts to com-
bat it by increasing the planning window but still notes that
their method is incomplete. Bounded Multi-Agent A* (Sig-
urdson et al. 2018) proposes that each agent runs its own
limited horizon real-time planner considering other agents
as dynamic obstacles. However, the method acknowledges
that deadlock occurs when agents need to coordinate with
one another.

Planning and Improving while Executing (Zhang et al.
2024) is a recent work that attempts to quickly generate an
initial full plan using LaCAM (Okumura 2022) and then re-
fines it during execution using LNS2 (Li et al. 2022). How-
ever, if a complete plan cannot be found, the method resorts
to using the best partial path available, making it incom-
plete in such situations. The winning submission (Jiang et al.
2024) to the Robot Runners competition, due to the tight
planning time constraint, leveraged windowed planning of
PIBT with LNS (Li et al. 2021a). They explicitly note dead-
lock in congestion is a significant challenge.

To the best of our knowledge, there does not exist any
windowed MAPF solver with completeness guarantees.

2.3 Real-Time Single Agent Search

We leverage ideas from “Real-Time” Search, a single-agent
heuristic search problem where, due to limited time con-
straints, the agent is required to iteratively plan and exe-
cute partial paths. Despite repeatedly planning partial paths,
Real-Time Search methods are demgned to maintain com-
pleteness. The main innovation in single-agent real-time



search literature is that the agent updates (increases) the
heuristic value of encountered states. This prevents dead-
lock/livelock as states that are repeatedly visited have larger
and larger heuristic values which encourages the search to
explore other areas. A large variety of real-time algorithms
such as LRTA* (Korf 1990), RTAA* (Koenig and Likhachev
2006), and LSS-LRTA* (Koenig and Sun 2009) propose to
update the heuristic in different ways.

Section A.1 contains a formal proof of how completeness
guarantees hold in Real-Time Search. The core idea is that
given a current state s, cost function ¢, and a partial path
leading to a new state s", we update the heuristic value via
a standard bellman update equation h(s) + U(s,s")
max(h(s), c(s,s") + h(s")). Now if an agent does not
reach the goal, it must be stuck in deadlock/livelock and
repeatedly visiting some states s € Sgtyucr. Under certain
(achievable) conditions, updating the heuristic can be shown
to repeatedly increase h(s) for s € Sgpyer (Korf 1990). At
some %)mt then, if the agent 1s opt1mal M}/f planning to the
state "V that minimizes c(s, s" , it will eventu-
ally pick an sV ¢ Sstuck- Thus most smgle-agent Real-
Time Search algorithms require an optimal planner to main-
tain completeness.

We note that in the above proof sketch, the planning win-
dow W does not matter, nor does how many steps in the
partial plan the agent chooses to move (e.g. committing to
only one step or executing all W steps). Completeness holds
regardless if W/ > 1 and the agent moves at least one step.

3 Windowed-MAPF with Guarantees

This section describes our Windowed Complete MAPF
framework, WinC-MAPF, for creating windowed MAPF
solvers that guarantee completeness. We leverage two key
insights. Our first insight is that we can apply single-agent
real-time update ideas to MAPF planning if we interpret the
MAPF problem as a single-agent problem in the combined
joint state space. This allows us to update the heuristics of
previously seen states enabling completeness. However, just
doing this is ineffective due to the large state space. To this
extent, our second insight is that we can leverage MAPF’s
agent semi-independence to intelligently update the heuris-
tic value of multiple states, allowing the search to fill in
heuristic depressions quickly and exit local minima faster.

3.1 Planning in Joint Configuration Space

We can leverage single-agent Real-Time Search literature
(Section 2.3) if we view our multi-agent problem in the joint
configuration space of all agents.

Here is a quick conceptual but mathematically imprecise
summary: We view the IV agents in their joint configuration
C. At every timestep, we query the action generator to return
a valid sequence of actions that leads to a configuration C’
which minimizes ¢(C,C’) + h(C’). We move the agent along
the path as well as update the heuristic of C via h(C) +
¢(C,C")+h(C"). We can then prove completeness by directly
applying single agent real-time search literature.

We now formally define the above. Given N agents, we
define the configuration C* = [st, ...s%;]. At every planning
iteration, we query a high-level “action generator” to return a
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sequence of configurations IV = [C°,...,C W} which min-

imizes |TT| = [TIOW| 4 [TTW:Tmaz | = Zt Yo e(et ety +
hsp(CY). We define the joint cost and heuristic intuitively,
¢(C,C') = XL, e(si,}) and hpp(C) = 3,1, hi(si) (BD
= Backward Dijkstra).

Heuristic Penalties Now given the transition (partial
path) C — C" from the AG, we update

h(€) « U(C,C") = max(h(C),c(C,C") +h(C™)) (1)

h(C) is initially set to hpp(C) and gradually increases
as agents visit configurations. We use the term “heuristic
penalty” (HP) configuration for visited configurations whose
heuristic increased via the update equation to denote how the
updated heuristic “penalizes” those configurations and en-
courages the search to explore others. An HP configuration
C has a nonzero increase from the base heuristic value, i.e.
h(C) = hpp(C) + hy(C) where the penalty h,(C) > 0.

Action Generator Given h(C) which includes states with
HPs and without, we want an optimal action generator AG
that finds argminew ¢(C,C") + h(CY). If so, we get
the same completeness guarantees by directly reusing the
single-agent proof. We again note that completeness holds
for any W > 1 and regardless of how many steps along the
partial path the agents execute before replanning.

3.2 Disjoint Agent Groups

The framework we have described so far suffers from an
obvious issue; the number of configurations C grows expo-
nentially with the number of agents. Consequently, escap-
ing local minima, which in our context are agents stuck in
deadlock/livelock, can require updating the heuristic of an
impractical number of states.

Our key idea is therefore to compute and apply heuristic
penalties to specific groups of agents instead of on the entire
configuration. This significantly speeds up performance as it
allows the search to focus on specific “stuck” agents instead
of on all agents. Thus given a configuration transition C —
C", we decompose all the agents into disjoint agent groups
such that agents between different groups are not interacting
with each other. For example, in Figure 1, we would like to
determine that the blue and green agents are blocking each
other but that the orange agents are not.

Definition 1 (Disjoint Agent Groups). Given a configura-
tion transition C — CW, and set of disjoint agent groups
{Gr'}, we have the property that for each agent R’ with
transition s; — s;/V in disjoint agent group Gr*, there can-

not exist another agent in a different group Gr* that blocked
R from picking a better path.

Conceptually, this means that each group’s decision to
make Cgpi — ng, , 1s independent of agents in other groups.
Instead of computing disjoint groups where agents are not
interacting, it is easier to determine coupled agent groups
where they could be interacting.

Definition 2 (Coupled Agents). Given a configuration tran-
sition C — CW, an agent R; is coupled with R; if R; pre-
vents R; from choosing a better path or vice-versa.

Note that coupled agents must be in the same disjoint
agent group Gr. Importantly, disjoint agent groups do not
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Figure 1: The iterative planning, execution, and grouped heuristic updates/penalties for WinC-MAPF.

need to solely consistent of coupled agents, i.e. it is okay
for extra non-coupled agents (e.g. agents independent of all
others) to be in disjoint groups.

From an abstract perspective, we can compute this by it-
erating through each agent R; which is not on its optimal
single-agent path and storing the ids of the other agents
which prevented it from picking a better path (there must ex-
ist at least one other agent I; otherwise I; could have gone
on its optimal path). This builds a dependency graph where
agents that share an edge I?; — R; denote I?; blocked by
R;. We can then find all the disjoint connect components
in this dependency graph (e.g. via a DFS) where each dis-
joint connected component depicts a group of agents Gr*
that are blocking each other and are independent from other
groups. Instead of updating h(C) « U(C,CV), we do
h(Cqri) + U(CGN,CCV’YN) for each group of agents Gr* at
configuration Cg,i.

Our objective is, given C,C", to detect these groups of
agents and apply heuristic penalties to just the group of
agents rather than the entire configuration. One crucial ob-
servation is that it can be non-trivial to determine which
agents are coupled once the AG returns the next state.
Agents could be next to each other but not block each other,
or on the flip side be non-adjacent but coupled. However,
instead of reasoning about coupled agents after the AG, we
can leverage the AG itself as it must have internally reasoned
about agent interactions to return a valid next action. All
modern MAPF heuristic search planners reason about agent
interactions internally, e.g., M* explicitly couples agents
that intersect (Wagner and Choset 2011), PIBT’s priority in-
heritance reasons about colliding agents, and CBS resolves
collisions between intersecting agents. Thus, we require that
the AG additionally returns groups of interacting agents. We
highlight that this can be generally done with bookkeeping
and without much added compute to existing MAPF solvers.

Given a configuration C and a set of HPs for groups of
agents at various Cg,, we then compute h(C) = hpp(C) +
> hp(Car,) for a disjoint set of groups {C¢;, } whose lo-
cations match the configuration.

We lastly note that Disjoint Agents Groups is related to
Independence Detection in Operator Decomposition (Stan-
dley 2010) which dynamically constructs independent sub-
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Algorithm 1: Windowed Complete MAPF Framework

1: procedure WINDOWED COMPLETE MAPF(C")

2 H+ 0 > Heuristic Penalties
3 while C¢*" # Goal do

4: CW, ListOfGroups = AG(C“"", H)

5 for Gr € ListOfGrOst do > For each group
6: hy, < U(CET,CH,) > Equation (1)
7 penalty < h, — hgp (CCV;‘;)

8 if penalty > 0 then

9: H.insert(C&Y, penalty)

10: Ceur ¢ CO<isW &> Move at least one step

problems by checking if agents block each other.

3.3 Overall WinC-MAPF Framework

Altogether, our framework requires an Action Gener-
ator AG with the followi% two properties: (1) finds
arg mingw ¢(C,C") + h(C"), and (2) computes disjoint
agent groups for C — C".

Given such an action generator, we are guaranteed to
eventually reach the goal if a solution exists via Algorithm 1.
We have a set of Heuristic Penalties (line 2) which we pass
into the AG with the current configuration (line 4). The AG
returns a partial path corresponding to configuration C' as
well as a list of disjoint agent groups. For each group Gr,
we compute the update equation with respect to the group’s
configuration Cg,- and if it is greater than 0, we add the group
configuration and penalty into our library of heuristic penal-
ties. Then, we move agents and repeat.

Theorem 1. Given a finite bidirectional graph and: (1)
an initial Backward Dijkstra heuristic, (2) our AG picks
arg mingw ¢(C,C") +h(C") and identifies disjoint agents
groups, then WinC-MAPF with its update equation (Eq. 1)
applied on group configurations is complete, i.e. all agents
will eventually reach their goals if a solution exists.

Section A.2 contains a formal proof. Briefly, the key
is showing how h(C) remains admissible even with the
grouped HPs, which we do by reasoning about the interac-
tion of agents inside of and between disjoint agent groups.



The main assumptions we have currently are that we have
a centralized AG and we have a perfect backward Dijkstra
heuristic for each agent. The first assumption allows the AG
to reason about heuristic penalties between coupled agents.
The second assumption is not strictly required but simplifies
the problem as we do not need to do single-agent heuristic
updates. Both of these assumptions are common in current
MAPF literature, and prior work has shown that for certain
state-of-the-art methods like LaCAM, a perfect backward
Dijkstra heuristic is required (Veerapaneni et al. 2024). Both
of these assumptions can be relaxed in future work.

Section 4 describes Single-Step CBS, an action generator
that satisfies the two properties required by WinC-MAPF.

4 Single-Step CBS

We want to design a windowed solver that incorporates
heuristic penalties and optimally solves W = 1, i.e. finds
the next best step that minimizes ¢(C,C’) + h(C’). We fo-
cus on solving W = 1 as this is still a challenging problem.
In MAPF with N agents and an individual action space of
size 5, naively computing the optimal action requires gener-
ating all 5V possible neighboring configurations as heuristic
penalties could arbitrarily be placed! Thus we employ CBS',
an optimal full horizon planner, to intelligently find the op-
timal single-step configuration.

Since we want a windowed solver with W = 1, Single-
Step CBS (SS-CBS) only considers conflicts within the first
timestep. However, regular CBS does not operate in the con-
figuration space of MAPF problems and instead exploits the
structure of MAPF to iteratively plan agents individually.
One key assumption in CBS is that it can minimize the joint
¢(C,C") + h(C’) by minimizing individual c(s, s") + h(s’)
subject to constraints. Thus, incorporating HPs which work
on the configuration of disjoint agent groups breaks this as-
sumption and requires careful reasoning. Our main innova-
tion lies in modifying SS-CBS to return the optimal solution
given heuristic penalty updates. A minor additional modifi-
cation is returning disjoint agent groups.

4.1 Handling Heuristic Penalties with Constraints

Incorporating updates to h via heuristic penalties is non-
trivial in CBS. A naive way to incorporate a HP in CBS is
to plan CBS normally and just add the HP cost to Constraint
Tree (CT) nodes whose configurations match the penalty.
However, we show that this fails to find an optimal solution.
A second naive way is to incorporate the penalty in the low-
level search which similarly fails. The core conceptual issue
with naively incorporating HPs is that the high-level/low-
level is not fully aware of the HPs until after it has planned
paths, so it is unable to avoid them beforehand.

Figure 2 depicts Single-Step CBS in a scenario where two
agents want to swap their locations from their starting con-
figurations (i.e., R, R want to reach D, A respectively, top
left). The left purple box shows two HPs with their corre-
sponding configurations and penalty values (50 and 20 re-
spectively). We created the two HPs for this example; in the
real system, HPs would be created from previous iterations
of execution and applying the subgroup logic and Equation

'Readers unfamiliar with CBS should read Sharon et al. (2015)
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1 described in Section 3.2. Given the starting configuration
and the two HPs, SS-CBS needs to find the optimal next con-
figuration that minimizes ¢(C,C’) + h(C’). Since the cost of
all actions is 1, ¢(C,C’) = 2 regardless of the chosen C’
configuration. Thus, we focus on minimizing ~(C’). In our
example, the optimal next configuration is (Ry, B), (Rz, D)
which has a heuristic of 5.

Incorrect: Incorporating HPs in High Level The most
obvious way to incorporate HPs is to add them to the CT
node’s heuristic if the CT node’s configuration matches the
penalty. This fails as the penalty is applied after the low-
level planning occurs, so the low-level planner does not
avoid HPs in the beginning.

We take a look at generating the root CT node in our ex-
ample (middle yellow box). If the root node first plans Ra,
then R moves to C as this reduces its heuristic (middle box,
top row). We do not incur a HP as we do not know the con-
figuration of R; yet. When we plan R;, the low-level search
has R; minimize its single agent heuristic and move to B
which results in the root CT node with (R, B), (R2,C)
(middle box, middle row). This then incurs HP1’s penalty
of 50. Note that there are no agent collisions and thus CBS
will return this solution with a net-heuristic of 4 4+ 50 = 54.
This is substantially worse than the true solution.

Incorrect: Incorporating HPs in Low Level On the flip
side, we could attempt to incorporate the heuristic penalty
in the low-level search. When replanning an agent, we know
the location of all other agents, so the low-level search
can check if certain configurations would incur a heuristic
penalty. However, this fails as the first agents that plan in
the root CT node do not know the locations of other agents
that haven’t been planned yet. As a result, they plan greedily,
potentially forcing later agents into suboptimal situations.

Like before, we can plan (Rz,C') which does not incur
any penalty as we do not have R;’s location. When plan-
ning for Ry, we know (R, C) and the search will penalize
(Ry1, B) by HP1 and instead picks (R;, A) which is only pe-
nalized by HP2 (middle box, bottom row). This results in a
net heuristic of 5 4+ 20 = 25 which is again not optimal.

Solution: Introducing ‘“Heuristic Conflicts” Our idea is
thus not to incorporate the heuristic penalty immediately. In-
stead, when CBS encounters a configuration that would in-
cur a penalty, it marks the CT node with a “heuristic conflict”
without adding the penalty into the CT node’s heuristic value
yet. Formally, a heuristic conflict occurs when agents’ loca-
tions match the configuration of a HP. Resolving the heuris-
tic conflict requires applying regular (negative) vertex con-
straints on each agent in the heuristic conflict which forces
them to avoid the configuration (and thus penalty) as well as
one CT node with positive vertex constraints which requires
the agents to be at the penalty configuration and only then
incurring the HP?.

In our example, the agents plan independently like usual
and the root node has no vertex or edge conflicts. However,
we detect that HP2 could apply and create the corresponding
heuristic conflict (right box, top CT node). We then generate
three child nodes, the first two CT nodes with negative ver-
tex constraints and the last one with multiple positive vertex

2“Negative” vertex constraints avoid vertices while “positive”
vertex constraints force agents to certain vertices.
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Figure 2: We depict an illustrative situation where SS-CBS needs to determine the best next configuration given heuristic
penalties (HP, left). Section 4.1 describes this figure and how naively incorporating HPs in CBS results in incorrect solutions
(middle). Our innovation is to introduce “heuristic conflicts” which allows SS-CBS to find the optimal solution (right).

constraints. We see how this results in the optimal configu-
ration being found (highlighted in green). Thus given an HP
with K agents, our heuristic constraint will generate K chil-
dren with a single additional negative vertex constraint and
one child with K additional positive vertex constraints.

4.2 Detecting Disjoint Agent Groups

SS-CBS should also return disjoint agent groups where each
disjoint group contains coupled agents. Our key observation
is that coupled agents must have conflict(s) between them
that got resolved. Similarly, independent agents will not con-
flict with each other.

One small subtly; coupled agents must have conflicts, but
agents with conflicts may not be coupled, e.g. an agent could
tie-break poorly and have an “unnecessary” conflict. From
our definition of disjoint agent groups, having extra agents
in groups is acceptable.

There is the possibility of indirect interactions. In partic-
ular, Ry could conflict with Rs, causing R to replan which
then conflicts with Rs. In this case, R;’s action of Ry di-
rectly caused an interaction with R3, so Ry and Rj are indi-
rectly coupled. Thus we can determine disjoint groups of
coupled agents by first generating non-disjoint groups of
agents for each resolved conflict and then merging groups
with shared agents. In our example, we start with (R, Rs)
and (Rs, R3) and will end with (R, Ro, R3) after merging.

We note that we only care about resolved conflicts that
occur on CT nodes on the solution branch that led to the
outputted configuration. Thus when planning, once a goal
CT node is reached, we backtrack and store all resolved ver-
tex, edge, and heuristic conflicts as individual groups, and
then merge groups together to get our disjoint agent groups.

4.3 Subtleties

We have two additional subtleties. First, there is an impor-
tant implementation nuance for determining which HP to
apply to a configuration if multiple HPs were applicable.
Second, we introduced a tiebreaking mechanism that, when
faced with two solutions of equal cost, prioritizes reducing
the heuristic of some agents over others. Both are discussed
in detail in the appendix.
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5 Experiments

Our experiments demonstrate the empirical performance of
our theoretically complete SS-CBS algorithm. We first eval-
uate SS-CBS on standard benchmark maps (Stern et al.
2019) and observe that SS-CBS is indeed able to outperform
the windowed baselines. We then evaluate SS-CBS on high-
congestion small maps and showcase SS-CBS’s superiority
in this regime. Our appendix contains additional analysis
and results. We highlight that there do not exist any com-
plete windowed baselines. We thus compare against CBS
with window W = {1,2,4,8,16} (wCBS). All algorithms
were implemented in C++ and run on a PC with a 2.30 GHz
Intel i7-11800K CPU.

5.1 Benchmark Scenarios

Figure 3 shows the results of SS-CBS compared to wCBS
without heuristic penalties. We evaluate on 4 benchmark
maps (each column: random-32-32-20, ht_chantry, den520d,
warehouse-10-20-10-2-1) with a 1 minute timeout across 25
scenarios. We additionally end wCBS in failure when it re-
peats previously visited configurations 100 times (i.e. dead-
lock or livelock).

The first row shows how SS-CBS (blue) has an almost
strictly better performance than the wCBS baselines. We
first highlight that the performance of wCBS depends signif-
icantly on the map, with no single window value dominating.
wCBS with W = 1, 2 sometimes perform poorly due to their
small window size which leads to deadlock/livelock, while
W = 8,16 sometimes suffer from large runtimes. SS-CBS
is able to consistently perform better than the corresponding
wCBS method even though SS-CBS plans only a single step.
SS-CBS’s performance on warehouse-10-20-2-1 shows how
it performs well in scenarios that require long-term planning
(as shown by wCBS requiring a larger window size to have
non-trivial success rate).

The second row shows the per-iteration runtime of each
method, with the median runtime in solid and the maximum
(longest) iteration runtime in dashed. Limitation: The dif-
ference between the median and maximum highlights how
congested iterations can take a significant amount of time
(e.g. 10s of seconds for one optimal step) compared to typi-
cal iterations. All the failure instances for SS-CBS occurred
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Figure 3: We compare our method SS-CBS (blue), which has W = 1, against windowed CBS (wCBS) with different window
sizes W = {1,2,4,8,16}. SS-CBS is theoretically complete (wCBS is not) and also outperforms wCBS empirically.

due to the large runtime of those bottleneck iterations. We
observe how SS-CBS’s runtime is usually in line with wCBS
W =1, 2,4 and substantially smaller than W = 8, 16.

The solution cost of SS-CBS is roughly 2-8% higher than
wCBS due to SS-CBS’s myopic planning window. We ob-
served that the number of HPs created by SS-CBS grew
roughly linearly along with the number of agents, but the
number of HPs encountered in the CT grew exponentially.’

5.2 Tough Congested Scenarios

The previous section shows how SS-CBS can outperform
wCBS in standard benchmark scenarios. We were addition-
ally interested in SS-CBS’s performance in extremely con-
gested scenarios and thus evaluated it on small maps with
high congestion from Okumura (2022).

Table 1 shows the average success from 20 seeds with a
timeout of 1 minute, with the number N in parenthesis de-
noting using the first N agents in a scenario. We see how
windowed CBS with W = 1,2,4,8,16 fails completely.
Additionally, CBS with all CBS improvements, including
bypass, symmetry reasoning, prioritized conflicts, and full
horizon planning (CBS+) struggles.

Table 2 shows the average runtime in milliseconds. On
solved instances, SS-CBS is much faster compared to
EECBS with a suboptimality ws, of 1.5 and CBS+. Limi-
tation: However, the drawback of using SS-CBS here is that
its solution cost is horrible. It is about 7500 for Tunnel (4),
11000 for Loopchain (7), and 450 for Connector (6).

SS-CBS’s performance demonstrates two key points.
First, its high success rate on these challenging, congested
maps shows how heuristic penalties can effectively guide
SS-CBS to bypass complex congestion. Second, full hori-
zon CBS+ struggles due to the high number of conflicts in
these scenarios. SS-CBS’s success highlights how iterative

3See extended version
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SS-CBS CBS+ EECBS wg, = 1.5

Instance Success Time | Success Time | Success Time
Tunnel (3) 1 85 0.9 43,423 0.80 3,768
Tunnel (4) 1 2,713 0 - 0 -
Loopchain (6) 1 15,393 0 - 0 -
Loopchain (7) 0.95 18,268 0 - 0 -
Connector (5) 1 15 0 - 0.95 146
Connector (6) 1 43 0 - 0.90 1,116

Table 2: SS-CBS with one-step planning can solve problems
that even CBS and EECBS with full horizon planning and
all optimizations cannot. This highlights SS-CBS’s and the
broader WinC-MAPF framework’s ability to effectively use
grouped heuristic penalties to resolve congestion. Time (ms)
is averaged over successful instances.

single-step planning with heuristic updates can be an effec-
tive approach for resolving difficult congestion issues. All
existing windowed methods produce congestion due to their
myopic planning. Thus, SS-CBS improved success rate with
windowed planning in severe congestion is remarkable.

6 Conclusion and Future Work

Existing MAPF works have focused on designing meth-
ods to solve full-horizon planning. When faced with shorter
deadlines, all current methods take the full horizon MAPF
methods and simply reduce the planning horizon to a smaller
window. This has been shown to cause deadlock/livelock/in-
surmountable congestion due to the limited planning hori-
zon. We introduce WinC-MAPF, the first framework that
enables theoretical completeness with windowed MAPF
solvers. In particular, we show that using windowed “Action
Generator” that incorporates heuristic penalties, identifies
disjoint agent groups, and optimally minimizes c¢(C,C") +
h(C%) is complete. Following this framework, we designed
SS-CBS which uniquely introduces “heuristic conflicts” to
successfully incorporate heuristic penalties and return the



optimal next step action. We experimentally validate how
our theoretically complete method actually translates to real
performance benefits with SS-CBS consistently outperform-
ing windowed CBS across a variety of windows and maps.

We are very excited about future work that can relax the
limitations of our framework. First, the most useful exten-
sion is to incorporate and prove completeness for bounded
or even abitrarily suboptimal AGs within our framework (we
are limited to optimal AGs). This can allow more solvers
such as PIBT, MAPF-LNS2 (Li et al. 2022), W-EECBS
(Veerapaneni, Kusnur, and Likhachev 2023), or even using
a learnt neural network policy. Second, one obvious exten-
sion is to generalize SS-CBS to work on longer horizons.
This also opens the door to using more sophisticated real-
time heuristic update methods. Third, future work could try
to relax the perfect backward Dijkstra single-agent heuristic
assumption and learn individual heuristics online.

Planning partial paths rather than full paths is a significant
target that researchers need to achieve for their methods to
be used in real systems. We believe the WinC-MAPF frame-
work and SS-CBS are a significant step towards bridging
this gap and enabling effective windowed MAPF solvers.

A Proving Completeness of WinC-MAPF
with Group Heuristic Penalties

A key idea of WinC-MAPF is to compute heuristic penalties
(HPs) on groups of agents rather than the entire configura-
tion. We first roughly restate the standard single-agent proof
used in the original real-time search LRTA* paper (Korf
1990) to provide context on the differences that our WinC-
MAPF framework has in respect to proving completeness.
We cannot directly use LRTA*’s proof due to our use of
agent group HPs. Instead, we can use the fact that this proof
shows how (1) proving that an algorithm does not cycle in-
finitely proves completeness and (2) how heuristic values
with cycles with an update of 2/ (s?) < c¢(s?, s"1)+h(s7H1)
results in infinitely large heuristic values. We then show how
our heuristic values are admissible, which, combined with
(1) and (2) with optimal windowed AGs, result in our frame-
work being complete.

A.1 Standard Single-Agent Real-Time Search
Completeness Proof

LRTA* (Korf 1990) is a single-agent algorithm where at
each timestep, the agent picks argming, c(s,s’) + h(s’)
over successor states s’ and updates the heuristic h'(s) +
¢(s,8") + h(s"). We summarize its proof of completeness.

Theorem 2. In a finite bidirectional graph with positive
edge costs and finite heuristic values, in which a goal state
is reachable from every state, LRTA* will find a solution.

Proof. In a finite bidirectional graph, if LRTA* does not
reach the goal, there must exist a finite cycle that LRTA*
is stuck in (otherwise it will visit new states and eventually
the goal).

Suppose LRTA* is stuck in a finite cycle of length N con-
sisting of s1, So,..., SN, and is at s;. When moving to the
next state so, it updates h'(s1) < c(s1,s2) + h(sz2). Our
objective is to show that when traversing the cycle once, at
least one state s; has their heuristic value increase. If so, then
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over an infinite amount of cycling, the heuristic values of at
least one state s; in the cycle will become infinitely large.
Then when LRTA* is at s;_; and does a 1-step lookahead,
it will pick a different state and exit the cycle.

Suppose LRTA* travels the cycle but for all s; we have
that 1/(s;) < c(84, 8i+1) + h(six1) = h(s;). This implies
that h(s;) > h(s;t+1) as ¢(s;, si+1) > 0. This occurs over
all s; which leads to h(s1) > h(s2) > ... > h(sn) > h(s1)
which is a contradiction. Therefore there must be some state
that gets its heuristic value increased, e.g. 3s; s.t. h'(s;) +
c(si, si41) + h(sit1) > h(s;).

Thus, LRTA* is guaranteed to eventually leave any finite
cycle. Since a finite bidirectional graph has a finite set of
cycles without the goal, LRTA* at worst will explore all of
these and eventually exit them and reach the goal. O

Subtleties This proof for completeness assumes that
h/(Sl) — C(Si, Si+1) + h(8i+1) > h(SZ) This holds
when h is consistent but may not hold when h is admis-
sible. Thus for arbitrary h we should update via h'(s;) <
max(h(s;), ¢(si, si+1) +h(si+1)) (Eq. 1) and then reuse the
same completeness proof.

This proof also assumes that s;_; has a different state that
can be picked, i.e. it has more than one neighbor. If there
exists a path in the cycle to the goal, then there must be some
s;—1 where this holds and we apply this logic for that s;_;.

Lastly, this proof was shown for one-step planning but
can be directly applied to planning for W steps. It is also
independent of how many steps along the W length partial
path the agent chooses to move (as long as it moves at least
one step along the path).

A.2  WinC-MAPF Proof

From a high level, the LRTA* proof proves completeness
by showing that in a cycle and given the update h'(s;) <«
(84, 8i41) + h(si+1), the heuristic values in the cycle must
increase infinitely large to the extent that LRTA* will pick
a different s; that avoids the large heuristic value. This re-
quires/assumes that only heuristic values in the cycle in-
creases while other heuristic values do not.

A key idea of WinC-MAPF is to compute heuristic penal-
ties on the configuration of disjoint agent groups rather than
the entire configuration. Note that without this, i.e., if we just
compute heuristic penalties on the full configuration, we get
completeness by directly applying the single-agent proof.
Thus, using group HPs complicates the proof of complete-
ness as when computing/creating a heuristic penalty, we in-
crease the heuristic values of configurations not in the cycle.

Instead, we prove completeness in Theorem 1 by show-
ing how our overall heuristic values are always admissible.
If we can show this, then we are guaranteed to not cycle in-
finitely as this will infinitely increase some heuristic value
and contradict our admissible heuristic value guarantee.

Theorem 3. Given a finite bidirectional graph and: (1)
an initial Backward Dijkstra heuristic, (2) our AG picks
arg mingw c(C,C") +h(C") and identifies disjoint agents
groups, then WinC-MAPF with its update equation (Eq. 1)
applied on group configurations will always have admissible
heuristic values for all C.



We calculate the joint heuristic value by summing up mu-
tually exclusive group HPs as described in Section B.1. If
we can prove that each group HPs values are admissible,
then the sums of disjoint grouped heuristic values is also
admissible as groups interacting can only increase the true
cost-to-go. Thus we prove the following lemma.

Lemma 1. Given a finite bidirectional graph and: (1)
an initial Backward Dijkstra heuristic, (2) our AG picks
arg mingw c(C,C") + h(CW) and identifies disjoint agents
groups, then WinC-MAPF with its update equation (Eq. 1)
applied on group configurations will always have admissible
heuristic values for all group configurations Cc,..

Proof. We prove this via induction. Our inductive hypothe-
sis is that we have h(Cg,) < h*(Cgy) across all group Gr
configurations C¢, and iterations of running our Windowed
MAPF framework.

Base case: Our initial group heuristic values, the sum of
each agent’s backward Dijkstra distance, is admissible as
interactions between agents can only increase the solution
cost. Thus over all groups of agents, the joint heuristic value
is admissible.

Inductive Step: We assume that at some timestep T at C,
all the heuristic values are admissible. The AG picks a C"
that minimizes ¢(C,C") + h(C"). Then for each group,
we update its conﬁ%/vratlon (via our heuristic penalty) to

(CG’I‘) — U(CGT) + h CGT )

Suppose that there 1s a group GrA at Cg,- o4 whose heuris-
tic value became inadmissible after applying U. This can
only occur when the chosen C},. , was not optimal and there
must exist a different C,,. , where U(Cgyra,Cg,.,) would
be admissible (if this di. However, since we are running on
optimal AG, we would have replaced Cy;, , with C§, 4. If
this did not interact with any other agents, this would reduce
our overall cost without changing any other agents’ loca-
tions/actions and contradict the optimal AG. If it did interact
with other agents, then Gr A would need to be larger and in-
clude these other agents, violating our definition of disjoint
agent groups. Thus, neither of these are possible. This means
that our heuristic value stays admissible for all disjoint agent
groups after updating.

B SS-CBS Subtleties
B.1 Determining Which HPs to Apply

As discussed earlier, give a CT node we need to detect
heuristic conflicts. This can be done by going through all
the HPs and checking if their agent locations match with the
CT’s configuration.

However, a non-trivial issue occurs as it is possible that
multiple non-disjoint heuristic conflicts could be detected.
For example, a configuration could have a heuristic penal-
ties involving (R1, R2) and another involving (Rz, R3). We
cannot apply both as this would double count the heuristic
penalty involving Ry. Thus more broadly, we cannot apply
multiple non-disjoint heuristic conflicts as if we were to re-
solve all of them, this will over-count the heuristic penalty.

Given a set of possible HPs, we could try to maximize
the combination of these penalties such that chosen penal-
ties do not have overlapping agents. This ends up being a
maximum weighted disjoint set-cover problem where each
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heuristic penalties is a set and the set’s weight is the penalty.
We note that solving just disjoint set-cover is NP-Complete
(Cardei and Du 2005), so solving this efficiently is hard. We
thus instead do a greedy approximation and choose to apply
the heuristic conflict with the highest penalty.

One important implementation note is that initially we
greedily chose the highest HP that was mutually exclusive
(i.e. did not share agents) with prior chosen HPs. This is
wrong and resulted in deadlock as the order in which HPs
are chosen affects the solution. In certain deadlock locations,
say (R1, Ra, R3), SS-CBS would always first encounter an
HP with (R, R2) and apply that. Then later in the same
CT search, (Ry, Rg, R3) is encountered but we did not ap-
ply an HP as R; and R are already used up. This resulted
in SS-CBS repeatedly picking the deadlock location as even
though (R1, Ro, R3) accumulated large penalties, SS-CBS
would only apply the (R, R2) penalty.

Thus, every time we compute heuristic penalties and con-
flicts, we recompute it from scratch while not violating con-
straints. This allows us to initially pick (R, Rg) and then
afterwards “reassign” (Ry, Ra, R3) later on.

B.2 Tie-Breaking

Given the 1-step plans, it is likely that there are many SS-
CBS solutions with an equally good cost. We found it help-
ful to tiebreak by introducing agent “priorities”. The intu-
ition is that given a symmetric situation of two agents in
a hallway (where all adjacent configurations have the same
summed h value), we prefer one agent to “push” the other
agent away rather than oscillate in the middle.

Concretely, if two CT nodes have the same f-value, h-
value, g-value (cost), and number of conflicts, we tie-break
nodes by lexicographically comparing the agent’s h-values.
This means that given equally good options, we would pre-
fer a solution that reduces the first lexicographically sorted
agent’s heuristic more than other options. The agent’s lexi-
cographical ordering can be thought of as its tiebreaking pri-
ority (i.e., the agent that comes first is the highest priority).
We additionally found assigning random “priorities” which
are updated as in PIBT helped performance.*
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